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Some properties of para-Kahler—Walker metrics

by MusTAFA OZKAN (Ankara) and MURAT ISCAN (Erzurum)

Abstract. A Walker 4-manifold is a pseudo-Riemannian manifold (My, g) of neutral
signature, which admits a field of parallel null 2-planes. We study almost paracomplex
structures on 4-dimensional para-Kéhler—-Walker manifolds. In particular, we obtain con-
ditions under which these almost paracomplex structures are integrable, and the corre-
sponding para-Kéahler forms are symplectic. We also show that Petean’s example of a
nonflat indefinite K&hler-Einstein 4-manifold is a special case of our constructions.

1. Introduction. Let Ms, be a Riemannian manifold with a neutral
metric, i.e., a pseudo-Riemannian metric g of signature (n,n). We denote
by S%(May,) the set of all tensor fields of type (p,q) on Ma,. In this paper,
all manifolds, tensor fields and connections are assumed to be differentiable
and of class C*°.

An almost paracomplex manifold is an almost product manifold (May,, ¢)
with ¢? = id such that the two eigenbundles T+ Ms,, and T~ My, associ-
ated respectively with the eigenvalues +1 and —1 of ¢ have the same rank.
Note that the dimension of an almost paracomplex manifold is necessarily
even. Considering the paracomplex structure ¢, we obtain the set of affi-
nors {id, ¢} with ¢? = id on Ms,. They form a basis of a representation
of an algebra of order 2 over the field R of real numbers. This algebra is
called the algebra of paracomplex (or double) numbers, and is denoted by
R(j) = {aog + jai : j?> = 1 and ag,a; € R}. Obviously, R(j) is associative,
commutative and with unity, i.e., it admits a principal unit 1. The canonical
basis of this algebra is {1, j}.

Let (May, ¢) be an almost paracomplex manifold with almost paracom-
plex structure ¢. The integrability of ¢ is equivalent to the vanishing of the
Nijenhuis tensor

No(X,Y) = [pX, oY] — X, Y] — [ X, oY] + [X, Y].
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This structure is called integrable if the matrix ¢ = (goz) is constant in
a certain holonomic natural frame in a neighborhood U, of every point
x € Ms,. A necessary and sufficient condition for an almost paracomplex
structure to be integrable is that there exists a torsion free linear connection
such that Vo = 0.

Let (May,, ¢, g) be an almost para-Hermitian manifold with almost para-
complex structure ¢ and pseudo-Riemannian metric tensor field g. Then

p* =1 and g(pX,Y)=—g(X,¢Y)

for any vector fields X and Y on Ma,. If ¢ is integrable, then (May,, ¢, g) is
called a para-Hermitian manifold.

If g is a para-Hermitian pseudo-Riemannian metric, then w(X,Y) =
9(pX,Y) is a 2-form, called the para-Kdhler form of g. A para-Hermitian
pseudo-Riemannian metric g is called para-Kdhler if its para-Kéahler form is
closed, i.e., dw = 0. Here, the triple (g, p,w) is called an almost para-Kdhler
structure. Moreover, if ¢ is integrable, then (g, p,w) is called a para-Kdihler
structure. In particular, if g is neither positive nor negative definite, it is
called an indefinite para-Kdhler metric.

The goal of this paper is to study certain almost paracomplex structures
p on four-dimensional Walker manifolds, and their associated opposite al-
most paracomplex structures ¢’. In particular, we are interested in the in-
tegrability of ¢ and ¢’, and whether the corresponding para-Kéahler forms
w, w’" are symplectic or not.

2. Para-Kahler walker metrics in dimension four

2.1. Walker metric g. A neutral metric ¢ on a 4-manifold My is
called a Walker metric if there exists a 2-dimensional null distribution D
on M, that is parallel with respect to g. For such metrics, a canonical
form was obtained by Walker [W], who showed that there exist coordinates

(x, 2% 23, 2%) in which the metric g is expressed as

0 010
0 0 01
2.1 i) =
2.) =1 o
01 ¢ b

for some functions a,b and ¢ depending on the coordinates (z!,z?, 23, z%).

Note that D = span {0, 92} where 9; = 9/0z'. We shall use the abbre-
viation dp(zt, 22, 23, 2%)/0x" = Op/Ox' = p; for any function p with i =
1,2,3,4. We refer to [GT] for an application of such a 4-dimensional Walker
metric. We note that Walker 4-manifolds have been intensively studied in
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the literature—see [BCHM, [D=V1], [D=V2| (GHKM, [GT}, M1, M2, [STAL [ST],
for example.

2.2. Almost paracomplex structure ¢. Let ¢ be an almost para-
complex structure on a Walker manifold M, which satisfies

(i) ¢* =1,
(ii) g(pX,Y) = —g(X,¢Y) (Hermitian property),
(ili) pOr =01, pda = —0s.

It can easily be seen that these three properties define ¢ uniquely:

9081 — 815
8082 - _627
003 = ad; — 03,

(,084 = —b0y + Oy,

and ¢ has local components

1 0 a 0

. 0 -1 0 —b
(5) = 0 0 -1 0
00 0 1

with respect to the natural frame {0y, 02,03, 04}.

In order to simplify our calculations in Section 4, and verification of
the example in Section 5, we shall restrict ourselves to almost paracomplex
structures with a = b,

1 O a 0
} 0 -1 0 -—a

2.2 vy —
(22) @=1y o -1 o
0 O 0 1

In this case, the metric g in (2.1)) takes the form

0 010
0 0 01
2.3 i) =
(23) @=, o . .
01 ¢ a

By writing ¢d; in the form ¢0; = Z?Zl cpg 0;, and using 1) we obtain

pr=-—¢i=—¢i=¢i=1 and @3=-¢j=a.
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The triple (My, ¢, g) is called an almost para-Hermitian—Walker mani-
fold. Following the terminology of [D=VI, [D=V2| M1l M2, [SI], we call ¢ a
proper almost paracomplex structure.

2.3. Para-Kéahler—Walker structures. Let (M4, ¢, g) be an almost
para-Hermitian—Walker manifold with g given in and ¢ given in .
If dw = 0, then (My, ¢, g) is called an almost para-Kdihler—Walker manifold.
Then we can define a para-Kéhler structure in terms of g and ¢ by w(X,Y) =
9(pX,Y), or explicitly

(2.4) w = daz' Adx® — da® A dat — eda® A dat

It is clear that w is independent of the function a. We are interested in the
case for which w is symplectic, i.e., dw = 0.

THEOREM 2.1. An almost para-Hermitian—Walker manifold (My, ¢, g)
is an almost para-Kdhler—Walker manifold, i.e., dw = 0, if and only if c is
independent of x' and x%. In fact, c then satisfies the following PDEs:

(2.5) c1=co =0.
Proof. These conditions follow directly from dw = de A da3 A dzt. =

If c is independent of 2! and 22, i.e., ¢ = c(23,2*), then c satisfies the
PDEs in ([2.5)), and therefore the para-Ké&hler form becomes

w = dazt Ada® — da? A dat — e(2®, 1) dad A dat,

which is clearly closed.
The almost paracomplex structure ¢ on an almost para-Kéhler—Walker
manifold is integrable if and only if

(2.6) (No)ix = @7 0mPh — @R Om@’ — P05 08" + POk = 0.
By explicit calculations for the proper almost paracomplex structure ¢ in
(2.2), the nonzero components of the Nijenhuis tensor are as follows:

N{y = —Nj = —2a1, Nj3 = —N3, = —2as,
N314 = *Nig = aaz, N324 = *Nfg = —aaj.
Therefore, we can state the following theorem.

THEOREM 2.2. The proper almost paracomplex structure ¢ given in (2.2))
1s integrable if and only if the following PDEs hold:

(2.7) ap = ag = 0.
From (2.5) and (2.7)), we have the following para-Kéahler condition:

THEOREM 2.3. The triple (g, p,w) with g in (2.3) and ¢ in (2.2)) is a
para-Kdhler—Walker structure if and only if the following PDEs hold:

(2.8) a] = ap = C1 = Cy = 0.
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COROLLARY 2.4. If

1 0 a(a3z?) 0
, 0 -1 0 —a(x?, %)
(#5) =
0 0 -1 0
0 0 0 1
and
00 1 0
oo o 1
(95) = 1 0 a(@® ) ca®a?) |’
0 1 c(2? 2% a(23 2%

then the triple (g, ¢,w) is always para-Kdhler—Walker.

REMARK 2.5. It follows from Theorem that if (g, p,w) is a para-
Kihler-Walker structure, then we have a = a(z3,2%) and ¢ = ¢(z3,2%). In

particular, if ¢(2, z*) = 0, then the metric g is of the form

0 0 1 0

o 0 1

(935) = 1 0 a(z? 2t 0
0 0 a(x3, z*)

This is the same as Petean’s example [P] for the paracomplex case (see [M2]
for Petean’s example for the complex case).

3. Opposite almost paracomplex structure ¢’ and opposite para-
Kahler form w'. Let (My,g) be a four-dimensional manifold of signature
(2,2). Suppose that g is anti-invariant under both ¢ and ¢'. If ¢ and ¢’
satisfy

¢’ =

P?=1, ¢ =y,
9(pX,9Y) = —g(X,Y),

g(QO/Xv SO/Y) = _g(Xa Y)

for any X,Y € %6(M4), then ¢ is called an almost paracomplex structure,
and ¢’ is called an opposite almost paracomplex structure.

For a Walker manifold My with a proper almost paracomplex structure ¢,
the opposite almost paracomplex structure ¢’ satisfies

1
@/81 = — <a + 292)81 — 009 + 29584,
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, 1
(2] 82 = 981 — a82 — 29*63,
a

1
@/83 = —(Ol(l + 90)61 — 70,(]. + 92 — 062)82 + 0683 + 0847

20
= (Lot lar Cas 292 0 6= )
YOy = %a—i— a—l—%a— ac — 1 —ala+ e

— 005 + (a + 29;) 04,

where o and nonzero 6 are two parameters.

Next, we get an explicit form of ¢’ by fixing # = 1 and o = 0 (only for
simplicity), as follows:

2 2
0o = 0 — 0+ —04,
a a
2
@0y =01 — 583’
90/33 = —cOh — ady + Oy,

@/84: (a—26>81—c€92—83+ — 0.

a

Thus, ¢’ has local components

—2c/a 1 —c a—2c%/a
, -1 0 —a —c
3.2 ny =
(3:2) (#3) 0 —2/a 0 -1

2/a 0 1 2¢c/a

3.1. Opposite para-Kéahler form «'. Let (My,¢', g) be an opposite
almost para-Hermitian—Walker manifold with g of the form , and ¢/
of the form . We can define an opposite para-Kahler form «'(X,Y) =
9(¢’X,Y), whose explicit form is given by

2 2
(3.3) W' = Zdat Ada? + dz' Adat — da? A da® — Zda? A dat.
a a
From (3.3), we have the following theorem:
THEOREM 3.1. Let (My,¢',g) be an opposite almost para-Hermitian—
Walker manifold. Then it is an opposite almost para-Kdhler—Walker mani-
fold, i.e., dw' =0, if and only if the following PDEs hold:

(3.4) a3 =c3=0 and a4+ acy —ca; =0.
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Proof. These PDEs can be obtained from the differential of w':

2 2
dw' = —%dml Adz? A da?® — —2(a4 + acy — cal)dazl A dx? A dat
a a
2 2 3 4
+ — (ac3 — caz)dx™ A dz° Ndz”. =
a

3.2. Integrability of ¢’. The opposite almost paracomplex structure

¢’ in (3.2) is integrable if the PDEs in (2.6) hold for ¢/ in (3.2). Then we

have the following theorem:

THEOREM 3.2. The opposite almost paracomplex structure @’ in (3.2)) is
integrable if and only if the following PDFEs hold:

aq — ca; = 0, + acy = 0,
(3.5) 4 1 as 2

az —aa; =0, acy —aagy —2c3=0.

3.3. Opposite para-Kihler—Walker structure. The triple (g, ¢’,w’)
is called an opposite para-Kdhler structure if dw’ = 0 and Ny = 0. The

following theorem follows from (3.4) and (3.5]).

THEOREM 3.3. The triple (g,¢',w') with g in (2.3) and ¢’ in (3.2) is
an opposite para-Kdhler—Walker structure if and only if the following PDEs
hold:

a = constant and ¢ =co =c3=0.

4. Curvatures of a Walker metric for a special case. Let R, r and
S be the curvature tensor, Ricci tensor and scalar curvature of the Walker
metric g in , respectively. Then the components of R, r and S are as
follows (see M2, Appendices A-C]):

1 1 1
Ri313 = Riq14 = —5a11, Riz1a = —5c11, Rases = Ria2a = —50a12,

Risos = Rigos = —3c12,  Rissa = sa14 — 3c13 — 3a1a2 + teyea,
Rigs = e — 2aiz — 2(e)? + 2(a1)? — 2area + dascy,
(4.1) Rosos = Roaos = —3azs, Rosos = —3ca2,
" Rog = $ass — ea3 — Jarca + fazer — Haz)® + §(c2)?,

1 1 1 1
Roazs = 5024 — 5a23 — gc102 + a1,

1 1 1 2 1 2 1 1
Ro334 = ¢34 — 5044 — 5033 — Za(cl) + Za(al) + scaiaz — 5cci1c2

1 1 1 2 1 2 1 1
+ gasc1 + zarca + ga(az)” — jale2)” — jases + jascs,
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(4.2)
_1 1 _ 1 1
r13 = 5011 + 5C12, 714 = 5012 + 5C11,
2 2 2 2
1 1 1 1
r23 = 5012 + 5C22, T24 = 5a22 + 5C12,

1 1 1 1 1 2 1(,.\2
33 = 5aa11 + ca12 + 50022 — az4 + €23 — 5021 + Fa1¢2 + 5(a2)” — 5(c2)”,

1 1 1 1 1 1 1 1
T34 = 50C11 +cC12 + 5014 — 5C13 — 50102 + 5C1C2 + 50C22 — 5C24 + 5023,

1 10,32, 1 2 _ 1 1 1
T44 = 5aa11 + caiz +c1q — a13 — 5(c1)” + 5(a1)” — zaic2 + sa2c1 + 5aazo,

and
(4.3) S = ai1 + age + 2¢19.

It follows from (2.8) that all components of S and r in (4.2) and (4.3])
vanish. Taking (2.8) and (4.1)) into account, we have the following theorem:

THEOREM 4.1. If My is a Walker 4-manifold which consists of a para-
Kdhler—Walker structure (g, p,w) with g in and ¢ in , then My
s both scalar flat and Ricci flat. Moreover, My is flat if and only if the
following PDE holds:

2c34 — a3z — aqq4 = 0.

From (2.8)) and (4.1)), we have:

THEOREM 4.2. Let My be a Walker 4-manifold which consists of an
opposite para-Kdhler—-Walker structure (g, ¢’ ') with g in (2.3) and ¢ in
(3.2). Then My is flat.

5. Examples of indefinite Ricci flat almost para-Kahler non-
para-Kéhler 4-manifolds. Let (Ma,, ¢, g) be an almost para-Hermitian
manifold. We can now state the almost para-Hermitian version of Goldberg
conjecture [M3]: if (GC1) My, is compact, (GC2) g is Einstein, and (GC3)
the fundamental 2-form w is closed, then ¢ must be integrable. In this sec-
tion, we construct an example of a noncompact indefinite Ricci flat almost
para-Kéhler non-para-Kéhler 4-manifold. This is an indefinite para-Ké&hler
version of the example given in [NP]. For this purpose, we consider the
metric g given by

0 01 0
00 0 1
5.1 ii) =
(5.1) (9]) 10 a 0
01 0 a

This metric is defined by choosing a = b and ¢ = 0 in the generic form .
From , we have w = da' A dax? — do? A dz?. Thus w is symplectic.

We now turn to the Einstein conditions for the restricted Walker metric
g in . Let 7 and S denote the Ricci tensor and the scalar curvature of
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the metric g in (5.1)), respectively. The Einstein tensor is defined by G;; =
Tij — %S gi; and has the following nonzero components (see [M2, Appendix
DJ):

Gi3 = —Ga4 = 3a11 — $as,

G4 = Ga3 = ja12,
(5.2) Gs3 = iaan + %CZCZQQ —ag4 + %(ag)Q,

G4 = 3a14 — a0z + 3ass,

Gy = iaan — a3 + %(al)Q + %aagg.
It follows from ([5.2)) that the Einstein condition (G;; = 0) consists of the
following PDEs:

2

a1 —age =0, a2=0, aa;1 —2a4+ (a2)” =0,
2

ajq —araz +ags =0, aai; —2a13 + (a1)” =0.

If a is independent of 22 and z*, and contains ! only linearly, the first four
PDEs hold trivially, and the last one reduces to 2ai3 — (a1)? = 0. Then it

follows that @ = —2x!' /23 is a solution to the PDE, and therefore the metric
00 1 0
0 0 0 1
5.3 = (9ij) =
( ) g (glj) 10 —2.’E1/$3 0
01 0 —2x! /23

is Einstein on the coordinate patch 3 > 0 (or z® < 0). Moreover, the
domain z® > 0 (or #3 < 0) in My must be noncompact. It follows from
that ¢ is Ricci flat. In particular, this metric admits the following proper
almost paracomplex structure:

(5.4) w01 =01, @ =—02, I3 =ad;— 03, wI4=—als+ 04.
For the Einstein metric (5.3)), the proper almost paracomplex structure

¢ in (b.4) becomes

221
w01 =01, @Oy =—0, O3 =—

21
7361 — 03, @04 = 7362 + O4.
x x
Then, the integrability condition, given in Theorem 2.2, is not satisfied:
a] = —2/.1,‘3 #0 and a2 =0.

Thus, ¢ cannot be integrable. The condition (3.4)) for w’ to be symplectic in
Theorem 3.1 also fails:

a3 = 2$1/(:1;3)2 %0, ag4taci—ca; =0, c3=0.

Therefore, w’ is not symplectic.
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Similarly, the opposite almost paracomplex structure ¢’ in (3.1) has the
form
3 3
x x
'O = =0y — ;34, @0y = 01 + ;33,

21 2t
03 = ?82 + Ou, 80I84 = —?81 — 03.

Then the ¢'-integrability condition in Theorem 3.2 does not hold either:
as —ca1 =0, az+aco =az= —2x1/(x3)2 # 0,
az —aa; = —6x/(x*)? #£0, ac; —aag — 2c3 = 0.

Thus, ¢’ is not integrable.
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