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A note on generalized projections in ¢y

by BEATA DEREGOWSKA and BARBARA LEWANDOWSKA (Krakow)

Abstract. Let V C Z be two subspaces of a Banach space X. We define the set of
generalized projections by
Pv(X,Z):={P e L(X,Z): Ply =id}.

Now let X = ¢g or I3}, Z :=ker f for some f € X* and V := Z NI, (n < m). The main
goal of this paper is to discuss existence, uniqueness and strong uniqueness of a minimal
generalized projection in this case. Also formulas for the relative generalized projection
constant and the strong uniqueness constant will be given (cf. J. Blatter and E. W. Cheney
[Ann. Mat. Pura Appl. 101 (1974), 215-227] and G. Lewicki and A. Micek [J. Approx.
Theory 162 (2010), 2278-2289] where the case of projections has been considered). We
discuss both the real and complex cases.

1. Introduction. Let X be a Banach space and V be a closed linear
subspace of X. Then we denote by P(X, V) the set of all linear projections
continuous with respect to the operator norm. Recall that an operator P :
X — V is called a projection if Ply = idy. A projection Py € P(X,V) is
called minimal if

(L1) |Poll = (V. X) == inf{|[P| : P € P(X,V)}.

Minimal projections in the context of functional analysis and approxima-
tion theory were extensively studied by many authors (see e.g., [3], [5]-[12],
[T4]-[17), [20], [210, [25], |27], [29]-[31]). Mainly the problems of existence of
minimal projections, their uniqueness, finding concrete formulas for minimal
projections and estimates of the constant A\(V, X) were considered.

Projections play an important role in numerical analysis, as the error of
approximation of an element z by Px can be estimated by means of the
elementary inequality

(12) o= Pal < [lid — P - dist(z, V) < (1 + |[P[]) - dist(z, V),
where dist(z, V) := inf{||lz —v|| : v € V}.
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Let us introduce a generalization of projections (compare with quasi-
projection, [13]), for which the above inequality also holds.

DEFINITION 1.1. Let V' C Z be two subspaces of a Banach space X.
Then

(1.3) Py(X,Z) = {P e L(X,Z): Ply =id}.

An element Py € Py (X, Z) is called a minimal generalized projection (MGP)
if

(1.4) |Poll = Az (V. X) = mf{|[P| : P € Py(X, 2)}

Notice that Az(V, X) < A(V, X) for any V C Z C X. In general \(V, X)
and Az(V, X) are not equal (see Example [2.5). It is worth mentioning that
some classical operators like Bernstein operators, Fejér operators and de La
Vallée Poussin operators are generalized projections.

In this paper we discuss existence, uniqueness and strong uniqueness of
minimal generalized projections in the case X = ¢y or X =17}, Z = ker f for
some f € X*\ {0} and V =ZnNI%L (n <m). Also formulas for the relative
generalized projection constant Az(V, X) and the strong uniqueness constant
will be given. This generalizes some results of J. Blatter and E. W. Cheney [3]
and G. Lewicki and A. Micek [19]. Our results seem interesting because cases
in which exact values of the above constants can be given are rare.

The notion of strong uniqueness was introduced by Newman and
Shapiro [26]. Let X be a normed space and let Y C X be a nonempty
subset. An element y € Y is called a strongly unique best approximation
(SUBA) to = € X if there exists r > 0 such that for every v € Y,

(1.5) [l = oll = [l =yl + rllv =yl

The largest such r is called the strong uniqueness constant. The significance
of this notion can be illustrated by its two main applications. The error es-
timate of the Remez algorithm is based on an iteration process for finding
the constant r satisfying . The strong uniqueness of best approxima-
tion yields the Lipschitz continuity of the best approximation mapping (see
e.g. [).

In the case of operators, the notion of strong uniqueness reduces to the
following definition:

DEFINITION 1.2. Let Ty € T C L(X,Z). Then Ty is called a strongly
unique minimal operator in T if there exists » > 0 such that for any T € T,

(1.6) 1T = | Toll + || — Toll.
The largest such r, is called the strong uniqueness operator constant in T.

For results concerning strong uniqueness in general and in the context of
minimal projections see e.g. [1, [2], [I8], [19], [23], |24], [26], [28], [32].
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The main tool to study strong uniqueness is a Kolmogorov type criterion
[I7, Theorem 1.2.5]. The following theorem is a special case of this criterion.

THEOREM 1.3. Let Z C X be finite-dimensional spaces and let T be an
affine subspace of L(X,Z). Then Ty is a strongly unique minimal operator
in T with constant r > 0 iff for every T € T there exists z* € crit*(Ty) such
that
(1.7) inf{Re(z*((T — To)z)) : x € A« (To)} < —r||T — To|l,

where crit*(Tp) = {2* € ext(Sx~) : ||2* o To|| = ||Toll} and A.(To) =
{z € Sx : 2*(Tox) = [|Toll}-

2. Results and applications. In this section, unless otherwise stated,
we consider both real and complex cases. Let n € N. For every f € [1 we
define f := (f1,..., fu). We denote by @Q,, the operator given by
(2.1) Qn:co > (T1,22,...) = (T1,...,2,) €.

LEMMA 2.1. Let X := ¢y, Z := ker f with f € I such that ) # 0,
and V. =ZNI%. If P € Py(X,Z) then PoQ,, € Py(X,Z). Moreover there
erists w € X such that f(w) =1 and
(2.2) PoQn(x) =Qn(x) — f(Qu(x))w  foralx e X.

Proof. 1t is obvious that Po @, € Py (X, Z). Now let {yx}; be a basis

of It such that f(y,) = land f(yx) =0forallk € {1,...,n—1}. Fixz € X.
Since Qn(x) € I, there exist v € V and « € K such that Q,(z) = v + ayy.
Hence

P(Qn(x)) = P(v) + aP(yn) = v+ ayn — ayn + aP(yn)

= Qn(®) — a(yn — Pyn)),
f(@Qn(z)) = f(v) +af(yn) = a,
f(yn = P(yn)) = fyn) = F(P(yn)) =1,

as required. m

Since ||Qn|| = 1, we can state
COROLLARY 2.2. Let X, Z,V be as in Lemma[2.1 Then
(2.3) Az(V,X) = inf{||P| : P € Pv(X, 2)},

where Py (X, Z) == {Qn — f o Qu()w: w € X, f(w) =1}.

LEMMA 2.3. Let X,Z,V be as in Lemma R Fix w € X such that
fw) =1 and let

(2.4) P(z):=Qn(x) — f(Qun(x))w  foralze X.
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Then
(2.5)

1P = mas {masc{[1 — gl + (17l = |l 3, mas {17 o} }.

Proof. Let M := max{||f™]|1|wy| : & > n}. Observe that

171 = s o~ 3 (|3 s o}

llzll=1

- - - }a}
max{ Sup1 r]?gi({‘xk frwg) Zf]x]wk Z fjxjwy

[l j=k+1
macmase{ 1~ find + (30141~ el o}, M)
: <

= max{ma{|1 = fiawe] + (1l = 1) el max{]L £ .

as required. m

THEOREM 2.4. Let X :=cp, Z :=ker f with f € S, such that fm £,
and V= Z0I%. If || f™|1 < 1/2 or | f™||1 < 2|1 f™)]|a0 then there exists a
minimal generalized projection in Py (X, Z) and Az(V,X) = 1.

Proof. First assume that |[f(™|; < 2||f"|leo. Then there exists k €
{1,...,n} such that |fx| > [ f™]||1. Now let w := (1/fx)es. (where {ej}2,
is the canonical basis of ¢p) and

(2.6) P(z) :=Qn(x) — f(Qn(x))w for z € X.
It is easy to see that f(w) =1 and P € Py (X, Z). According to Lemma[2.3]
(2.7) 1P| = max{1, | "1 /|f| = 13-

By assumption ||f™|1/|fr] — 1 < 2|1 /|f™|1 — 1 = 1. Hence P is a
MGP and |P|| = Az(V, X) = 1.

Now assume that ||f(™|; < 1/2. We know that || f|; = 1, so there exists
M € N such that

al 1
k=n+1
Define
M
(2.9) @ 0,07 3 (s, ... anr) Z (n) |fx] € R.
2 7T,
The function ¢ is continuous, ¢(0) = 0 and ¢(1,...,1) > 1, hence there

exists B € [0,1]~" such that ¢(8) = 1. Now let w := (wq,...,wy,0,...)
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where wp, =0 for k=1,...,n and
B Tk
Wy = ~— fork=n+1,...,M.
LF1 |l
Define the generalized projection P € Py (X, Z) by
(2.10) P(z) :=Qn(z) — f(Qun(z))w for z € X.

By Lemma [2.3] || P|| = max{l,max{8; : j € {n+1,...,M}}} =1 u

EXAMPLE 2.5. Let f:= (%, 4,8, 1%, 25,...) €1, and let X := ¢, Z :=
ker f and V :=ker f NI3..

Notice that the assumptions of the above theorem are satisfied. Hence
eg. Py = Qs — 2foQs()(esa +e5) is a MGP in Py(X,Z) and ||P| =
Az(V,X) = 1. By B, P := id — §f o Q3(-)(e1 + e2 + e3) is a minimal
projection in P(X,V) and ||Pi|| = A(V,X) = 3, but there does not exist a
minimal projection in P(X,Z), and A\(Z, X) ~ 1.58.

REMARK 2.6. Let the assumptions of the previous theorem hold. Then
there exist more than one MGP in Py (X, Z).

Proof. First assume that there exists k& > n such that f = 0. Let P
be a MGP defined as in Theorem [2.4] (P is given by (2.6) when | f|; <
2]/ ||o and by (2.10) when || f(]]; < 1/2). Then w; = 0. Hence Q :=
Qn — [0 Qu(-)(w + eg) is also a MGP in Py (X, Z).

Now assume that fi # 0 for every k > n and consider two cases.

() /11 < 2™ o Let k € {1,...,n} be such that | fy] = ]|
Now for every o € (0,1) with a||f™]|; < |fns1| we define

Qo :=Qn—fo Qn()y where y:=

11—« «
er + —ent1-

fk fn—i—l

Then

n n
1Qal| max{l,za —1+(1-a) I/ )”1, ol )Hl} =1
’fk| |fn+1‘
Hence for any « € (0,1), Q4 is a MGP.
(i) [[f™ |1 < 1/2. Tt is easy to see that the function ¢ given by is
equal to 1 at more than one point. Each such point can be used to define a
MGP (cf. ) Since fr # 0 for all £ > n, these projections are different. m

THEOREM 2.7. Let X, Z,V be as in Theorem 2.4 Assume additionally
that | f™ |1 > 1/2 and || f™)]oo < || f™][1/2. Then

n | /x|
L+ 2 k=1 LF )11 —2| f]

) = T

(2.11) Az(V, X . T
k
T+ k=1 T 207




64 B. Deregowska and B. Lewandowska

Proof. Since || f™ oo < [|F™11/2, we have ||f™)|; — 2|fx| > 0 for k €
{1,...,n}. For m > n (m € N) put

| fi )(Zk ot | f] | f] >1
<+Z|!f Mt — 2 fl £y +2Hf i —2[fel)

and set

n | fx|
L+ 2 k=1 7, o]

SRR I
ol T k=1 T, =2l

We will construct a sequence { Py, }m>n of generalized projections such that
| P |l = Am. To do this, fix m > n and define w € ¢ as follows:

fk >\m_]—
— ——— fork=1,...,n,
| fel 1™ 1 — 2| fi|
W = ka )\m
— fork=n+1,...m
| fiel 11F ™
0 for k£ > m.

Then

Z‘f’“‘wu 2!f!+ Z ’f’“’nfwu

|fk| )\m
Z T —20fel 1O kz i

n+1

n

\fk\ Zk:n—i—l |fk‘> |fk\
<Z 1F|1 — 2| fi i 1 Z < [LFC 1 — 2| fi

=1.
Therefore, the operator

(2'12) Pm($) = Qn(‘r) - f(Qn(x))w
is a generalized projection. Since frwy > 0 and > ;2 frwy = 1, we have
frwr < 1 for all k € N. Using this observation and Lemma we get

1Pl = mae{ max {1 — fia + 1/ aloos] = i, A}
= mas{max{1 = 2fep + /1]l } A |

= mac{max{1 + [wpl (1111 = 21D} Am } = A

It is easy to see that A,, — A (m — o0), which shows that Az(V, X) < A.
To prove the opposite inequality, suppose that there exists a generalized
projection P such that ||P|| < A. According to Corollary we may assume
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that P is given by P(z) = Qn(z) — f(Qn(z))y for some y € ¢y such that
f(y) = 1. Using Lemma we obtain

1= frwnl + el (1LF N = [fel) < IPI for k€ {1, n},
which implies
el (1S =21 fel) < 1P =1 for k€ {L,...,n}.
Since | fx] < [|f™|1/2, we have |y;| < _APIEL g e {1,...,n}. Anal-

170 2] fiel
ogously, |yx| < |P||/l1 £ |1 for k > n. By the above estimates we get

) < Z|fkyk|+ Z | frykl

k=n+1
el 1P
Pl-1 +
< (|| Z ||f(n e =21fl 1™l k—;—l 7

| f] 1—Hf(“)||1> | il
”(Z\If”)ll ARG Zuﬂnul—zrm

| fxl 1— ||f(”)||1> | fxl
<Z||f ARG ZHf M — 215

1

<1,
a contradiction. m

COROLLARY 2.8. Let the assumptions of the previous theorem hold. Then
there exists a MGP in Py (X, Z) iff f € coo.

Proof. By the proof of Theorem it is easy to see that if f € coo (i.e.
there exists mo > n such that f; = 0 for all k& > mg) then P, given by

(2.12)) is a MGP.
Now assume conversely that f ¢ coo and P € Py (X, Z) is a MGP. By

Lemma [2.1] and Corollary [2.2] we can assume that P is given by
(x) = Qn(x) - f(Qn(x))w for z € X,

for some w € ¢q such that f(w) = 1. Then equality holds in the last inequality
of the proof of Theorem [2.7, This is possible only if [wg| = A/||f™||; for all
k > n such that fi # 0, which implies that w ¢ ¢, a contradiction. m
THEOREM 2.9. Let X := I3} over R, Z := ker f with f € Sp, and
V= Z 017 for fized n < m. Let ||[f™|1 > 1/2 and ||f oo < ||£]|1/2.
Assume additionally that f; #0 for all j € {1,...,m}. Then
(a) The MGP given by (2.12) is strongly unique in 73V(X, Z) (see Corol-

lary .
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(b) Let
1 £
Z £ Ih AR

Then the strong uniqueness constant is given by

n _ Wil _ 0
! () = 2o AW — oy,

where |fj| = min{|f;| : j € {1,...,n}} and | f,| = min{|fx| : £ € {n + 1,
.,m}}.

Proof. (a) Since
B B . hye ~ w1f1 wmfm
1Pl = |Qn — |f| 0 Qn(-)w|| where w < AL ] >v

we can assume that f; > 0 for all j € {1,...,m}. By Theorem it is

enough to prove that there exists » > 0 such that for every @ € Py (X, Z)
there exists k € {1,...,m} with

M(Q, k) := inf{((Q = Pn)(2))k : € Sx, (Pn)r = [P} < —7|Q — Ponll.
By the proof of Lemma [2.3]it is easy to see that if k£ € {1,...,n} then

(2.14)
(Pmx)p = || Pyl iff zp=1landaz;=—1forje{l,...,k—1,k+1,...,n}

and if k € {n+1,...,m} then
(2.15) (Pnx)i = || Pyl iff z;=—1forje{l,...,n}.
We know that there exists y € X such that f(y) = 1 and

Q(z) = Qun(z) — f(Qun(x))y forall z € X.

Hence
— | f(n) _
a10) (= { I 0 ke
—1F™1 (wr — yi) for ke {n+1,...,m}.
Now define a function ¢ := Sx — R by
O(a) == min {min{(2fi — |/ |1 )ary, min{— [/ e} }.

Since 0 < fr < [|f™|1/2 for k = 1,...,m, we have ¢(z) < 0 for every
x € Sy N Z. Because ¢ is continuous and Sx N Z is a compact set, the
number

(2.17) 7= —max{p(z) : z € Sx N Z}| ™|

is positive. By (2.16]) and (2.17) we can choose k € {1,...,m} such that
w—y N n -

M(Q,k) = ¢>(” >Hw_y”oo < —#llw = yllooll f™ 1 = —=71Q = Pl

Ylloo
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(b) First we will show that the constant 7 given by (2.17)) is the best
possible. Take 71 > 7. By (2.17)) there exists 2 € Sx N Z such that ¢(z) >
—r1||f™]]1. Now define Q € Py (X, Z) by

Q(z) = Pp(z) + f(Qn(z))z for z € X.
Then
M(Q.k) = ¢(2) > =r1|l f ™|l = =r1]|Q — Pl

as required. Now we will show that 7 = r (where r is given by (2.13))). Let
x € Sx N Z yield the maximum in (2.17) and consider four cases.

(i) There exists ig € {1,...,n} such that z;, = 1. Then

2f — (n) (A . fjo ) < (2fi — (n) fio
( fo Hf ”l) (f) ||f(n)||1_2fj0 = ( fo Hf Hl)”f(n)Hl_ino
= _fio < _fjo-
Hence
. fi
LF N = —g(a) = e e L AR T
A - Tt

(ii) There exists ig € {n + 1,...,m} such that z;, = 1. Then

—\f(”)Hl(A(f) i )S—Ilf(”)lh o _ _po<p.

I 171
Hence
n A f n
”f( )Hl"’ =—¢(z) 2 # 2 ”f( )H173
()= UL
(iii) There exists i9g € {1,...,n} such that z;, = —1. Assume that

—¢(z) < 7| f™];. Since = € ker f,

fio= > frrn

1<k<m

k#ig
fio < fr - I >
= i 2 Tl —an T 2 T,

A(f) - =25 1%@? k=n+1

- - (A(f) - f’“) < fj
A(f)_m 1™y —2f,) —°°

a contradiction.
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(iv) There exists ig € {n + 1,...,m} such that z;, = —1. Assume that
—¢(x) < || f™]1. Since = € ker f,

o T
fio Z f’“x’“<Af) g (Z | £ H1—2fk Z ) )

1sk<m 7™ n+1<k<m 171
k+#io k#io
fk‘o < fl
=——"—A(f) — 555 ) <
f (n) 07
A(f) = o8 1

a contradiction.

By the above cases we have 7 > r. Now define

—1, k = jo,
Fio . . kell,. —1,jo+1,...,n},
o d (O =27 (AU = g
Jio . , ke{n+1,...,m},
PN (A = ey
and
-1, k = ko,
Tro 7 , ke{l,...,n},
iz ] (IF L =250 (A() - 17887)

fio
£ (AG) — 728-)

One can easily check that x,y € Sx N Z and

, k‘E{?’L+1,...,]{30—1,...,]{04—1,...7’)@}.

)= T ad —gly) = — T

A = o Alf) = 17

Y

which implies the converse inequality. =
Now we consider the complex case.

THEOREM 2.10. Let X := I over C, Z := ker f with f € Sy, and V' :=

Z0I%. Let ||[f™]1 > 1/2 and ||f™ oo < | f™]1/2. Assume additionally
that f; # 0 for all j € {1,...,m}. Then the operator given by (2.12)) is the
only MGP in Py (X, Z) but it is not strongly unique.

Proof. Without loss of generality we can assume that f1,..., fi, > 0. In
the complex case we define

M(Q, k) := inf{Re((Q — Pn)(2))i : @ € Sx, (Pn)r = |[Pmll},
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where P, = Qp + f o Qn(-)w is given by (2.12). As in the proof of Theorem
2.9 we can show that

— |l f) _
M(Q, k) = {Re(@fk 1f ™) (we —yr)) for ke {1,...,n},
—||f(")||1Re(wk—yk) forke {n+1,...,m}.
To prove that P, is not a strongly unique MGP in 75V(X ,Z) it is enough

to find Q € 75V(X, Z) such that M(Q, k) =0 for every k € {1,...,m}. Let

y = w+ (i/f1,—1/f2,0,...,0) and @ = @Qp + f o Qu(-)y. Then one can
easily check that M(Q, k) = 0.

Now we will show that P, is the unique MGP in 75V(X, Z). Let Q €

Pv (X, Z) be such that ||Q[| = [|Ppl|. Then Q(z) = Qun(z) — f(Qn(x))y for
some y € [ such that f(y) = 1. Observe that Q := Q,, — f o Qn(-) Re(y) is
also an element of Py (X, Z) and ||Q|| = ||Q||. Indeed, 1 = f(y) = Re(f(y)) =
#(Re(y)) and

QI = mase {mas{|Re(1 = fugn)| + (17l = fuDIRew) I}
mae{]| £ [Re(y) |} |
< masc{masc{[1 = fegn| + (17 = i)yl mascl |7 el

= [1Q-

When we c0n51der 2 over R, then @ is also a MGP. Indeed, by Lemma

. AV, I (R)) < A(V,1m(C)) = [|Qllc = ||Ql|z. Hence by Theorem [2.9]
(y) =w and by the proof of Theorem 2.7} for all k € {1,...,n},

Az(V,X) = |Re(1 = feyw)| + (1F™ 1 — | fe)[Re(ye)]
=11 = frwel + (IF N2 = | FeD)lyl,
and for k € {n+1,...,m},

Az(V, X) = [f™ 1 Re(yr)] = I1F 11wl
This implies that y = Re(y) = w, as required. =

REMARK 2.11. If || Py,|| > 1 then in Theorems 2.9 and the assump-
tion that f; # 0 for j € {1,...,m} is necessary.

Proof. Let k € {1,...,m} besuch that fy = 0. Let P,,, = Qn,— foQn(-)w
be as in Theorem Now define Q. = Qn — fo Qun(-)(w +eer). lf k <n
then
HPm” —1

1Qc || = max{|| Pl L+ el f™ 1} = 1Pl for 0 < < I
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and if kK > n then

P
1Q:|l = max{|| P, e 11} = [Pl for 0 <e < H|J|”(n) Hl'
COROLLARY 2.12. Let X = I3}, Z = ker f with f € Sy, and V :=
Z0Im. Let | f™|y > 1/2 and || £ ]|oo < || f™]|1/2. Assume additionally
that f; # 0 for all j € {1,...,m}. Then the MGP given by is unique
in Py(X,Z).

Proof. We know that P, given by (2.12)) is a MGP. Let Q € Py (X, 2)

be such that ||Q|| = || P ||. By Theorems 2.9/and QoQ, = Pp,. Now let
{ex}, be the canonical basis of {7}. By the proof of Theorem we know

that for every k € {1,...,m} there exists 2* € Sjn such that (P (z%));
= || Pnll- Now fix j € {n +1,...,m}. Then ||zF + ae;|| = 1 for some o € K
such that |a| = 1, and

Q1 > max{(Q(z" + ae;j))r} = [|Pnll + [Q(ej)x| forall k € {1,...,m}.
Hence Q(ej) = 0, as required. m

Now we present an application of Theorem and Corollary )
Reasoning as in [12] or [14], we first prove the following.

THEOREM 2.13. Let V C Z be two subspaces of a Banach space X. Let
Z be a dual space. If Py (X, Z) # 0 then there exists a minimal generalized
projection.

Proof. Let
Pei={P € Py(X,Z): |P|| < Az(V, X) +e}.

Observe that P. is closed in ZX = [L.ex Z, wherein Z X we take the product
topology with respect to the weak* topology in Z. By the Banach—Alaoglu
theorem and the Tychonoff theorem, P; is compact. Hence Py = (,,cny P1 /n
is nonempty as the intersection of a decreasing family of nonempty compact
sets. Notice that any P € Py is a MGP in Py (X, 7). =

Observe that the assumption that Z is a dual space cannot be replaced
by the assumption that V' is dual, as the following example shows.

EXAMPLE 2.14. Let f:= (3,3, 3 L L ) el and let X :=¢g, Z :=
ker f, V :=ker fNI3,.

Since V is finite-dimensional, it is a dual space. Applying Theorem [2.7]
and Corollary one can easily check that Py (X,Z) # 0 but no MGP
exists in Py (X, Z).
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