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Differences of generalized weighted composition operators
between growth spaces

by WEIFENG YANG (Xiangtan) and XIANGLING ZHU (Meizhou)

Abstract. Let ¢ and v be analytic self-maps of D. Using the pseudo-hyperbolic
distance p(p,1), we completely characterize the boundedness and compactness of the
difference of generalized weighted composition operators between growth spaces.

1. Introduction. Let D = {z: |2| < 1} be the unit disk in the complex
plane and H (D) be the space of all analytic functions on D. For a > 0, the
space A~ consists of analytic functions f € H(D) such that

(L1) 1flae = sup(1 — |22)°]£(2)] < oc.
zeD

Growth spaces are Banach spaces with the norm || - || 4-«, also called the
weighted Banach spaces of analytic functions.

For a € D, let 0, be the Mobius transformation of I defined by o4(2) =
(a — 2)/(1 —@z). For w,z € D, the pseudo-hyperbolic distance p(w,z) be-
tween z and w is given by p(w, z) = |ow(2)].

For w,z € D, let v : [0,1] — D be a smooth curve connecting z and w.
Then the hyperbolic length of v is given by

1

VT HOP
The hyperbolic distance between z and w, denoted by S(w, z), is defined as
the infimum of I(y), where 7 are smooth curves connecting z and w. It is

known that
11+ p(w,z)
—(v,) = —In — 2%/
5(11),2) (’Yg) 2 n 1 _ p(w’ Z)’

where 7, is the geodesic connecting z and w.
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Let S(D) be the set of analytic self-maps of D. For ¢ € S(D) and
u € H(D), we denote by uC, the weighted composition operator, which
is defined by

(uCpf)(2) = u(2)f(p(2)), ze€D.

When u(z) = 1, uC,, becomes the composition operator C,. When ¢(z) = z,
uC, becomes the multiplication operator M,,.

During the past few decades much effort has been devoted to the research
on such operators on different Banach spaces of analytic functions. The
general idea is to describe the operator-theoretic behavior of uCy, such as
boundendness and compactness, in terms of the function-theoretic properties
of the symbols ¢ and u. For a comprehensive overview of the field, we refer
to the books [S ICM].

Let n be a nonnegative integer, ¢ € S(D) and v € H(D). The generalized
weighted composition operator D, is defined by

(1.2) DL f=ufMoy, feHD),

where £ is the nth derivative of f and f(©) = f. The operator Dy, can
be regarded as a product of a composition operator Cy,, a multiplication
operator M, and the nth differentiation operator D". When u = 1, we
denote the corresponding generalized weighted composition operator by Dg.
The generalized weighted composition operator D, was probably studied
for the first time in [Z1], and later in [Z2} [Z3| [Z4] ST, (O} [S2, [JS|, [S3], [SSBI
Y'Y [Shil, [Sh2, YwZl, Y], [Z]. For some related operators in the setting of the
unit ball see, for example, [S5, [S4].

The study of the differences of two composition operators was started on
Hardy spaces (see, for example, [Bl, [SS]). The primary motivation for this
is to understand the topological structure of C(H?), the set of composition
operators on the Hardy space H?. After that, such related problems have
been studied on several spaces of holomorphic functions by many authors:
see, for example, [MOZ, M|, N, [HO, BLW, LW\, W\, DO [JS| [Sal, ST, L, YkZ]
and the references therein. J. Moorhouse’s results in [M] suggested that,
on the standard weighted Bergman spaces, there might be some connection
between the difference operator C, — Cy and the corresponding weighted
composition operators 0C,, and 0Cy, where and henceforth

1 —¢(2)Y(2)
In [Sa], E. Saukko confirmed this connection.
In this paper, we investigate the boundedness and compactness of the dif-

ferences of generalized weighted composition operators between A%
and A~?. Moreover, we find that the difference operator Dy — Dy is closely
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linked with the corresponding generalized weighted composition operators
D7 , and Dy , in the setting of growth spaces (see Corollaries 3.4 and 4.4).

Throughout this note, constants are denoted by C, they are positive and
may differ from one occurrence to another. The notation a < b means that
there is a positive constant C such that a < Cb. Moreover, if both a =< b
and b < a hold, then one writes a =< b.

2. Prerequisites. In this section, we give some auxiliary results which
will be used in proving the main results of the paper. They are incorporated
in the lemmas which follow.

From the proofs of Propositions 7 and 8 in [Zh], we can directly deduce
the following lemma.

LEMMA 2.1. For every positive integer n, we have f € A~ if and only
if £ e A=) and the following asymptotic relationship holds:

[flla=e = Zlf (0 \+Sup(1— |22 0 (2)-

LEMMA 2.2. For every nonnegative integer n, if z,w € D and f € A%,
then

(21) (L= ) () = (1= ) O ()] < O fll a-aplw, 2).

Proof. Let v = ~(t) (0 <t < 1) be the geodesic connecting w and z.
Then S(w, z) = () and

(1 — [z 0 (2) — (1 = Jw|?)* T £ (w)
d((1 = |y (@) M ((1)))
1

L— @) df ™ (v(1) + § £ (r(0) d(1 = [y (B)F)* .
0

-
-

By Lemma 2.1 we have
1

L TOI R ARICTON
0

< VA= OP)* Y @) f D (3 (2)] dt
0
1

< Olflla§ (=P (Ol dt < C|lfl| a-eBlw, 2)
0
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and
1
|7 G)d -
0
1
< Jla+n) = O™ 0) G0 () + ()7 @) | dt
0
1
< Cllfae § (1= O R[GEY D)l dt < C|fa-eBlw,2).
0
Thus,

(2:2) (1= [ (z) = (1= [w)* ) (w)] < Ol a-eBlw, 2).

On the other hand, if p(w, z) < 1/2, from the monotonicity of the func-

: 1 14z
tion 5-In {7 in [0, 1), we have

1. 14 p(w,z2)

(2.3) B(w,z) = =1In

2T w2 < (In3)p(w, z).

If p(w, z) > 1/2, then
(24) (1= [z () = (1= |w]?)+7 £ (w))|
< 20 flla=o < Cllfla=eplw, 2).
From 7, we obtain inequality . "

REMARK 2.3. From the proof of Lemma 2.2, in fact, it follows that for
all fe A and z,w € D,, we have
(25) (1= 2> (2) = (1= [w])* " f0) (w)] < CA(f)plw, 2)
where D, = {z € D:|z| <r <1} and
AZ(f) = max{ sup (1= [22)757 £ (=), sup (1 = |[2) T fr )] .

z€D, z€D,

The following criterion for compactness follows from standard arguments
similar to those outlined in [CM| Proposition 3.11]. We omit the details.

LEMMA 2.4. Let n be a nonnegative integer, o, 3 > 0, ¢, € S(D) and
u,v € H(D). Then D, — Dy, A" — AP is compact if and only if
DG ,—Dy,: A" = A8 is bounded and for any bounded sequence (fi)ren

i A~ which converges to zero uniformly on compact subsets of D, we have
1(Dg — Dzﬂ))kaA—ﬂ — 0 as k — oo.

3. The boundedness of Dj, — Dy . In order to characterize the
boundedness of Dy, — Dy , : A™* — AP we will use the following three
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conditions in this section:

(3.1) Sup | M7 (2)|p(e(2), 9 (2)) < oo
(3.2) sup MY (2)]p(p(2),1(2)) < oo
(3.3) Sup | M7 (2) — M ()] < o0;

here and henceforth

R e R e O e
M= empe M T e

THEOREM 3.1. Let n be a positive integer, a, B > 0, ¢, € S(D) and
u,v € H(D). Then the following statements are equivalent:

(&) DG, — Dy, A7 — AP is bounded;
(b) B1) and (33) hold;
(c¢) (3.2) and (3.3)) hold.

Proof. (a)=(b). For some positive number r < 1, fix a point w in D such
that |@(w)| > r, and let

1 1 — |p(w)]?
T(a+n)p(w)" (1 —pw)z)a+’

where 7(a) = 1, 7(a+n) = (o +n)7(a +n —1) and

n— 1

(n—i)lr(a + 1)
Ao =0, ZZ; T(a+mn)

It is easy to check that 1, (2), fu(2) € A™%; moreover,

) (z) = — L1l
(1 - w)z)aJrnJrl
and
=P (2)+ /()"0 N (2) (0 ) (2) + A o (w))
— A +1 An+1
@) iy (1= [0 (0w (2) + An/p(w))
- g )\n"i'l(O-w(w)(Z)) + ()\n+1)(1—mZ)a+n+l
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< 1— |p(w)|” (a+1)-(a+1i) -

= 2 o209 ot Dra s e )
1 2 -

* (n 4+ 1)(1 kp;( )’) Jortntl (Op(w) (2) + An/p(w))

n—1

_ L—lpw)]*  (n = (ew)]* = D7(a+1)
Z —p(w)z)mtet2  (Ay + D)7 (o+ n)p(w)
N 1— |p(w)]? lp(w)[* = p(w)z + An(1 — p(w)2)
(A + 1)1 = p(w)z)otnl (1 — p(w)2)p(w)
_ - Iw(w)IQ)[An(\sO(

_ (1= lp(w)? (\so(w)l2 - w(w)z) _ (A= le(w)?) )
W(l ,mz)oﬁnw (1 7mz)a+n+l p(w) =/
and then
() (o)) = 1 (M) (a0 — 1 — |p(w)]?
L) = T omer () 0 ola ()i
9 el = 0, 51 v = RN (1)

(1= p(w)ip(w))etntt
Since the operator D, — Dy, A~ - AP is bounded, by Lemma 2.2 we
have

34) o> [[(Dgu = Dy o)lwll a-s
= sup (1 - 22115 (o(2))ulz) = 15 (% (2))u(z)]

_(1—|w\2)5ll&")(¢(w)) (w) — 157 (W (w))v(w)]
1—[e(w)?)

o
aretw) g (L @RI
A e P T

and
(35) 00> |(Dgu — D y)fulla-s
= sup (1= 122157 (p(2))u(z) = 15 (1 (2)u(2)]

> (1= )13 (p(w))ulw) — F&) () o(w)
(1 ey P () B)pp(w), v(w)
1= plw)pw)etntt
Y 7 o 200 VA CORCO |
' (1= plw)(w))on
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Since the pseudo-hyperbolic metric is bounded by one, multiplying (3.4 by
p(p(w), ¥ (w)) and applying (3.5)), we obtain

(3.6) sup M7 (w)p(p(w), P(w)) < oc.
weD, |p(w)|=r

If |p(w)| < r, using the test function

2z —p(w))" !
ko) = | (nj— 1)))! !
we see that
oo > H(Dg,u - Dg,v)kaA*ﬂ

> (1 — |w?)? [k (p(w))u(w) -

= (1= [wP)|u(w)(p(w) = (w))],
therefore,
gy OBV e —ve)
(1 = lp(w)[P)otm |1 — p(w)y (w)]
From and , we get .

Using another triple of test functions which come from l,,(z), fu(z) and

kw(z) by exchanging ¢ and v, we get (3.2)).
Next, we prove (3.3). For |o(w)| > r, by (3.4]), we also have

(3:8) 00> [[(Dgy = Dij)lwll a-s

< Cl(Dgu = Dyj ) kw| a-s-

(1= p(w)ip(w))tr+t

= sz - artw)

TIORY S [ (w)[*)*T (1 = |p(w)]?)
+ MY( )<1 0 = ooTpla)m >‘

> | M (w) = M (w)] — [ M (w)]
X LGP (p(w)) (1 = Jop(w)[2) ¥ = 107 (h(w)) (1 = [ (w) ).
From Lemma 2.2 and , we see that
MY (w)] - 15 (9 (w)) (1 = Jp(w)[)*F™ =15 (9 (w)) (1 = [¢h (w)[*)* 7|
< Ol || 4| M (w) | p(p(w), o (w)) < o0,

which by implies that |Mg(w) — MY (w)| < oo for all w € D with
|p(w)| =7

If [p(w)| < r and [1p(w)| > HZ, then p(p(w), Y(w)) > ﬁ From
and (3.2)), we can deduce directly that |M (w) — MY (w)| < oo in this case.
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For |p(w)| < r and |[¢(w)| < 1, using the test function h(z) = z"/n!,
we see that

(3.9) 00> [|(Dg D%)hHA o
(1*|w| 2P0 (o (w) yu(w) — b (3 (w))o(w)|
=1~ le )5IU( ) v(w)]
= |(M, (w))(1 = [p(w) )"
+M7’Z’(w)[(1 Jio(w)[7)*F = (1 = [th(w)[})* ]
> (M (w) = M (w)|(1 — [p(w) )+
= [ M (w)[(1 = [p()[))*F" = (1 = i (w)[*)*]].
In view of the boundedness of the derivative of the real function g(z) =
(1 —22)**™ in [0, 1], we have
(U= () P+ = (1= [ () P+
< Cllp(w)| ~ [p(w)]] < Cplpw), b(w),

and hence
M (w)[(1 = Jp(w) )+ — (1 — [(w)[)* )| < CIM (w)|p(p(w), 9 (w)),
from which, together with (3.2) and (3.9)), we obtain | M (w) —M;Lp(w)| < o0

in this case.

Thus we conclude that [Mg(w) — MY (w)| < oo for all w € D, which
implies .

(b)=(c). Noticing that [MY (2)| < |M¢(2)|+| M (z) — ME(2)], we have

M (2)|p(e(2), 9 (2))

< IMP(2)|p(e(2), 9 (2)) + MY (2) — ME(2)|p(p(2), (=),

which implies .

(¢c)=(a). For any f € A7, by Lemmas 2.1 and 2.2, we have

(D = Do) flla-s = Sup (1= 12)|(Dg = Do) f(2)]
z

= sup (1= |2[*)°|f" (p(2))u(z) = F(8(2))v(2)]

z€eD

= sup [M(2) " (0(2)) (L= lio(2) 2)*F" =M () F ™) (9 (2)) (1= 9 (2) )|

zeD

< sup [M§(2) = MY (2)| 1F™ (0(2)) (1 = (=)} >

zeD

+sup MY () 1F ™ ((2) (1= lol2) )" = F (=) (1 = (=)

< Ol flla-e Sup M (2) = M (2)] + C|| fl| a-e sup MY (2)]p((2), 9 (2)).
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Therefore conditions (3.2)—(3.3) imply that D7, — Dy ., A 5 AP s
bounded. =

From Theorem 3.1 withv(z) =0, we obtain a characterization of bounded-
ness of generalized weighted composition operators between growth spaces.

COROLLARY 3.2. Let n be a positive integer, a, 3 > 0, p € S(D) and
u € H(D). Then D, : A7 — A=8 is bounded if and only if
sup | M7 (z)| < oc.
zeD
COROLLARY 3.3. Let n be a positive integer, o, 8 > 0, ¢,¢ € S(D) and
u € H(D). Then the following statements are equivalent:

(a) DGy — Dyt A% — A~P is bounded;

(b) Sup |ME(2)|p((2),¥(2)) <oo and Sup MY (2)|p(p(2), 1(2)) < oo

(c) sup| M7 (2)|p(p(2),¥(2)) < oo and sup | M (z) — M (2)] < oo;
z€D z€D

(d) sup [M(2)|p(p(2),%(2)) < 00 and sup [ M (z) — M ()| < oc.
zeD zeD

Proof. From Theorem 3.1 with u = v, we can directly see that the con-
ditions (a), (c) and (d) are equivalent. It is enough to prove (b)=(c).

So assume that (b) holds. For some positive number r < 1, it is easy to
see that

sup [ME() - MY (2)] < 0.
plp(2)¢(2))2r, 2€D

If p(p(2),9(2)) < r, since for all z,w € D the pseudo-hyperbolic metric
obeys the inequality [DO) Lemma 3.1]

L pw,z) _ 1— |2 _ 1+ p(w,2)
L+p(w,2) = 1—|w? =~ 1-p(w,2)
utilizing the boundedness of the functions

(3.10)

Y

1— (ﬂ)a—i—n (HJ)a—i-n -1

1 =
tz and z
x x

in [0, r] (where the values of these functions at zero are defined as the limits
from the right), we have

M7 (2) — My (2)]
(L= 121 [u(2)l |,
(1= lp(z)[?)*"

1— |2*)|u(2)]
1= lp(2)[?)*"

%
5”‘*" 1 (1 — p(w(Z)W(Z)))‘”"}

(2)\2>a+n

(
=1

y max{ (1 + p(e(2), ¥(2)
1—ple(2),9(2) 1+ p(p(2),1(2))
— 22 |u(z
< ¢ EDEL ), w2 = s () nlo(2), v(2)) < .

(1= lp(z)[?)>*
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Therefore,

sup |[MP(z) — MY (2)| < co. =
zeD

From Corollaries 3.2 and 3.3, we obtain the following result.

COROLLARY 3.4. Let n be a positive integer, o, 5 > 0, ¢,9 € S(D).
Then Dj — Dy + A™% — AP is bounded if and only if both oD} = D,
and JDZ) = DZZ,U are bounded.

EXAMPLE 3.5. The bounedness of Dj , — Dy , : A7 — A~# does not
imply that both D, : A7 — A8 and Dy, AT — AP are bounded.
In fact, let

2s — s2(1 — z))tn
o) = vte) = =t

p(z)=1+s(z—1), ¥(z) = p(2) + 1z —1)",

where 0 < s < 1, b > 3+ n + a, t is real and |¢| is small enough that
Y e S(D).

Since for every z € D, ¢(2) lies in the tangent disk {z : |1 — 2|? <
s(1—12%)/(1 — s)} with center at 1 — s and radius s, we have

s
1—s

(3.11) (1= le(x)*) = 1 = p(2)?

for all z € D. Therefore

1= 00 () = 1= le(2)]* — te(z)(z = 1)’
> 1 —[p(2)f" = [t]]z = 11" > s(1 = $)|1 = 2> = [¢] |2 = 1]°
> [s(1—s) =272t |1 — 2% > 8|1 — 2|%,

where 0 is a positive constant for |¢| small enough, and then

(3.12) p(p(2),9(2)) = ’%

From (3.11)) and (3.12), we have

<O — 272

(313)  sup |ME()|nl(2), 1(=)) = sup LWL o i)
13)  sup|M; : P (T Jp(m))en PP

— |z 2\B ulz
(1— 2| )|2’(a(+n))’p(<p(z),w(z))

< C'sup
zeD ’1 - (P(Z)
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< Csup (1 —|z))P|1 — 2|2 u(z)]
= zeg( | |> | | ’1 —SO(Z)|2(O‘+")
1 (25 — s%(1 — 2))«tn
< 1B b2
=gt A A e | e
< Csup|l — 27273 < 0.
z€D

Similarly, we have
aup L= Io(e)
zeb (1= [1h(2)[)otn

(3.14) Sup MY (2)|p(o(2), ¥(2)) = p(p(2),9(2))

(1= [2[*)lv(2)|

< Cilellg = ¢(z)‘2(a+n)0(<ﬁ(z)»¢(z))

< Csup(1— |z — 2|P2 lvz)]

= zeﬂg( ‘ ‘) | | |1 _w(z)P(a—i—n)

< C'sup 11— 2|P|1 — 2|02 (25 — 5°(1 — 2))**"

2eb [s(1 = 2)(L+ (t/5)(z — )P Pletm | (1 = z)fmantl
< Csup|l — 2’723 < .
zeD
From Corollary 3.3, and by (3.13)-(3.14) we deduce that D, — Dy , :
A~ — AP is bounded.
On the other hand,
(1+7)»

M?(r) = T=, — 00,

(14 7)3(2s — s2(1 — 7))t
(= PRG + tr— D)+ (= (s + 8 — P
as r — 17. This implies that, by Corollary 3.2, neither D7, : A7% — AP
nor D, + A% — AP is bounded.

MY (r) = — 00

v

4. The compactness of D7, — Dy . In order to characterize the com-

pactness of D7, — Dz,v : A= — A8 we will use the following conditions
in this section:

(4.1) i [MEE)o(e(=), 9(2) =0

im V(2 z z)) =0;
(4:2) S M@)ol (), () =0
(4.3) lim M?(z) — MY (z)| = 0.

min|e(2)],[¢(2)[} =1
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THEOREM 4.1. Let n be a positive integer, o, 3 > 0, ¢,¢ € S(D) and
u,v € HD). Then D3, — Dy, + A% — AP is compact if and only if
DG =Dy A — A8 is bounded and conditions (1) -(£.3) hold.

Proof. First, we prove sufﬁmency Assume D" — D:Z AT 5 AP

©u
is bounded. Then conditions . hold. Since . hold by as-
sumption, for each € > 0 there ex1sts 0 <r < 1such that

(44)  IME@(p(2)b(z) < when [p(z)] > 7
(45)  IMY@l(pl(2)b(z) < when [b(z)] > 7
(4.6) ME(z) = MY ()| <& when [o(2)],]¥(2)] > r-

Let (fx)ken be a sequence in A~% such that || fx||4-« < 1 and which con-
Verges to zero uniformly on compact subsets of ). In order to prove that
— Dy}, is compact, by recalling Lemma 2.4, we only need to show that
G YA Py
It is easy to see that

(4.7)  [(Dgu — Do) frll a-e = sup (1= 12D = Do) f1(2)]
zE

= sup(1 — [22)° £ (p(2))ulz) — £ (W (2))o(2)]

z€eD

= sup |ME(2) £ (0(2)) (1= (2) D)+ = MY (2) f (1(2)) (1= [ (2) )47,

zeD
We set

ME () f (0(2)) (A — ()%™ = MY (2) £ ((2)) (1 — [b(2)|2) 2+
= Ay(2) + By(2),
where
Ap(z) = (ME(2) = MY () F7 (0(2))(1 = ()P,
Byi(2) = MY () (0(2)) (1 — |o(2)|2)™ = F5 () (1 — (=) [2)+7).

(i) If [(2)| < rand |(2)] < 7, by [B3), we have |44 (2)| < O£ ((2)].
From Remark 2.3 and ({3.2)), we get

|Bi(2)| < CIMY (2)|p(e(2), ¥ (2)) A (fi) < CA(fr)-
(ii) If |¢(2)| < r and |¢(z)| > r, with the same argument as in case (i),
we obtain |Ag(z)| < C\f,in)(cp(z))] Applying Lemma 2.2 and leads to

|B(2)] < Cllfill a-a M (2)lp(e(2), %(2)) < Ce.
(iii) If |¢(2)| > 7 and |1(2)| > 7, by Lemma 2.2 and (4.6), we have
|[Ak(2)] < CIMZ(2) = MY (2)] || fill 4= < Ce.
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With the same argument as in case (ii), we get

|Br(2)| < Cllfill a=a |MY (2)|plp(2), 9 (2)) < Ce.
(iv) If |p(2)| > r and |1(2)] < r, we reset
ME () F (0(2)) (L — ()P = MY (2) f ((2)) (1 — [(2)|2) 2+
= Ei(2) + Fi(2),

where
Epn(2) = —(MY(2) = ME()) £ (0(2)) (1 — [ (2)2)*,
Fk<z>:—M5<z>[f,§”><¢<z>><1—|¢< )2 — £ () (1~ [e(2) ).

Using (3.3) again, we have |Ey(z)| < C’|f,§n)(¢(z))| Applying Lemma 2.2
and (4.4), we obtain

[F(2)] < Cll fill a-ea M (2)]p(0(2), ¥(2)) < Ce.
Therefore, from (4.7)), we see that

(4.8)  (Dg — Dijp o) frll a-s
SCA(fi) +C sup [T (@) +Ce+C sup |f(w(2))].

le(2)|<r [¥(z)|<r

Since {z € D : |z| < r} is compact, and since

A7 (fi) = max{ sup (1= [22)2 4 ()], sup (1~ 22+ 0 2))

z€D, 2€D,

< max{ sup |fk ( ), SUP |f;gn+1 (2 )‘}v

Zer

inequality (4.8) implies that [|(Dg, — Dy ,)fkll4a-s — 0. Consequently,
D3 .. — Dy, is compact by Lemma 2.4.
Next we assume that Dg , — Dy , : A~ — AP is compact. In that case

Dw -Dj, A7 = A7 6 is bounded Let {zx} be a sequence of points
in D such that lp(zk)| — 1 as k — oo. Define

1 1 — |o(z)|

l.(2) = ) )
) = e G (= Gz
712) = 32k 00 () 4 D),

where A\, and 7(a + n) are defined as in the proof of Theorem 3.1. From
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and , we see that

(4.9)  I(Dgu — D )lkll a5

M (21) p(sp(z), () (1 = [ (1) )"
(1= @(2i)(2)) (1 = Jo(2)[*)
M (24)p(p(21), W (20)) (1= 4 (2) 1) 0" '
(1—¢(z W(Zk))“*”“(l — [o(z) )71

Since Dy, — Dy} , is compact, by Lemma 2.4, ||(D" o)kl 4-5 — 0 and

(D3, — szv)kaA s — 0 as k — oo. From and -, we conclude
that ( . ) holds. Changmg the test functions lk( ) and fr(z) by exchanging

@ and 1, we can prove
From (3.6)), we have

(D% = D )l ame = |ME(zk) — M (z))|
— [ M () [1" (0 (2)) (1 = (i) )™ 7 = 17 () ) (1 = [ (z) )] -
Since (D, — Dy, )lkll.a-s — 0 as o(zx)| — 1, and since

M () [ (2 (k) (1 = i) ) = B () (1 = [z )]
< Ol a-o MY (z1)p(p(28), 1 (25)) = 0
as [¢(z)| — 1 from Lemma 2.2 and ([4.2)), we get [M (z) — Mf)/}(zk)| — 0
as [¢o(zk)| — 1 and [¢(2x)] — 1. This implies (4.3)). =

From Theorem 4.1 with v(z) = 0, we obtain a characterization of com-
pactness of generalized weighted composition operators between growth
spaces.

COROLLARY 4.2. Let ¢ € S(D), o, > 0, u € H(D). Then Dg,, :
A~ 5 AP is compact if and only if Dy, A — AP is bounded and

lim |MY(z)| = 0.
lp(2)|=1

> | M (z1)p(p(2k), ¥ (2k)) —

Y

(4.10)  [[(Dg,y = D3 ) frell a5 =

COROLLARY 4.3. Let n be a positive integer, o, f > 0, ¢,¢ € S(D),
u € HD). Then Dy, — Dy, « A% — A=P is compact if and only if
DG — Dy, A~ = AP is bounded and the following conditions hold:
lim [ ME(2)|p(p(2),¥(2) =0, lim [MI(2)|p(p(2), ¥(2)) = 0.
lp(2)|—1 [i(2)|—1

Proof. From Theorem 4.1 with v = v, necessity is obvious.
For the converse, from Theorem 4.1, in order to prove that D7 , — DZ; u

A~ — AP is compact, it is enough to show that

4.11 lim M#(z) — MY (2)| = 0.
(411) min{w(z)\,wu)\}al' ) 2
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Suppose (4.11]) does not hold; then there exist ¢g > 0 and a sequence of
points {zx} in D such that |p(zx)| — 1 and [p(zx)] — 1 as k — oo and

(4.12) | M (21,) — M (21)] > eo.

We claim that p(¢(zx), ¢ (2x)) — 0 as k — oo.
In fact, if this is not the case, then there exists a subsequence {z,, } of
{zx} such that p(¢(zn,),¥(2n,)) — s > 0. On the other hand,

khm ’Mf(znk)‘p<90(znk)7w(znk)) =0,
—00
Jim | M (2n,) |p( (20, ) ¥ (20, ) = 0.
— 00
Therefore
lim |M¢(z,, )| =0, lim |MY(z,,)| =0,
k—00 k—o0
which contradicts (4.12)).

Therefore we may assume that p(¢(z;),9¥(zk)) < r < 1 for all n. Using
similar arguments to those in the proof of Corollary 3.3, we have

M (zk) = M (z6)| < CIME (21 p(p(21), ¥ (21)) = 0,
which contradicts (4.12) again. So we conclude that (4.11)) holds. =
From Corollaries 3.4, 4.2 and 4.3, we obtain the following result.

COROLLARY 4.4. Let n be a positive integer, o, 5 > 0, ¢, € S(D).
Then Dy — Dy : A= — AP is compact if and only if both oD} = D,
and JD" DZZ , are compact.

EXAMPLE 4.5. The compactness of D7, — Dy, A~ = AP does not

imply that both D7, : A= — A~ # and Dn : A= — AP are compact.
In fact, define ¢(z) and (z) as in Example 3 5, and

B (25— s2(1 — z))etn
o) = o(z) = B0

MZ(r) = (1+7) =27,
2 +
MY(r) = (147)8(2s — s2(1 —r))otn Y
[2(s +t(r — 1)0=1) + (r — 1)(s + t(r — 1)b-1)2]otn
as r — 17, ie. o(r) — 1. In view of p < 1, from this, we conclude by
Corollary 3.3 that D : A~ — AP is bounded, and that neither
AT 5 A8 nor D” A — AP is compact by Corollary 4.2.
On the other hand, smce plp(2),¥(z)) = 0 as z — 1, we have

M (2)]p(0(2),9(2)), M (2)|p(i0(2), 9(2)) < Cplp(2),(2)) = 0
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as [p(z)],[¢(z)] — 1, which implies that D3, — Dy, « A7% — AP s
compact from Corollary 4.3.
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