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Embedding polydisk algebras into the disk algebra
and an application to stable ranks

by RAYMOND MORTINI (Metz)

Abstract. It is shown how to embed the polydisk algebras (finite and infinite ones)
into the disk algebra A(ID). As a consequence, one obtains uniform closed subalgebras of
A(D) which have arbitrarily prescribed stable ranks.

Introduction. Let D = {z € C : |z] < 1} be the open unit disk,
D = {z € C: |z| < 1} its closure, and A(D) the disk algebra, that is,
the space of all functions continuous on D and holomorphic on D. In this
note I am interested in the question whether there are subalgebras of A(D)
that do not have Bass stable rank one (see below for the definitions). As is
well known, Jones, Marshall and Wolff showed that the stable rank of A(D)
is one. Whereas in [7] I found for any n € N U {co} subalgebras of H*
on the disk which have stable rank n, the problem whether these algebras
could be chosen to be subalgebras of A(D) remained open. The examples
given in [7] always meet H>°(D)\ A(D). It is a quite recent result developed
together with Rudolf Rupp (see Corollary that any subalgebra B of
A(D) containing the polynomials and satisfying Royden’s property (ag) has
Bass stable rank one (note that B is not assumed to be closed in A(D)).
On the other hand, it is easy to construct a subalgebra of A(D) that has
stable rank two: just take the restriction C[z] |5 of the polynomials to D. In
an oral communication Amol Sasane gave a first example of a non-closed
subalgebra of A(D) with stable rank infinity: if ¢ is a conformal map of the

disk {|z] < 2} onto the upper half-plane H*, then the algebra
A:{fog0|ﬁ:f€AP+}

of pull-backs of almost periodic functions that are analytic on HT is iso-
morphic to AP and therefore has stable rank infinity (see [6] and [g]).
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It is the aim of this paper to prove, given n € N U {oo}, the existence
of uniformly closed subalgebras of A(D) that have Bass stable rank n. The
proof is based on embedding the polydisk algebras A(ﬁn) and A(D) iso-
morphically into A(D) (see below for the definitions). This will be done by
using the Rudin—Carleson interpolation theorem for disk algebra functions,
and the topological fact (known by the name of the Aleksandrov—Hausdorff
theorem) that every compact metric space is a continuous image of the

Cantor set (see for example [11]).

1. Background

DEFINITION 1.1. Let A be a commutative unital algebra (real or com-
plex) with identity element denoted by 1.

(1) An n-tuple (f1,..., fn) € A™ is said to be invertible (or unimodu-
lar) if there exists (x1,...,2,) € A™ such that the Bézout equation
Z?Zl x;f; = lissatisfied. The set of all invertible n-tuples is denoted
by U, (A). Note that Uy (A) = A~L. An (n+1)-tuple (f1,..., fn,g) €
Un+1(A) is called reducible if there exists (a1, ..., a,) € A" such that
(fi+aig,..., fn+ang) € Uy(A).

(2) The Bass stable rank of A, denoted by bsr A, is the smallest integer n
such that every element in U,41(A) is reducible. If no such n exists,
then bsr A = co.

It is obvious that if A and B are two commutative unital algebras such
that A is isomorphic to B, then bsr A = bsr B, because any isomorphism
¢ between A and B induces a bijection between U,(A) and U,(B). The
following two observations stem from joint work with R. Rupp [9]. Here
K=RorK=C.

PROPOSITION 1.2. Let X be a topological space and B a subalgebra of
Cy(X,K) with K C B. Suppose that B has Royden’s property (o), that is,

(c) for every f € B, if |1 — flloo <1, then f € B7L.
Then bsr B < berHIHOO, where B> s the uniform closure of B.

Proof. Let A := B>~ We show that Un(B) = Uy(A) N B". Since
U,(B) C U,(A) N B™, it only remains to show the reverse inclusion. So
let (b1,...,b,) € Up(A) N B™. Then there is (a1,...,a,) € A™ such that
1 = Z?Zl a;bj. Uniformly approximating a; by elements z; € B yields
[ 3°5-1250; — 1llso < 1/2. By assumption (ao), f = >0 2505 € B~
Hence (b1,...,b,) € Uyp(B). It is now a standard observation that bsr B <
bsr A (see [2] or [6]). =
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COROLLARY 1.3. Let B be a subalgebra of the disk algebra A(D) such
that

(x) B contains the polynomials (that is, C[z] | € B)
and (o) holds. Then bsr B = 1.

Proof. By (x), B is uniformly dense in A(D). In view of (ap), we may
apply Propositionto conclude that bsr B < bsr A(D). Since by the Jones—

Marshall-Wolff theorem bsr A(D) = 1 (see [5]), we are done. =

2. An embedding theorem. Recall that D" is the closed polydisk and
D> .= HneNﬁ the infinite polydisk. By Tikhonov’s theorem, D is a com-
pact metric space when endowed with the product topology. Moreover, each
D" and D are separable. The polydisk algebra A(ﬁn) is the set of func-
tions continuous on D" and holomorphic on the open polydisk D". In the
same spirit, one defines the infinite polydisk algebra A(D°) as the small-
est uniformly closed subalgebra of C(D*°, C) containing all the coordinate

functions 21, 22, . ... Let C[z1, 22, ...] denote the set of polynomials
Zajz{l...z%”, n €N,
jenn

over C, where j = (j1,...,7Jn) € N". Hence
(C[Zl, 22,.. ] ‘Doo - A(DOO)
THEOREM 2.1. There are uniformly closed subalgebras Ay, respectively
Aso, of A(D) that are algebraically isomorphic to A(D"), respectively A(D>).

Proof. Let C C T be the homeomorphic image of the usual ternary
Cantor set on [0, 1] via the map e'™. By the Aleksandrov—Hausdorff theorem
[11], there is a continuous surjective map

M, = (¢1,...,0n) : C = D",
respectively
My = (¢1,¢2,...> :C— D™,
Since C' has one-dimensional Lebesgue measure zero, the Rudin—Carleson
interpolation theorem [4, p. 58] implies that there are functions f; € A(D)
such that fj|c = ¢; and | f;|| = 1. Define F, : D — D" by
EFn(€) = (f1(8),-- -, fa(8)),
and F : D — D™ by
Foo(€) = (f1(8), f2(8), - -+ )

By construction, the range of F;, on D is D" and the range of F, on D
is D*. Moreover, since f;(ID) C D, the functions f o F, and f o F are
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holomorphic on I for any f € A(D") and f € A(D), respectively. Hence
7, : AD") = AD), [ foFy,
and
Voo : AD®) = AD), fr foFux,

are isometric isomorphisms of é(ﬁn) and A(D®), respectively, onto a uni-
formly closed subalgebra of A(D). m

COROLLARY 2.1. For every n € N U {oo} there is a uniformly closed
subalgebra A,, of A(D) with bsr A,, = n.

Proof. Let N € N be chosen so that |[N/2] + 1 = n. By Theorem

A(JD)N) is isomorphic to a uniformly closed subalgebra Ay of A(D). Hence
bsr Ay = bsrA(ﬁN) = |N/2] +1=n,

where the penultimate equality is due to Corach and Sudrez [2]. Moreover,
by [7], bsr A(D*°) = oc. Since by Theorem A(D®°) is isomorphic to a
uniformly closed subalgebra A, of A(D), we deduce that

bsr Ay, = bsr A(D*®°) = c0. =

3. The topological stable rank. Associated with the Bass stable rank
is the notion of topological stable rank introduced by Rieffel [10].

DEFINITION 3.1. Let A be a commutative unital complex Banach alge-
bra. The topological stable rank, tsr A, of A is the least integer n for which
U,(A) is dense in A™, or infinity if no such n exists.

It is straightforward to see (and well known) that tsr A(D) = 2. Corach
and Suérez [1] showed that tsr A(D") = n + 1 for n € N. Because bsr A <
tsr A is always true, tsr A(D*°) = oo. Since the topological stable rank is
invariant under isometric isomorphisms, we obtain from Corollary 2.2 the
following theorem.

COROLLARY 3.2. For every n € N U {oo} there is a uniformly closed
subalgebra A,, of A(D) with tsr A, =n+ 1.

Proof. Just take A, := W, (A(D")), respectively Ay := Voo (A(D®)). u
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Added in proofs (September 2014). Meanwhile Joel Feinstein has communicated to
me that an unpublished result of Brian Cole (2002) states that actually every non-trivial

uniform algebra A g)ntains a chain By C Bz C -+ of subalgebras B,, of A such that B,
is isomorphic to A(D") (referenced in [3, p. 2834]).
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