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Generalized P-reducible (α, β)-metrics with vanishing
S-curvature

by A. Tayebi and H. Sadeghi (Qom)

Abstract. We study one of the open problems in Finsler geometry presented by
Matsumoto–Shimada in 1977, about the existence of a concrete P-reducible metric, i.e.
one which is not C-reducible. In order to do this, we study a class of Finsler metrics, called
generalized P-reducible metrics, which contains the class of P-reducible metrics. We prove
that every generalized P-reducible (α, β)-metric with vanishing S-curvature reduces to a
Berwald metric or a C-reducible metric. It follows that there is no concrete P-reducible
(α, β)-metric with vanishing S-curvature.

1. Introduction. In 1975, the well-known the physicist Y. Takano pub-
lished a paper which considered the field equation in a Finsler space and pro-
posed certain geometrical problems in Finsler geometry [15]. He requested
mathematicians to find some special forms of hv-curvature, interseting from
the standpoint of physics. In 1978, Matsumoto introduced the notion of
P-reducible Finsler metrics as an answer to Takano’s request which was a
generalization of C-reducible Finsler metrics [7]. For a Finsler metric of di-
mension n ≥ 3, he found some conditions under which the Finsler metric
was P-reducible.

Since the study of hv-curvature became necessary for Finsler geometry
as well as for theoretical physics, Matsumoto–Shimada [10] studied the cur-
vature properties of P-reducible metrics. They posed the following problem:

Is there any concrete P-reducible metric, i.e. one which is not C-reducible?

In [9], Matsumoto–Hōjō proved that F is C-reducible if and only if it is a
Randers metric or a Kropina metric. These metrics are defined by F = α+β
and F = α2/β, respectively, where α =

√
aijyiyj is a Riemannian metric

and β := bi(x)yi is a 1-form on a manifold M . The Randers metrics were
introduced by G. Randers in the context of general relativity, and have been
widely applied in many areas of natural sciences, including biology, ecol-
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ogy, physics and psychology [3], [12]. The Kropina metric was introduced by
L. Berwald in connection with a two-dimensional Finsler space with recti-
linear extremals [1].

In [11], Numata introduced an interesting family of Finsler metrics which
were called Numata-type metrics. They are defined by F := F̄ + η, where
F̄ (y) =

√
gij(y)yiyj is a locally Minkowskian metric and η = ηi(x)yi a closed

one-form on a manifold M ; F is called a Randers change of F̄ . By a simple
calculation, we get

Cijk = C̄ijk +
1

2F̄
{hijDm + hjkDi + hkiDj},

where Di := ηi − ηyi/(F̄ )2 and hij := FFij is the angular metric. Define
ηi|j by ηi|jγj := dηi − ηjγji , where γi := dxi and γji := Γ jikdx

k denote the
coefficients of the linear connection form of F̄ . Set

Dij := 1
2(ηi|j + ηj|i).

Then the Landsberg curvature of F is given by

(1) Lijk = λCijk + aihjk + ajhki + akhij ,

where

λ =
1

2F
Dijy

iyj , ai :=
1

2F 2F̄ 3
[2FF̄ 2Dik−2FDkly

lyi−(1+F̄ 2)Dkly
lDj ]y

k.

We call a Finsler metric F generalized P-reducible if its Landsberg curva-
ture is given by (1), where ai = ai(x, y) and λ = λ(x, y) are scalar functions
on TM . Thus every Numata-type metric is a generalized P-reducible metric.
By (1), if ai = 0 then F reduces to a general relatively isotropic Landsberg
metric, and if λ = 0 then F is P-reducible. Thus the study of this class of
Finsler spaces will enhance our understanding of the geometric meaning of
P-reducible metrics.

The notion of S-curvature was originally introduced by Shen [13] for the
volume comparison theorem. Finsler metrics with vanishing S-curvature are
important geometric structures which deserve a deeper study [16].

An (α, β)-metric is a Finsler metric of the form F := αφ(s), s = β/α,
where φ = φ(s) is a C∞ on (−b0, b0), α =

√
aij(x)yiyj is a Riemannian

metric and β = bi(x)yi is a 1-form onM . For example, φ = c1
√

1 + c2s2+c3s
is called a Randers-type metric, where c1 > 0, c2 and c3 are constants. In this
paper, we characterize generalized P-reducible (α, β)-metrics with vanishing
S-curvature and prove the following.

Theorem 1.1. Let F = αφ(s), s = β/α, be an (α, β)-metric on a man-
ifold M . Suppose that F is a generalized P-reducible metric with vanishing
S-curvature. Then F is a Berwald metric or a C-reducible metric.
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From Theorem 1.1, it follows that there is no concrete P-reducible (α, β)-
metric with vanishing S-curvature (see Lemma 3.5).

In this paper, we use the Berwald connection. The h- and v- covariant
derivatives of a Finsler tensor field are denoted by “ | ” and “ , ” respectively.

2. Preliminaries. Let (M,F ) be a Finsler manifold. Suppose x ∈ M
and Fx := F |TxM . We define Cy : TxM ⊗ TxM ⊗ TxM → R by Cy(u, v, w)
:= Cijk(y)uivjwk, where

Cijk :=
1

2

∂gij
∂yk

=
1

4

∂3F 2

∂yi∂yj∂yk
,

and gij := 1
2 [F 2]yiyj . The family C := {Cy}y∈TM0 is called the Cartan

torsion. It is well known that C = 0 if and only if F is Riemannian. For
y ∈ TxM0, define the mean Cartan torsion Iy by Iy(u) := Ii(y)ui, where
Ii := gjkCijk.

For y ∈ TxM0, define the Matsumoto torsionMy : TxM⊗TxM⊗TxM→R
by My(u, v, w) := Mijk(y)uivjwk, where

Mijk := Cijk −
1

n+ 1
{Iihjk + Ijhik + Ikhij}

and hij = gij − FyiFyj is the angular metric. F is said to be C-reducible if
My = 0.

Lemma 2.1 ([9]). A Finsler metric F on a manifold M of dimension
n ≥ 3 is a Randers metric or a Kropina metric if and only if My = 0 for
all y ∈ TM0.

A Finsler metric is called semi-C-reducible if its Cartan tensor is given
by

Cijk =
p

n+ 1
{hijIk + hjkIi + hikIj}+

q

‖I‖2
IiIjIk,(2)

where p = p(x, y) and q = q(x, y) are scalar functions on TM satisfying
p+ q = 1 and ‖I‖2 = ImIm (see [8], [17], [18]).

Lemma 2.2 ([8]). Every non-Riemannian (α, β)-metric on a manifoldM
of dimension n ≥ 3 is semi-C-reducible.

The horizontal covariant derivatives of the Cartan torsion C and mean
Cartan torsion I along geodesics give rise to the Landsberg curvature Ly :
TxM ⊗ TxM ⊗ TxM → R and mean Landsberg curvature Jy : TxM → R,
defined by Ly(u, v, w) := Lijk(y)uivjwk and Jy(u) := Ji(y)ui, respectively,
where

Lijk := Cijk|sy
s, Ji := Ii|sy

s.

The families L := {Ly}y∈TM0 and J := {Jy}y∈TM0 are also called the Lands-
berg curvature and mean Landsberg curvature, respectively. A Finsler metric
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is called a Landsberg metric or a weakly Landsberg metric if L = 0 or J = 0,
respectively.

A Finsler metric F on an n-dimensional manifoldM is called P-reducible
if its Landsberg curvature is given by

Lijk =
1

n+ 1
{Jihjk + Jjhik + Jkhij}.

It is easy to see that every C-reducible metric is P-reducible. But the converse
is not true [6].

Given an n-dimensional Finsler manifold (M,F ), a global vector field G
is induced by F on TM0, which in a standard coordinate (xi, yi) for TM0

is given by G = yi ∂
∂xi
− 2Gi(x, y) ∂

∂yi
, where Gi = Gi(x, y) are called spray

coefficients and are given by

Gi :=
1

4
gil
[
∂2F 2

∂xk∂yl
yk − ∂F 2

∂xl

]
, y ∈ TxM.

G is called the spray associated to F .
For y ∈ TxM0, define By : TxM⊗TxM⊗TxM → TxM by By(u, v, w) :=

Bi
jkl(y)ujvkwl ∂

∂xi

∣∣
x
, where

Bi
jkl :=

∂3Gi

∂yj∂yk∂yl
.

B is called the Berwald curvature and F is called a Berwald metric if B = 0.
For an (α, β)-metric, let us define bi|j by bi|jθ

j := dbi − bjθ
j
i , where

θi := dxi and θji := Γ jikdx
k denote the Levi-Civita connection form of α. Let

rij := 1
2(bi|j + bj|i), sij := 1

2(bi|j − bj|i),
ri0 := rijy

j , r00 := rijy
iyj , rj := birij ,

si0 := sijy
j , sj := bisij , r0 := rjy

j , s0 := sjy
j .

Let Gi = Gi(x, y) and Giα = Giα(x, y) denote the coefficients of F and α
respectively in the same coordinate system. Then

Gi = Giα + αQsi0 + (−2Qαs0 + r00)

(
Θ
yi

α
+ Ψbi

)
,(3)

where

Q :=
φ′

φ− sφ′
, ∆ := 1 + sQ+ (b2 − s2)Q′,

Θ :=
Q− sQ′

2∆
, Ψ :=

Q′

2∆
.
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The mean Landsberg curvature of an (α, β)-metric F = αφ(s) is given by

(4) Ji := − 1

2α4∆

(
2α2

b2 − s2

[
Φ

∆
+ (n+ 1)(Q− sQ′)

]
(r0 + s0)hi

+
α

b2 − s2

[
Ψ1 + s

Φ

∆

]
(r00 − 2αQs0)hi + α

[
−αQ′s0hi

+ αQ(α2si − ȳis0) + α2∆si0 + α2(ri0 − 2αQs0)

− (r00 − 2αQs0)ȳi
]Φ
∆

)
,

where

Ψ1 :=
√
b2 − s2∆1/2

[√
b2 − s2
∆3/2

]′
,

hi := αbi − sȳi, ȳi := aijy
j ,

Φ := −(Q− sQ′)(n∆+ 1 + sQ)− (b2 − s2)(1 + sQ)Q′′.

For more details, see [2]. We have

J̄ := biJi = − 1

2α2∆
{Ψ1(r00 − 2αQs0) + αΨ2(r0 + s0)},(5)

where
Ψ2 := 2(n+ 1)(Q− sQ′) + 3Φ/∆.

For a Finsler metric F on an n-dimensional manifoldM , the Busemann–
Hausdorff volume form dVF = σF (x)dx1 · · · dxn is defined by

σF (x) :=
Vol(Bn(1))

Vol
{

(yi) ∈ Rn
∣∣F (yi ∂

∂xi

∣∣
x

)
< 1
} .

Let Gi(x, y) denote the geodesic coefficients of F in the same local coordinate
system. The S-curvature is defined by

S(y) :=
∂Gi

∂yi
(x, y)− yi ∂

∂xi
[lnσF (x)],

where y = yi ∂
∂xi

∣∣
x
∈ TxM . If F is a Berwald metric then S = 0.

In [4], Cheng–Shen characterized (α, β)-metrics with isotropic S-curva-
ture.

Lemma 2.3 ([4]). Let F = αφ(s), s = β/α, be a non-Riemannian (α, β)-
metric on a manifold M of dimension n ≥ 3 and b := ‖βx‖α. Suppose
that F is not a Finsler metric of Randers type. Then F is of isotropic
S-curvature, S = (n+ 1)cF , if and only if one of the following holds:

(a) β satisfies

rij = ε(b2aij − bibj), sj = 0,(6)
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where ε = ε(x) is a scalar function, and φ = φ(s) satisfies

Φ = −2(n+ 1)k
φ∆2

b2 − s2
,(7)

where k is a constant. In this case, S = (n+ 1)cF with c = kε.
(b) β satisfies

rij = 0, sj = 0.(8)

In this case, S = 0.

3. Proof of Theorem 1.1

Lemma 3.1. Let F = αφ(s), s = β/α, be a non-Randers type (α, β)-
metric on a manifold M of dimension n ≥ 3. Suppose that F has vanishing
S-curvature. Then

yis
i
0 = 0,(9)

yis
i
0|0 = 0,(10)

yib
jsij|0 = φ(φ− sφ′)sj0sj0,(11)

where yi := gijy
j.

Proof. We have

gij = ρaij + ρ0bibj + ρ1(biαj + bjαi) + ρ2αiαj ,(12)

where αi := α−1aijy
j and

ρ := φ(φ− sφ′),(13)
ρ0 := φφ′′ + φ′φ′,(14)
ρ1 := −[s(φφ′′ + φ′φ′)− φφ′],(15)
ρ2 := s[s(φφ′′ + φ′φ′)− φφ′].(16)

Then

yi := ρȳi + ρ0biβ + ρ1(biα+ sȳi) + ρ2ȳi,(17)

where ȳi := aijy
j . Since ȳisi0 = 0, by (8) we get bisi0 = 0. Thus (17) implies

that

yis
i
0 = 0.(18)

Since yi|0 = 0, (18) implies that

yis
i
0|0 = 0.(19)

From sj = bjsij = 0, we have

0 = (bjsij)|0 = bj|0s
i
j + bjsij|0 = (rj0 + sj0)s

i
j + bjsij|0,(20)
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or equivalently

bjsij|0 = −sj0s
i
j .(21)

By (17) and (21), we get

yib
jsij|0 = −(ρ+ ρ1s+ ρ2)s

j
0s

0
j = (ρ+ ρ1s+ ρ2)s

j
0sj0.(22)

Since ρ1s+ ρ2 = 0, it follows that

yib
jsij|0 = ρsj0sj0 = φ(φ− sφ′)sj0sj0.(23)

This completes the proof.

Lemma 3.2. Let F = αφ(s), s = β/α, be a non-Randers type (α, β)-
metric on a manifold M of dimension n ≥ 3. Suppose that F has vanishing
S-curvature. Then

bjbkblLjkl = 0,(24)
biJi = 0.(25)

Proof. Since F has vanishing S-curvature, (3) reduces to

Gi = Giα + αQsi0.(26)

Taking third order vertical derivatives of (26) with respect to yj , yl and yk
yields

Bi
jkl = sil[Qαjk +Qkαj +Qjαk + αQjk](27)

+ sij [Qαlk +Qkαl +Qlαk + αQlk]

+ sik[Qαjl +Qjαl +Qlαj + αQjl]

+ si0[αjklQ+ αjkQl + αlkQj + αljQk

+ αQjkl + αlQjk + αjQlk + αkQjl].

Multiplying (27) with yi and using (9) implies that

−2Ljkl = yis
i
l[Qαjk +Qkαj +Qjαk + αQjk](28)

+ yis
i
j [Qαlk +Qkαl +Qlαk + αQlk]

+ yis
i
k[Qαjl +Qjαl +Qlαj + αQjl].

By (8), we have sj = bjsij = 0. Multiplying (28) with bjbkbl yields (24). By
(5) and (8), we get (25).

Lemma 3.3. Let (M,F ) be a generalized P-reducible Finsler manifold.
Then the Matsumoto torsion of F satisfies

Mijk|sy
s = λ(x, y)Mijk.(29)

Proof. Let F be a generalized P-reducible metric

(30) Lijk = λCijk + aihjk + ajhki + akhij .
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Contracting (30) with gij := (gij)
−1 and using the relations gijhij = n − 1

and gij(aihjk) = gij(ajhik) = ak implies that
(31) Jk = λIk + (n+ 1)ak.

Then

(32) ai =
1

n+ 1
Ji −

λ

n+ 1
Ii.

Putting (32) in (30) yields

Lijk = λCijk +
1

n+ 1
{Jihjk + Jjhki + Jkhij}(33)

− λ

n+ 1
{Iihjk + Ijhki + Ikhij}.

By simplifying (33), we get (29).

Lemma 3.4. Let F = αφ(s), s = β/α, be a non-Randers type (α, β)-
metric on a manifold M of dimension n ≥ 3. Suppose that F is a general-
ized P-reducible metric with vanishing S-curvature. Then F is a P-reducible
metric.

Proof. Let F be a generalized P-reducible metric. By Lemma 3.3, we
have

(34) Lijk −
1

n+ 1
(Jihjk + Jjhik + Jkhij)

= λ

[
Cijk −

1

n+ 1
(Iihjk + Ijhik + Ikhij)

]
.

Contracting (34) with bibjbk and using (24) and (25) implies that

λ

[
bibjbkCijk −

3

n+ 1
(biIi)(b

jbkhjk)

]
= 0.(35)

By (35), we get two cases:

Case (1): λ = 0. In this case, F reduces to a P-reducible metric.

Case (2): λ 6= 0. In this case, by (35) we get

bibjbkCijk =
3

n+ 1
(biIi)(b

jbkhjk).(36)

Multiplying (2) with bibjbk gives

bibjbkCijk =
3p

n+ 1
(biIi)(b

jbkhjk) +
q

‖I‖2
(biIi)

3.(37)

By (36) and (37), it follows that
3q

n+ 1
(biIi)

[
bjbkhjk −

(n+ 1)(bmIm)2

3‖I‖2

]
= 0.(38)

By (38), we get three cases:
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Case (2a): Let biIi = 0. By a direct computation, we can obtain a
formula for the mean Cartan torsion of (α, β)-metrics as follows:

Ii = −Φ(φ− sφ′)
2∆φα2

(αbi − syi).(39)

If biIi = 0, then by contracting (39) with bi we get

Φ(φ− sφ′)
2∆φα3

(b2α2 − β2) = 0.(40)

By (40), we have Φ = 0 or φ − sφ′ = 0, which implies that I = 0, and thus
F is a Riemannian metric. This contradicts our assumptions.

Case (2b): Suppose that

(41) bjbkhjk −
n+ 1

3‖I‖2
(biIi)

2 = 0.

Since hjk = gjk − F−2gjmgklymyl, we have

(42) bjbkhjk = bjbkgjk −
1

F 2
(gjkb

jbk)2.

By (41) and (42), we obtain

bjbk
[
gjk −

n+ 1

3‖I‖2
IjIk

]
=

[
1

F
gjkb

jbk
]2
.(43)

Since yiIi = 0, by (43) we get[(
gij −

(n+ 1)IiIj
3‖I‖2

)
bi
yj

F

]2
=

[(
gij −

(n+ 1)IiIj
3‖I‖2

)
bibj
]
.(44)

Set

Gij := gij −
n+ 1

3‖I‖2
IiIj .

It follows from (44) that [
Gijb

i y
j

F

]2
= Gijb

ibj .(45)

Since Gijyiyj = F 2, (45) implies that[
Gijb

i y
j

F

]2
= [Gijb

ibj ]

[
Gij

yi

F

yj

F

]
.(46)

By the Cauchy–Schwarz inequality and (46), we have

(47) bi = k
yi

F
,
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where k is a real constant. Multiplying (47) with bi and ȳi, respectively,
implies that

(48) F =
kβ

b2
and F =

kα2

β
.

By (48), it follows that (b2 − s2)α2 = 0, which is a contradiction.

Case (2c): If q = 0 then p = 1, and from (2) it follows that F is C-re-
ducible. In any case, F is a P-reducible Finsler metric.

Now, we are going to consider P-reducible (α, β)-metrics with vanishing
S-curvature.

Lemma 3.5. Let F = αφ(s), s = β/α, be a non-Randers type (α, β)-
metric on a manifold M of dimension n ≥ 3. Suppose that F is a P-reducible
metric with vanishing S-curvature. Then F reduces to a Berwald metric or
a C-reducible metric.

Proof. The Landsberg curvature of an (α, β)-metric is given by

(49) Lijk =
−ρ
6α5
{hihjCk +hjhkCi+hihkCj + 3EiTjk + 3EjTik + 3EkTij},

where

hi := αbi − sȳi,(50)
Tij := α2aij − ȳiȳj ,(51)
Ci := (X4r00 + Y4αs0)hi + 3ΛDi,

Ei := (X6r00 + Y6αs0)hi + 3µDi,

Di := α2(si0 + Γri0 + Παsi)− (Γr00 + Παs0)ȳi

X4 :=
1

2∆2
{−2∆Q′′′ + 3(Q− sQ′)Q′′ + 3(b2 − s2)(Q′′)2},

X6 :=
1

2∆2
{(Q− sQ′)2 + [2(s+ b2Q)− (b2 − s2)(Q− sQ′)]Q′},

Y4 := −2QX4 +
3Q′Q′′

∆
, Y6 := −2QX6 +

(Q− sQ′)Q′

∆
,

Λ := −Q′′, µ := −1
3(Q− sQ′), Γ :=

1

∆
, Π :=

−Q
∆

.

For more details see [14]. Since rij = 0 and si = 0, (4) and (49) reduce to

Ji = − Φ

2α∆
si0,(52)

Lijk = Vijsk0 + Vjksi0 + Vkisj0,(53)

where
Vij :=

ρ

2α3
[Q′′hihj + (Q− sQ′)Tij ].

We shall divide the problem into two cases: (a) si0 = 0 and (b) si0 6= 0.
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Case (a): Let si0 = 0. In this case, by (52) and (53), F reduces to
a Landsberg metric. By Shen’s Theorem of [14], F reduces to a Berwald
metric.

Case (b): Let si0 6= 0. Then by (52) and (53), we have

Lijk = ZijJk + ZjkJi + ZkiJj ,(54)

where Zij := −(2α∆/Φ)Vij . Thus the Landsberg curvature of an (α, β)-
metric with vanishing S-curvature satisfies (54). Set

A := −∆ρ(Q− sQ′)
Φ

, B := −∆ρQ
′′

Φ
.

Then by putting (50) and (51) in the formula for Zij it follows that

Zij = Aaij +Bbibj − sB(biαj + bjαi)− (A− s2B)αiαj .(55)

By assumption, F is P-reducible

Lijk =
1

n+ 1
(Jihjk + Jjhik + Jkhij),(56)

where the angular metric hij := gij − FyiFyj is given by

hij = φ[φ−sφ′]aij +φφ′′ bibj−sφφ′′[biαj + bjαi]− [φ(φ−sφ′)−s2φφ′′] αiαj .
By (54) and (56), we obtain

(57)
(
Zij−

1

n+ 1
hij

)
Jk+

(
Zjk−

1

n+ 1
hjk

)
Ji+

(
Zik−

1

n+ 1
hik

)
Jj = 0.

Since αisi0 = 0 and bisi0 = 0, we have

si0s
j
0Zij = −∆ρ

Φ
(Q− sQ′)sm0 sm0,

si0s
j
0hij = φ[φ− sφ′]sm0 sm0, si0Ji = − Φ

2α∆
sm0 sm0.

Therefore, contracting (57) with si0s
j
0s
k
0 implies that

(58)
1

n+ 1
φ[φ− sφ′] = A.

By (58), it follows that

Zij −
1

n+ 1
hij = χ[bibj − s(biαj + bjαi) + s2αiαj ],(59)

where
χ := B − 1

n+ 1
φφ′′.

Since Ji 6= 0 and bmJm = 0, multiplying (57) with bibj we get

(60) bibj
(
Zij −

1

n+ 1
hij

)
= 0.
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By contracting (59) with bibj and considering (60), it follows that

χ = 0.(61)

Then (58) and (61) imply that
1

n+ 1
φ[φ− sφ′] = −∆ρ

Φ
(Q− sQ′),(62)

1

n+ 1
φφ′′ = −∆ρ

Φ
Q′′.(63)

By (62) and (63), we obtain

(64) φ− sφ′ = c(Q− sQ′),
where c is a non-zero real constant. Solving (64) implies that

(65) Q = c1φ+ c2s,

where c1 6= 0 and c2 are real constants. By (65), it follows that

(66) c2s
2 + 2c1sφ+ 1 = dφ2,

where d is a real constant. We divide the problem into two cases: (b1) d 6= 0
and (b2) d = 0.

Subcase (b1): If d 6= 0, then by (66) we have

(67) φ =
c1
d
s+

√[(
c1
d

)2

+
c2
d

]
s2 + 1,

which is a Randers-type metric. This is a contradiction.

Subcase (b2): If d = 0, then (66) yields

(68) φ = − 1

2c1s
+

c2
2c1

s,

which is a Randers change of a Kropina metric. It is known that Kropina
metrics are C-reducible. On the other hand, every Randers change of a
C-reducible metric is C-reducible [5]. Thus the Finsler metric defined by
(68) is C-reducible.

Proof of Theorem 1.1. Every two-dimensional Finsler surface is C-redu-
cible. For Finsler manifolds of dimension n ≥ 3, by Lemmas 3.4 and 3.5 the
proof is complete.
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