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Existence of solutions for a class of Kirchhoff type problems
in Orlicz—Sobolev spaces

by NGUYEN THANH CHUNG (Dong Hoi)

Abstract. We consider Kirchhoff type problems of the form

{ —M (p(u))(div(a(|Vu|)Vu) — a(|u)u) = K(z)f(u) in £,
% =0 on 082,
where 2 C RY, N > 3, is a smooth bounded domain, v is the outward unit normal to 942,
p(u) = SQ(@(|VU|) + &(Jul)) dz, M : [0,00) — R is a continuous function, K € L*(£2),
and f : R — R is a continuous function not satisfying the Ambrosetti—-Rabinowitz type
condition. Using variational methods, we obtain some existence and multiplicity results.

1. Introduction. Let {2 be a bounded domain in RY (N > 3) with
smooth boundary 0f2. Assume that a : (0,00) — R is a function such that
the mapping defined by

a(lth)t for t # 0,
() { (i)t for t#
0 fort =0
is an increasing homeomorphism from R onto R. For the function ¢ above,

define
t

o(t) =\p(s)ds forallteR,
0
on which some suitable conditions will be imposed later.
In this article, we are interested in the existence of weak solutions for
the following Kirchhoff type problem:

wy M) @ a(T) T —alfuu) = K@) n 2.
' gu =0 on 01,

where 2 ¢ RV, N > 3, is a smooth bounded domain, v is the outward

unit normal to 992, p(u) = {,(P(|Vul|) + &(|ul))dx, M : [0,00) = R is a
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continuous function, K € L>*(f2), and f : R — R is a continuous func-
tion.

It should be noticed that if ¢(t) = p[t|P~2t then problem (1.1)) becomes
the well-known p-Kirchhoff type equation

(1.2) { —M(§o(IVulP + ul?) dz) (Apu — [ulP~?u) = K () f(u)  in 2,

%:O on O0f2.

Since the first equation in contains an integral over {2, it is no longer a
pointwise identity, and therefore it is often called a nonlocal problem. This
problem models several physical and biological systems, where u describes
a process which depends on the average of itself, such as the population
density (see [APS| [CL]). Problem is related to the stationary version
of the Kirchhoff equation
2 2
d:r) 0u =0

0x?

ou

2,, L
(1.3) 0 <P0 Eg o

Por ~\n "2L)

presented by Kirchhoff in 1883 (see [K]). This equation is an extension of
the classical d’Alembert’s wave equation by considering the effects of the
changes in the length of the string during the vibrations. The parameters in
have the following meaning: L is the length of the string, h is the area
of the cross-section, E is the Young modulus of the material, p is the mass
density, and P is the initial tension.

In recent years, problems involving p-Kirchhoff type operators have been
studied in many papers; we refer to [MP, MR1, MR2l [CKW] [CN|, M\ [R], in
which the authors have used different methods to get the existence of solu-
tions for (1.2). In the case when p(-) is a continuous function, problem
has also been studied by many authors (see for example [CV]|[C1L [CP, [DM]).
The study of Kirchhoff type problems in Orlicz—Sobolev spaces is a new
and interesting topic (see [C2, [C3]). Motivated by the ideas introduced in
[BMR1, BMR2, [CZl, KMR), MR, [Y], we study the existence and multiplicity
of weak solutions for problem without the Ambrosetti-Rabinowitz type
condition (see Section 2, condition (F;)). This condition plays an important
role in dealing with problems and by variational methods (see
[CGMS, DM, [FT) M]). The situation presented in this paper is different
from our recent result [CT].

In order to study problem , let us introduce the functional spaces
where it will be discussed. We will give just a brief review of some basic
concepts and facts of the theory of Orlicz and Orlicz—Sobolev spaces, use-
ful for what follows; for more details we refer the readers to the books by
Adams [A], Rao and Ren |[RR], the papers by Clément et al. [CGMS|, [CPST],
Bonanno et al. [BMRI, BMR2], Mihailescu et al. [KMR] MR] and Yang [Y].
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For ¢ : R — R and @ introduced at the beginning of the paper, we
can see that @ is a Young function, that is, ¢(0) = 0, ¢ is convex, and
limy_, oo ?(t) = oco. Furthermore, @ is an N-function, i.e., ¢ is continuous,
convex, @(t) > 0 for ¢ > 0, lim;_,o P(t)/t = 0, and limy_,~, P(t)/t = co. The
function @* defined by the formula

¢
o*(t) = Sgo_l(s) ds forallteR
0
is called the complementary function of @ and it satisfies the condition

Q*(t) = sup{st — P(s) : s >0} forallt>0.

We observe that the function @* is also an N-function, and the following
Young inequality holds:

st < d(s)+d*(t) for all s,t > 0.
Throughout this paper, we assume that

L te(t) g teo(t)

1.4 1<1 f < = t>0

(1.4) SRR e S TR ey < =0
log(®

tolt) _ . log(@()

@(t) t—o0 log(t)

Further, we also assume that

(1.6) the function ¢ — ®(v/t) is convex for all ¢ € [0, c0).

1. N := inf
(1.5) <o = inf

The Orlicz space Lg(§2) defined by the N-function @ is the space of mea-
surable functions w : 2 — R such that

llullzy == sup{“ u(z)v(z) d:v’ : S O*(|Jv(x)]) dx < 1} < 0.
Q 2

The space Lg({2) is a Banach space whose norm is equivalent to the Lux-

emburg norm
lullo = inf{kz>0: gqs<“<]j‘>> i < 1}.
2

For Orlicz spaces, the Holder inequality reads as follows (see [RR]):

S wdzr < 2|ullp, o) [ullL,. ) for all u € Le(f2) and v € Lg+(£2).
2

We denote by W!Lg(£2) the corresponding Orlicz—Sobolev space for problem

(1.1)), defined by

WLe(0) i= {u € Lo(2): 2% c Ly(2),i=1,.. N}

8CCZ'
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It is a Banach space with respect to the norm

ullLe = llulle + [ITVul |-

Condition ([1.5)) says that Lg(§2) and W'Lg(S2) are separable, reflex-
ive Banach spaces (see [BMRI, BMR2, KMR [Y]). By (L.5)), using [CGMS,
Lemma D.2], it follows that W!'Lg(§2) is continuously embedded into
W0 ((2). Moreover, again by , we deduce that W1#0(§2) is compactly
embedded in C(£2). Thus, we deduce that W' Lg(2) is compactly embedded

in C(§2). Defining [|ul| = sup, g |u(z)|, we find a positive constant ¢ > 0

such that
(1.7) ulloo < cllull1e  for all u € W'Lg(92).

PROPOSITION 1.1 (see [BMRI, BMR2, KMR] [Y]). On W'Lg(2) the

norms
lulle = [[1Vullle + [[ulls,

[ullz.0 = max{[| [Vul |o, [[ulls},

ul| = inf{u >0 é} [@('u(f)'> +@<w/‘fx)‘>] dw}

are equivalent. More precisely, for every u € W'Lg(82) we have
Jull < 2[lull2e < 2[lullie < 4ull.
PROPOSITION 1.2 (see [BMRI, BMR2, [KMR] [Y]). Let u € WiLg(2)
and p(u) = §((|Vu|) + D(|u])) dz. Then
(@) full?” < pu) < lull>af |lull < 1.
(i) flull*e < p(u) < lull? if [lul| > 1.

2. Main result. In this section, we prove the main result of the pa-
per. We shall use C; to denote general positive constants whose values may
change from line to line. We first make the definition of weak solutions for

problem .
DEFINITION 2.1. We say that u € W1Lg(82) is a weak solution of prob-
lem if
M(p(u)) | (a(|Vul)VuVv + a(|u))uw) dz — | K(z) f(u)vdx = 0
Q Q
for all v € W'Lg(£2), where p(u) = §,(®(|Vul) + (|ul)) da.
The main result of the paper can be formulated as follows.

THEOREM 2.2. Assume that M, f satisfy the following conditions:

(M) M :]0,00) = R is a continuous function and there exists mgo > 0
such that M(t) > myg for all t € [0,00).
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(Ma) M(t) > M(t)t for all t € [0,00), where M(t) = §; M(s)ds.
(K1) K € L*(£2) and K(z) > ko > 0 for all z € (2.
(F1) f € C(R,R) and there exist a constant sy > 0 and a decreasing
function 0(s) € C(R\ (—s0, s0), R) such that
0 < (¢°+0(s)F(s) < f(s)s, Vls| = so,

where 6(s) > 0 and lim|g_,, 0(s)|s| = 00, lims o Sls‘ @ dt = oo,

50
F(s) =\ f(t)dt.
(F2) limyo(f(s)/|s[*"~) = 0.
Then problem has a nontrivial weak solution. If further f is odd, then
has infinitely many pairs of weak solutions.

If inf|g >4, 6(s) > 0, then it follows from condition (Fy) that
0< (¢ + inf 6(s))F(s) < f(s)s, Vsl > so,
Is|>s0

and thus we have the well-known Ambrosetti-Rabinowitz type condition as
in [CGMS, [F'T]. In this paper, we are interested in the case inf|y>, 0(s) = 0.
For this reason, we assume throughout this work that so > 1 and there is a
constant Ny > 0 such that |6(s)| < Ny for all s € R\ (—sp, s0)-

Our idea is to prove Theorem by using the mountain pass theorem
and its Zo symmetric version stated in the celebrated paper [AR]. For this
purpose, we define the energy functional J : W!Lg(£2) — R by

J(u) = M(p(u) - | K(@)F(u) da,
Q
where F(s) =2 f() dt and M(t) =, M(s)ds. Then J is in C' (W' L (£2), R)
and its derivative is given by
J(u)(v) = M(p(u) | (a(IVul) VuVo + a(|u))uv) dz — | K(z) f(u)v da
(9} 9}
for all u,v € WlLg(£2). Hence, the weak solutions of problem (1.1)) are
exactly the critical points of the functional J.
LEMMA 2.3. There exist positive constants mi and ms such that
M(t) <myt+msy, Ve [0,00).
Proof. Let ty > 0. By our assumptions (M;) and (M), we have
M) 1

<2 > 8.
M)t
Hence,
t
M
S A(s) ds = log A(t) <log—, Vt2>ty,
o M(s) (o) 0
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which yields

— — t
(2.1) M(t) < M(to)tf, Vit > ty.
0

From (2.1)), we conclude that
M\(t) <mit+mgy, Vte|0,00),

—~

where my, mg can be chosen as my = M (to)/to and mg = maxycp 4, M (t

)
LEMMA 2.4. There exist positive constants p and « such that J(u) > «
for all w € WLg(02) with ||ull1.e = p.

Proof. From (1.7 we have |Jul|cc — 0 if ||ull1.6 — 0. By hypothesis (Fa),
for any € > 0, there exists d > 0 such that

£(s)] < els]?"1, Vs| <@
Hence,
€ 0
(2.2) F(s)] < 58, vlsl <o

Combining (M;) with Proposition we deduce for u € W'Lg(£2) with
(where c¢ is given by ([1.7))) that

(23)  J(u) = M(p(w) — | K(@)F(u) dz > mol|ull{y — | K (2)|F(u)| dv

2 2
6IIKH e[ Kool €2 g0
> mollullfg - 2§ [ul# do > mollullfy — T ull%
2
0 ellK ool 215 el Kloo| 2]c#”
> mollull{ — = —lull{y = e e | [0

From ([2.3)), there exist positive constants p and « such that J(u) > « for
all u € W'Lg(82) with |lul1.0 = p. =

Let S = {w € W'Lg(2) : ||w|j1,6 = 1}. Note that for all w € S and a.e.
x € 2 we have |w(x)| < L for some L > 0. Thereis sy € {s € R: |s| < |AL|}
such that 0(sy) = ming <|s<|ar| 0(s). Then [A| > |s)|/L and |s)| — oo when
|A\| = oco. When |s| > sg, we have

0 < (" +0(s))F(s) < f(s)s.
Hence,
|s|
(2.4) F(s) > Cy|s]*" exp(§ esft)dt> = 01)s]¢°G(Js)),
S0
where G([s]) = exp(S‘ OI o) dt). Then by (Fy), it follows that G(]s|) increases

when |s| increases, and 111rn|5|_>Oo G(|s]) = .
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LEMMA 2.5. For any w € S there exist §,, > 0 and A\, > 0 such that,
for all v € SN B(w,dy) and for all |\ > A\, we have J(Av) < 0, where
B(w, ) = {v € W'Lg(2) : |Jv — w}h-

Proof. Fix w € S. As |lw[j1,¢6 = 1, we know that pu({z € 2 : w(z) # 0})
> 0 and that there exists a Ay, > s such that p({z € 2 : [Apw(x)| > s0})
> 0, where pu is the Lebesgue measure. Let

QL ={rec: Now(x) <so}, 22 :={xec: | Nw(x) > s}

Then p(£2%) > 0. When z € 21 we have |w(z)| > s0/ - Let 6 = 50/(2Mw)-
Then, for any v € SN B(w, 6y),

50
[0 = wlloo < Lllv —wlie < =

2w
Hence, when x € 2} we observe that v(x) > s0/(2\,) and
O
S0
2.5 ¢ > = Ch.
25) @l = () =

When |A| > 2\, one has [Av| > sq in £22. By condition (K;) and (2.4),
(2.5) we know that

(2.6) N | K(@)FOw)de > €1 | K (2)[v]” G(|Av]) do
22 22
> C1Cy | K(2)G(|M]) do
02

w

> C105u( 22V koG [ ==\
> C1Cou(82;) ko (2)\||>

since G(|s|) increases when [s| increases and [Av(z)| = ;3= |A|. There exists
C3 > 0 such that F'(s) > —C3 when |s| < sg. However, F(s) > 0 if |s| > so,
SO

| K(z)F(\)dz > | K(z)F(\v)dz > —C5) K| so-

0L QLN{zen2: |Mv(z)|<so}
Hence, by Proposition for any v € SN B(w, dy) and |A| > 1, we have

(27)  J(w) = M(p(w) — | K (2)F(\v) do
2
<mip(u) +mg — S K(x)F(\v) dx
(9}
< mluy@‘)uvuff; +my— | K(@)F(\w)de — | K(z)F(\)da
01 2

w
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— A <m1 — A | K (@) FOw) dx) — | K@) F(w)de +mg
2 QL
50

< |)\|<p0 <m1 — Clcgu((zi)koG<2)\‘>\’>> + CgHKHOO + mo.

From (2.7), J(Av) — —oo uniformly for v € SN B(w,dy) as [A] — oo.
Therefore, there exists a A, > 2\, such that J(A\v) < 0 for any v € SN
B(w, 0y) and |[A] > Ay. =

LEMMA 2.6. The functional J satisfies the (PS) condition.
Proof. Let {un,} be a (PS) sequence of the functional J, that is,
(2.8) [T (um)| < ¢ and  [(J'(um), h)| < €mllhll10

for all h € W1Lg(f2) with €, — 0 as m — oo. We shall prove that {u,,}
is bounded in W!Lg(£2). Indeed, if {u,,} is not bounded, we may assume
that ||um|[1.6 — oo as m — oo. Let {\,;,} C R be such that u,, = A\ywm,
W, € S. Then |\,| — oo as m — 0.

Define

Q%I ={z € Q: | AMpwn(z)] > L} and an ={z € 2 : | \pwn(z)| < L}.
Then

(2.9) —€m|Am| = _ﬁm”um”l,é < (J/(um),um)

= M(p(um)) | (al| V)Vt |* + a(lum]) [um|?) do = | K (@) f (), de
2 (0]
= M(p(Amwim)) | (a(|VAmwm )V Amwm|* + a(|Amwm|) [ Amwn|*) dz
2
— | K@) fOmwm) Amwm dz — | K (2) f(Amtwm) A da,
0L 02

m

which implies that

(210) | K(@)fOwm)Amwm dz

25
< M(p(Amwim)) S (a(]V)\mwm|)|V)\mwm|2 + a(|/\mwm|)\)\mwml2) dx
2
+ 6m’)‘m| - S K(‘T)f()‘mwm)Amwm dx
02

m

< P M(pOmwm)) § (2(VAmwml) + D(|Amtom|)) de
P
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+emAml = | K@) fAmtwm) A, do
22,
< " M(p(Amwm)) + mlAml = | K (2) fAmtom) A, da.
22,
We know that
0 < (%4 0(sx,, ) F Omwm) < fFOmWi) Amwy, — in 21

Combining this with (2.10)) we then have
(2.11)  J(um) = J(Amwm)
= M(p(Amwm)) — | K@) F(Anwn)de — | K(@)F(Anwn) d

o 02
> WOt = 575 1 K@ O
— | K(@)F(Amwn) dz m
2,
> FElp )~ —5-— Tl ) — 25
+ m rzS?n K () f AW ) A Wrn daz — Qggn K(2)F (Amwy,) dz
— g o)) = s )
=mo @f[f(;g:i) Al - sooejrng\(ﬂm) ¥ Amwom)
> Pl [ E7 8 30— BTy ),
where
bt = | (MK(;C) FOumt0m) At — K(m)F()\mwm)> da.

2

By (F1), the sequence {¢( A, wy,)} is bounded from below. On the other
hand, we know that |A,,| = oo, and so |sy,, | = 00 as m — co. By (F1),

0
lim [\ 10(sy,.) > lim 132 10(5,) _
m—o00 m—o00 L

Hence, J(u;,) — 0o, and we obtain a contradiction. Now, {u,,} is bounded
in W1Lg(92). Since W!Lg(£2) is compactly embedded into L°°(f2), there
exist a function u € W'Lg(£2) and a subsequence of {u,,}, still denoted by
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{um}, which converges strongly to u in L*°({2). From this and the continuity
of f, we have

(2.12) H K(z)f(um)(tm —u) d:r’
(9]

<Ko, max |f(s)][[um — ullo =0
Jsi<fulloo+1

as m — oo. Combining (2.8)) and (2.12) implies that

(2.13) M(p(um)) S (al(|Vm|) Vi (Vi — Vu) +al [t ) tm (un —u)) dz—0
Q
as m — oo. By (M), it is easy to see from ([2.13)) that

2.14) | (al|Vum]) Vg (Vi — V) + a ([t | )i (i — 1)) dz = 0

Q
as m — oo. By [MR], Proposition 4.5], the sequence {u,,} converges strongly
to u in W1Lg(£2) and the functional J satisfies the (PS) condition. m

Proof of Theorem [2.3. By Lemmas the functional .J satisfies
the conditions of the classical mountain pass theorem due to Ambrosetti
and Rabinowitz [AR]. Thus, we obtain a nontrivial weak solution of (L.IJ).

If further f is odd, then J is even. We will use the following Zy version
of the mountain pass theorem in [AR].

PROPOSITION 2.7. Let E be an infinite-dimensional Banach space, and
let J € CY(E,R) be even, satisfy the (PS) condition, and have J(0) = 0.
Assume that E =V @ X, where V is finite-dimensional. Suppose that:

(i) there are constants p,a > 0 such that infop,nx J > a;

(ii) for each finite-dimensional subspace E C E, there is R = R(E) such
that J(u) <0 on E\BR(E)'

Then J has an unbounded sequence of critical values.

By Lemma the functional J satisfies Proposition (1) and the (PS)
condition. For any finite-dimensional subspace ECE:= WiLe(02), S NE =
{w € E: |lwl1e = 1} is compact. By Lemma and the finite covering
theorem, it is easy to verify that J satisfies condition (ii) of Proposition
Therefore, J has a sequence {u,,} of critical points. That is, problem
has infinitely many pairs of solutions. =
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