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New existence and stability results for partial fractional
differential inclusions with multiple delay

by SAID ABBAS (Saida), WAFAA A. ALBARAKATI (Jeddah),
MOUFFAK BENCHOHRA (Sidi Bel-Abbes and Jeddah),
MOHAMED ABDALLA DARWISH (Jeddah) and EMAN M. HiLAL (Jeddah)

Abstract. We discuss the existence of solutions and Ulam’s type stability concepts
for a class of partial functional fractional differential inclusions with noninstantaneous
impulses and a nonconvex valued right hand side in Banach spaces. An example is provided
to illustrate our results.

1. Introduction. The fractional calculus represents a powerful tool in
applied mathematics to study a myriad of problems from different fields of
science and engineering, with many breakthrough results found in math-
ematical physics, finance, hydrology, biophysics, thermodynamics, control
theory, statistical mechanics, astrophysics, cosmology and bioengineering.
There has been a significant development in ordinary and partial fractional
differential equations in recent years; see the monographs of Abbas et al.
[ABNT, [ABN2], Kilbas et al. [KST], the papers of Abbas et al. [ABI] [AB2,
AB3|, [ABC|, [ABG, [ABH| [ABV|, [ABZ], Darwish et al. [DHOI [D, [DH| [DB],
Diethelm [DEF], Kilbas and Marzan [KM], Vityuk and Golushkov [VG], and
the references therein.

The stability of functional equations was originally raised by Ulam in
1940 in a talk given at Wisconsin University (for more details see [U]). In
[WZE], Wang et al. introduced some new concepts about Ulam stability of
solutions of impulsive fractional differential equations. Recently, in [ABS],
Abbas et al. discussed Ulam stability of solutions for a class of fractional
differential inclusions with multiple delay and impulses. From the viewpoint
of general theories, in [HO, [POR] the authors initiated the study of some
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new classes of abstract semilinear impulsive differential equations with non-
instantaneous impulses.

Differential equations with impulses were considered for the first time by
Milman and Myshkis [MM]| and followed by a period of active research; see
the monograph by Halanay and Wexler [HW] and its references. Many phe-
nomena and evolution processes in the fields of physics, chemical technology,
population dynamics, and natural sciences may change state abruptly or be
subject to short-term perturbations (see for instance [ACMADI [LBS|] and
the references therein). These short perturbations may be seen as impulses.
Impulsive problems also arise in various applications in communications,
chemical technology, mechanics (jump discontinuities in velocity), electrical
engineering, medicine, and biology. These perturbations may be seen as im-
pulses. For instance, in the periodic treatment of some diseases, impulses
correspond to the administration of a drug treatment. In environmental sci-
ences, impulses correspond to seasonal changes of the water level of artificial
reservoirs. Their models are described by impulsive differential equations
and inclusions. Various mathematical results (existence, asymptotic behav-
ior, ...) have been obtained so far (see [Al [BHN] (GHO, [LBS| [PDl [SP] and
the references therein).

In pharmacotherapy, the above instantaneous impulses cannot describe
certain dynamics of evolution processes. For example, when one considers
the hemodynamic equilibrium of a person, the introduction of the drugs in
the bloodstream and the consequent absorption are gradual and continuous
processes.

Motivated by recent works [Rl [POR) WFZ], we investigate the existence
and Ulam—Hyers—Rassias stability of solutions of the following partial frac-
tional differential inclusions with noninstantaneous impulses:

CD0k< Zb t,x)u(t — o,z — ﬂz)) € F(t,z,u(t,z))
(1.1) if (t,2) € I, k=0,...,m,

u(t,x) = gr(t,z,u(t,z)) (~ x)€Jg, k=1,...,m,

u(t,z) = ¢(t,x) if (t,x) € J == [~a,a] X [~ ﬂ, b] \ (0,a] x (0,b],

where Io = [0,151] X [O,b], Ik = (Skathrl] [O b] Jk = (tk,sk] [0 b]

=0,...,m, “Dy is the fractional Caputo derivative
oforderr:(rl,rg) (0,1] x (0, ] O—so<t1§81§t2< c < 1 <
tm < Sm < tmy1 =a, F: Iy x E— P(E), k=0,...,m, is a set-valued
function with nonempty compact values in a (real or complex) separable
Banach space F, P(FE) is the family of all subsets of F, gy : Jy X E — E,
k=1,....m,b;: I; =R, k=0,....,m, 1= 1,...,n, are given continuous
functions, oy, 8; > 0,i=1,...,n, @ = max;—1,. n{o;}, B = max;—1__.{Bi},
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and ¢ : J — E is a given continuous function such that

$(t,0) =Y bi(t,0)¢(t — i, =), t€10,al,

(1.2) =

$(0,2) = > _bi(0,2)p(—0u,x — Bi), = €[0,0].
=1

The present paper initiates the study of the existence of solutions and the
Ulam stability for problem ({1.1]).

2. Preliminaries. In this section, we introduce notation, definitions,
and preliminary facts which are used throughout this paper. Let J = [0, a] x
[0,0], a,b > 0, and denote by Ll(J ) the space of Bochner integrable func-
tions u : J — E with the norm

ab
lull = |V llut, 2)]| 2 dz dt,
00
where || - || denotes the norm of E.

As usual, C := C(J) denotes the space of all continuous functions from
J into E with the norm

[ulloc = sup |lu(t,z)|E-
(t,x)ed

Consider the Banach space
PC = {u:[—a,a] X [=B,b] = E:ul;=¢,uly, =gk k=1,...,m,
ulr,, k=1,...,m, is continuous
and there exist u(s; , ), u(s;, z), u(t; ,z) and u(t}, x)
with u(s;, 2) = gr(sk, z,u(sg)) and u(ty , x) = gr(te, 7, u(ty)) for x €[0,0]}

with the norm

[ullpc = sup [u(t, )| -
(tvx)e[_ava]x [_Bvb]

Let 0 = (0,0), r1,72 > 0 and 7 = (rq,72). For u € L'(J), the expression

U§6:2) = T3y M 6= 7077 o= € ulr ) dedr

is called the left-sided mized Riemann—Liouville integral of order r, where
I'(-) is the Gamma function.
In particular,
(Igu)(t, z) = u(t, z),
tx
(Igu)(t,x) = S S u(r,&)dédr  for almost all (t,x) € J,
00
where o = (1,1).
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For instance, Iju exists for all r1, 2 € (0,00), when u € L(.J). Note also
that when u € C(J), then Iju € C(J), and moreover

(Ipu)(t,0) = (Igu)(0,z) =0, te[0,a], z € [0,b].

EXAMPLE 2.1. Let \,w € (—=1,0) U (0,00), r = (r1,72), 71,72 € (0,00)
and h(t,z) = % for (t,z) € J. We have h € L'(J) and
t)\+7‘1xw+7‘2

A+ X+r)I(1+w+r)

for almost all (¢,z) € J.

(Lph)(t, x) =

By 1 —7 we mean (1 —71,1—1r9) € [0,1) x [0,1). Denote by D2, := %
the mixed second order partial derivative.

DEFINITION 2.2 ([VQ]). Letr € (0,1]x(0,1] and u € L'(J). The Caputo
fractional-order derivative of u of order r is defined by
“Dyult, ) = (I;”"D3u)(t,z)

1 §:§ Dg u(r§)
I'(l—r)I(1—ry) 0o (t—T1)1(z—E)r

dé dr.

The case o = (1, 1) is included and we have
(°D§u)(t,z) = (Du)(t,x) for almost all (t,z) € J.

EXAMPLE 2.3. Let \,w € (—1,0)U(0,00) and r = (r1,72) € (0, 1] x (0, 1].
Then

A AT pw—T2
C T J—

"TO+MNI(1+w) TA+A—r)I(14+w—19)
for almost all (¢,z) € J.

Let a1 € [0,a], 2zt = (a1,0) € J, J, = (a1,a] x [0,b], r1,72 > 0 and
r = (r1,72). For v € L'(J.), the expression

(I;ru) (ta 1‘)

t x
TGy ) V=D @9 u(r ) dedr
0

+
al

is called the left-sided mized Riemann—Liouville integral of u of order r.

DEFINITION 2.4 ([VG]). For u € L'(J,) where D2,u is Bochner inte-
grable on J,, the Caputo fractional order derivative of u of order r is defined
to be

(“DLu)(t,2) = (17" D3u)(t, x).
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Let (X,d) be a metric space. We use the following notation:
Pa(X) ={Y € P(X) : Y is closed},
Ppa(X) ={Y € P(X) : Y is bounded and closed},
Pep(X) ={Y € P(X) : Y is compact}.
A multivalued map G : E — P(E) has convex (resp. closed) values if G(x)

is convex (resp. closed) for all x € E. We say that G is bounded on bounded
sets if G(B) is bounded in E for each bounded set B of F, i.e.,

ilelg {sup{|lullg: v € G(z)}} < co.

Finally, G has a fized point if there exists x € E such that x € G(z).
For each u € E define the set of selectors from F' by
Spu={ve L'J E):v(t,x) € F(t,z,u) for ae. (t,z) € J}.
For more details on multivalued maps we refer to the books of Deimling
[DE|] and Gérniewicz [Gl.
Consider Hy : P(X) x P(X) — R4 U {oo} given by
Hy(A,B) = max{sup d(a,B),supd(A, b)},
acA beB
where d(A,b) = infae 4 d(a,b), d(a, B) = infyep d(a,b). Then (Py a(X), Ha)
is a metric space and (P (X), Hy) is a generalized (complete) metric space
(see [K]).
DEFINITION 2.5. A multivalued map G : J — Py(E) is said to be
measurable if for each x € F, the function Y : J — FE defined by
Y(t) = d(z,G(t)) = inf{[lz — yllz : y € G(t)}
is measurable, where d is the metric induced by the norm of E.

DEFINITION 2.6. A multivalued operator N : X — P (X) is called
e ~-Lipschitz if there exists v > 0 such that
Hy(N(u), N(v)) < ~d(u,v) for each u,v € X,
e a contraction if it is y-Lipschitz with v < 1.
Now, we consider the Ulam stability for problem . Let e >0, % >0

and let @ : J — [0,00) be a continuous function. We consider the following

conditions:
n

d(cng (U(t, ) — Z bi(t, z)u(t — oy, x — ﬁl)) JF(t, x,u(t, x))) <e
(2.1) = if (t,x) € Iy, k=0,...,m,

lu(t,z) — gr(t,z,u(t,z))||g <e if (t,x) € Jp, k=1,...,m.
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(2.2)
d(CDZ,?k (u(t,x) ~ S bt @ult - ai @ — @-)),F(t, x,u(t,x))) < &, 1)
= it (o) ey, k=0,...,m,
|u(t,z) — gr(t,z,u(t,z))||g < ¥ if (t,x) € Jp, k=1,...,m.

(2.3)

d(cng (u(t, x) — i bi(t, v)u(t — o, @ — 51)) ,F(t,z, u(t, x))) < ed(t,x)
i=1

if (t,x) € Iy, k=0,...,m,
lu(t,x) — gr(t,z,u(t,z))||p < e¥@ if (t,x) € Jp, k=1,...,m.
DEeFINITION 2.7 ([WZE]). Problem (1.1)) is Ulam-Hyers stable if there

exists a constant cpg, > 0 such that for each € > 0 and for each solution
u € PC of (2.1) there exists a solution v € PC' of problem (|1.1)) with

lu(t,2) = v(t,2)l| 5 < ccrg,, (L)€ J.

DEerFINITION 2.8 ([WZE]). Problem is generalized Ulam—Hyers
stable if there exists cpg, : C([0,00),[0,00)) with cpg, (0) = 0 such that
for each € > 0 and for each solution u € PC of there exists a solution
v € PC of problem with

lu(t,2) — v(t,2)l|p < crg, (), (t.a) € J.

DEFINITION 2.9 ([WZE]). Problem is Ulam—Hyers—Rassias stable
with respect to (@,¥) if there exists a constant crg, o > 0 such that for
each € > 0 and for each solution ©v € PC of there exists a solution
v € PC of problem with

lu(t,2) — v(t,2)l| < ccrga(¥ +B(t,a),  (ta) € J.

DErINITION 2.10 ([WZE]). Problem (|1.1) is generalized Ulam—Hyers—
Rassias stable with respect to (®,¥) if there exists a constant cpg, ¢ > 0
such that for each solution v € PC of (2.2) there exists a solution v € PC

of problem (/1.1)) with
lu(t,z) —v(t,z)||E < crg oY +P(t,x)), (t,x)€ ]
REMARK 2.11. It is clear that: Definition [2.7] = Definition 2.8} Defi-

nition = Definition and Definition for &(-,-) =¥ =1 =
Definition 2.7

REMARK 2.12. A function u € PC is a solution of (2.1]) if and only if
there exist a function G € PC and a sequence Gy, k = 1,...,m, in E (which
depend on ) such that
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(i) |IG(t,2)||lg < eand ||Gillg <€, kE=1,...,m,
(ii) “Dp, (u(t, z)=>2L, bi(t, 2)u(t—ci, x—5;))—G(t, x) € F(t,x,u(t,v))
it (tx) € Iy k=0,...,m,
(111) U(t,l’) = gk(t,.%‘,U(t,l’)) + Gy if (t,l‘) €EJp, k=1,...,m,

One can make similar remarks for and . So, the Ulam stabilities
for impulsive fractional differential equations are some special types of data
dependence of solutions.

We need the following lemmas.

LEMMA 2.13 (Covitz—Nadler [CN]). Let(X,d) be a complete metric space.
If N : X — Pa(X) is a contraction, then N has fized points.

LEMMA 2.14 (Gronwall lemma [P, [P1]). Letv :J — [0,00) and let w(-,-)
be a nonnegative, locally integrable function on J. If there are constants ¢ > 0
and 0 < ri,re < 1 such that

tx

v(t, x w(t,x c v
(t,z) < w(t,z)+ éé(t—T)”(l’_f)

then there exists a constant 6 = §(r1,r2) such that
tx

u(t,z w(t,z c “An.8)
(t,2) < wit,2) + 0 ég(t_f)m(a:—f)

— dg dr,

—dédr
for every (t,z) € J.

3. Existence and Ulam stabilities results. In this section, we present
conditions for the Ulam stability of problem ([1.1). As a consequence of
[ABNI, Lemma 2.14], we have

LEMMA 3.1. Let r1,72 € (0,1]. A function u € PC is a solution of
problem (L.1) if and only if there exists f € S, such that

u(t,x) = Z bi(t, z)u(t — o, x — ;)
i=1

tx

(t— 7)1 — &)
N renre)

f(r,&)dedr if (t,z) € [0,t1] x [0, 8],
00
u(t,x) = gr(sk, z,u(sk, x)) — gr(sk, 0, u(sg, 0))

+ Z bi(t, x)u(t — o,z — ;) — Zbi(sk, r)u(sk — i, x — B;)
i=1 i=1

+ ) bilsk, 0)ulsy — i, —f;)
=1
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tx t—TTl 1( 5)7"2—1
v é )

u(t7$) = gk(tvxau(tax)) lf (t,(E) €EJp, k=1,...,m,
U(t,l‘) = d)(tv .%') if (t,.ﬁlﬁ) € J.

LeEMMA 3.2. Ifu € PC is a solution of (2.1), then there exists f € Sg,,
such that

f(r,&)dedr  if (t,x) € Iy, k=1,...,m,

[t Zb (La)u(t - aiw = B) = [/ (s.1)]|

ea™ b2
- F(l +T1)F(1 —I—TQ)
Hu(t, z) = gk 8k, T, u(Sk, T)) + gr(sk, 0, u(sk, 0))

—Zb (t, z)u(t — i, x — ;) —i-zb Sk, x)u(sy — oy, ¢ — B;)

if (t,z) €[0,t1] x [0,D],

- Z bi(sk, 0)u(sy — a, —B;) — ngf(&t)HE

ca’tb™ L k=1
< Z t7$ G 9 - 7"'?m7
= T +r)I(1+72) f(t2) € Iy

Hu(t,:n) - gk<tax7u(t>$))”E <e€ Zf (t,l‘) € Jk7 k= 17 cee, M
Proof. By Remark [2.12) we have
{Cng(u(t,x) - Z? 1b (t x) (t_aivx - Bl)) - ( ) € F(t x?“(t7m))
(

(t x) el, k=0,. m,
u(t,z) = gi(t,z,u(t,x)) + G if (t,x) € J, k=1,.
Then there exists f € S, such that

x) = Zbi(t,x)u(t — a;,x — i)

T ri—1 ro—1
S —7)" (=9
0

t

+(§) TG O dgdr i () € [0,0] x (0.,

7x) gk(skv‘x u<sk7 )) _gk(skvovu(slﬁo))

+ Zbi(t,x)u(t —a;,x — fBi) — Z bi(sk, T)u(sk — aj,x — ;)
i=1 i=1

+ Z bi(sk, 0)u(sy — oy, —fi)
=1

u(
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t x _7_7«1 1 ro—1
T (G dedr i (o) € k=1,
sk 0

u(t,z) = gk(t zyu(t,x)) if(t,z)e g, k=1,...,m.
Thus, it follows that

Jutt Zb (ba)ult = asw — 8) = I f(s.1)]|

1=

H§§ )" 1( (mf)rQlG(T,{)d&dTHE if (t,) € [0,t1] x [0,b],
00

Hu(t, x) — gr(Sk, T, u(sk, x)) + g (sk, 0, u(sg,0))

_Zb t$ t_az; ﬁz +Zb 3k7 Sk_aw ﬁz)

_Zb Sk, 0)u (s — au, &)—I@”kf(S,t)HE

S S N e G L
00 I'(r1)I'(r2) E

Hu(t,a:) - gk(ta JJ,U(t,I‘))HE = ||Gk||E if (t,.I) €EJp, k=1,....m
Hence, we obtain the conclusion.
REMARK 3.3. We have similar results for solutions of (2.2)) and ({2.3]).
Set

Bi = max { sup ]bi(t,a:)]}, k=0,...,m, B= max B;.
i=1,...,n (t,x)ElL k=0,....,m

G(r,§)dEdr if (t,x) € Iy, k=1,...,m,

THEOREM 3.4. Assume that the following hypotheses hold:

(Hi) The multifunction F' : I, x E — Pep(E) has the property that
F(.,-,u) : Iy — Pep(E) is measurable for each u € E, k =
0,...,m.

(Hg) There exists a constant lp > 0 such that

Hd(F(t,IL‘,U),F(t,IE,U)) < ZFHU - UHE

for allu,v € E and (t,z) € Iy, k=0,...,m
(H3) There exist constants lg, >0, k=1,...,m, such that

||gk(t,:c,u) - gk(taxvﬂ)HE < lngu _EHE
forall (t,x) € Jy andu,u € E, k=1,...,m
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If

lpa™b™

3.1 £:=2l,+ 3nB +

( ) g F(1+T1)F(1+T2)

where lg = maxp—1__mlg,, then problem (1.1)) has a solution on J.
Assume moreover that

<1,

(Ha) There exists Ag > 0 such that for all (t,x) € J we have
Iy ®(t,x) < Xp®(t,z), k=0,...,m.
Then problem (1.1)) is generalized Ulam—Hyers—Rassias stable.

Proof. Consider the multivalued operator N : PC — P(PC') defined by
letting Nu be the set of all h € PC such that

D bit,)ult — ciyw — Bi) + Ip f(t ) if (@) € [0,81] x (0,8,
=1
gk(sk7 x;lu(skﬂ CC)) - gk(3k7 07 U(Sk, 0))
+ Zbi(t,x)u(t — a;,x — i)
=1

h(t,z) = - Z bi(sg, v)u(sy — ai, x — B;)
=1

+ Z bi(sk, 0)u(sy — aq, =) + Ig, f(t, @)
=1

if (t,z) € I, k=1,...,m,
gk(t,x,u(t,x)) if (t,z) € Jg,
o(t,x) if (t,x) € J,
where f € Sg,. Clearly, by Lemma the fixed points of N are solutions
of problem .

REMARK 3.5. For each u € PC, the set Sp,, is nonempty since by (Hs),
F has a measurable selection (see [CV] Theorem III.6]).

We shall show that N satisfies the assumptions of Lemma The
proof will be given in two steps.

STEP 1: N(u) € Pa(PC) for each w € PC. Indeed, let (uy)n>0 C N(u)
be such that u,, — @ in PC. Then @ € PC and there exists f, € Sgy, such
that, for each (t,z) € J,

un(t, ) = Zbi(t,x)un(t—ai,x—ﬂi) + 1y fo(t,z) if (t,z) € ]0,1] x [0, b],
=1
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Un(t, ) = gr(Sk, T, un(Sk, T)) — gk (8K, 0, un(sk, 0))

+ Z bi(t, x)un(t — oy x — B;) — Zbi(sk; T)up(sy — i, x — ;)
i=1 =1

+ ) bilsg, 0 un(sk — iy —Bi) + Ij, fult,x) i (t,2) € i, k=1,...,m,
=1

un(t,x) = gp(t, x,un(t,x))  if (t,z) € Jk, k=1,...,m.

Using the fact that F has compact values, and (Hz), we may pass to a
subsequence if necessary to find that f,(-,-) converges to f in L'(I}), k =
0,...,m, and hence f € Sg,. Then, for each (t,z) € J, u,(t,z) — a(t,x),
where

i(t,x) = bi(t,x)ult — on,x — Bi) + I f(t, ) if (t,2) € [0, 1] x [0,B],
i=1
u(t,x) = gr(sk, x,u(sg, ) — gr(sk, 0,u(sk,0))

+ Z bi(t,x)u(t — aj,x — Bi) — Zbi(sk,x)u(sk —a;,x — i)
i=1 i=1

+ Zbi(sk,O)u(sk —ap,—Bi) + Ig f(tx) if (t,x) €l k=1,...,m,
1=1

u(t,x) = gp(t,z,u(t,z)) if (t,x) € Jp, k=1,...,m.
So, @ € N(u).

STEP 2: N is a contraction multivalued operator. Let u,uw € PC and
h € N(u). Then there exists f(t,x) € F(t,x,u(t,x)) such that

h(t,z) = Zbi(t, z)u(t — oz, — B;) + Ipf(t,x) if (¢,z) € [0,t1] x [0,],
i1
h(t,x) = gi(sk, 7, u(sk, ) — gr(sk, 0, u(sk, 0))

+ ) bilt x)ult — g — Bi) = > bilsp, x)ulsy — i,z — By)
i=1 =1

+ Z bi(sk,o)u(sk — Oy, _ﬂl) + ngf(t,l’) if (t,CL’) € Ik’ k= 17 U
i=1

h’(t’l‘) :gk(t,l',U(t,IE)) if (tv:l:) €EJp, k=1,...,m.
From (Hz) it follows that
Hd(F(t,xau(t?l‘))’F(t»x’ﬂ(ta:E))) < lFHu(t,l’) _ﬂ(tvl‘)HE'
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Hence, there exists w(t,x) € F(t,x,u(t,x)) such that
lf(t,z) —w(t,x)| <lplu(t,z) —ult,z)||g if (t,z) € Iy, k=0,...,m
Consider U : I, — P(E) given by
Ut,z) ={w e PC:[|f(t,2) —w(t,z)||p < lp|u(t,z) —ul(t, z)]| g}

Since the multivalued operator U(t,z) N F(t,x,u(t,x)) is measurable (see
[CV], Proposition II1.4]), there exists a function f(¢,z) which is a measurable
selection for u. So, f(t,x) € F(t,z,u(t,z)), and for each (t,z) € Iy, k =
0,...,m, we have

1f(t,z) = f(t,2)le < lpllu(t,z) —u(t, z)| &
Define

Zb (t,2)a(t — oy, — Bi) + Iy f(t, ) if (t,2) € [0,11] x [0, 8],
h(t,z) = gk(Sk,%‘,U(Sk, r)) — gr(s, 0, ﬂ(sk,o))

+Zbi(t,$)ﬂ(t—ai,x—& Zb Sk, X)U(SK — iy & — ;)

i=1
+Zb sk, 0VT(sy, — o, —Bi) + I f(t,x) if (t,2) € Iy, k=1,...,m,

h(t,z) = gk(t,m,u(t,x)) if (t,x) e Jp, k=1,...,m
Then

Ih(t. ) = h(t,2)|le < D bt 2)| [Jult — aiz = B;) = u(t = ai,z = Bi)| 5
i=1

_l’_

R U I PP NP
§§ FoTen U O-Tme)ded

E
if (,2) € [0, 1] x [0,8],
1h(t,2) = h(t, )| & < llgk(sk, T, u(sk, ) — gr(sk, T, U(sk, )|
+ 19k (sk, 0, u(sk, 0)) — gr(sk, 0,u(sk, 0))[| £

+ )it o) ||ult — aiy = Bi) —U(t — oy — Bi)||
=1

+ Z |bi(sk, )| ||u(sk — i,z — Bi) — sk — iz — B)||
=1

+ Z 1bi (st 0)|||u(sk — i, —Bi) — (s — ai, —B)||
=1
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E

T —r ri—1 T — ro—1 -
= @O ) - o) de dr
0

if (t,x) €, k=1,...,m,

1A (t,z) = h(t, )| & = llgr(t, z, ult, x) — gr(t, 2z, a(t, 2))| B
if (t,x) € Jg, k=1,...,m.
Thus, we get

Hh(tv‘r) - h(t7$)‘|E
< nB|lu—1ul|pc
tx
(t— 1) (w — )
N Teorm)
lpa™b™
\ F(1+T1)F(1+T‘2)
It ) — Bt 2)|| 2 < 21y ]lu— ]l po + 3nBllu - pe
t x
(t— )i — &)
S ere

lpllu — ] pe de dr

< (nB—i— >HU—UHPC if (t,x) € [0,t1] x [0, ],

lf|lu —u| pc d§ dr

sk 0

Lam b
< <2zg +3nB + e

U—v ,
ra+rm)rQ +r2)>|| Ipc
if (t,z) € I, k=1,...,m,

Ih(t, z) = h(t,2)| g < lgllu—Tlpc  if (t,2) € Jo, k=1,...,m.

Hence

1A (u) = h(v)||lpc < €llu—Tllpc.
By an analogous relation, obtained by interchanging the roles of u and @,
Ha(N(u), N(w)) < lju -1l pc-

From ({3.1]), we conclude that N is a contraction and thus, by Lemma N
has a fixed point v which is a solution to (1.1)). Thus, there exists f, € Sg,
such that

v(t,z) = Y bt 2t — i x — B) + I folt, ) if (t,2) € [0,41] x [0,0],
i—1
v(t,x) = gr(sk, 2, v(sk, ) — gr(sk, 0,v(s%, 0))
+ Zbi(t, x)v(t — oz, x — B;) — Zbi(sk,x)v(sk —a;,x — ;)
i—1 i—1

+ ) bk, 0)v(se — i, =) + I folt,x) i (t,x) € i, k=1,...,m,
=1

v(t,x) = gr(t,z,v(t,x)) if (t,z) € Jp, k=1,...,m.
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Let u € PC be a solution of (2.2). From Remark

e thw u(t— sz =)~ I f(s,0)|

tx t—T)rl l(x_é-)m,l .
: (S)(S) TPy Cededr| - if e e 0 nlx 0,8

Hu(t,a:) — gr(sk, x,u(sg, ) + gr(sk, 0,u(sk, 0))

n

_sz(tax)u(t_a’u B’L +Zb Sk7 Sk — Oy, T Bz)
i=1
= 3 b, O)ulsk — i, — ) — I, (s, 1)|
1=1
tx o, rl 1 _ ¢\r2—1
H(t @O G acdr| i) ed k=1, m,
5 0 ri)I(r2) E
lu(t,z) — gr(t,z u(t )| <¥ if (t,z)e J, k=1,...,m,

where f € Sg,. Thus, by (Hy),

H Zb (t, 2)ult — o,z — Bi) _Igf(sat)HE < Ap®(t, x)

if (¢,x) € [0,t1] x [0, b],
Hu(t,x) — 9k (Sk, x, u(sk, ) + gr(sk, 0,u(sk, 0))

— Z bi(t, x)u(t — aj, e — B;) + Zbi(sk,x)u(sk —a;,x — i)
i=1 i=1

—Zb Sk, 0 k_au 51-)—ngf(8,t)

‘E < A\o®(t,7)

if (t,x) eI, k=1,...,m,
lu(t,z) — gr(t,z,u(t,z))|p <O if(t,z) € Jg, k=1,...,m
Hence

lu(t,z) —v(t,x)||g < Ae@(t, z) + nB||u(t,z) — v(t, x)|| g

to o ym=1(p _ gyra—1
+1) ! I)j(m)(F(m)g) 1F(7.8) = fo(7, §)ll dE dr

if (t,z) € [0,t1] x [0,0],

00
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|lu(t,z) —v(t,z)||g < AP

|

Sk

—~

t,x) + (2ly + 3nB)||u(t,x) —v(t, z)||E

¢ g

) (ra) | £(7,€) = fo(T,6)||E dE dr

Ot 8B

if (t,x) € I, k=1,...,m,
[u(t, z) —o(t, 2)[[p < ¥ +[lgr(t, 2, ult, x)) — gr(t, 2, v(t, )| 2
<Y +lglu(t,z) —v(t2)lle if (o) €Jk, k=1,....,m

For each (t,z) € [0,t1] x [0, 0], we have
[u(t, z) —v(t, 2)|5 < Ae®(t, x) + nBlu(t, z) — v(t, z)||k
N G

i e ir = vir s
Thus,
Jut,2) = o(t, @) < Bﬂt@
ta:( r1 1 £)r2—1
1_nBSS g mE) —un )l dedr

From Lemma . there exists a constant 01 := d1(r1,r2) such that

Ap lpdy
— < b Tyd(t
Jutt.) = ot < 2% (0000) + L2 p o)
< Aq&(l + lF(Sl)\@)
- 1—nB
Thus, for each (¢,x) € [0,1] x [0, b], we get
||u(t7 x) - U(t’ x)HE < Cl,F7gk,¢(!p + @(t7 LE))

Now, for each (t,z) € I, k=1,...,m, we have

D(t,x) =: c1,F,g,,0P(t, ).

|u(t,z) —v(t,z)||E < Ae@(t, x) + (2lg + 3nB)||lu(t,z) — v(t,z)| E

(et mgett ]
+lr Sgk(s) F( )F(TQ) Hu(va) ( 7§)||E dg dr.
Thus,
e, ) = (t.0) | < g gt

lr §§u—7>%x—@ml

1—2l,—3nB o0 T(r1)I(r2) [u(T, &) —v(7, &) || d€ dr.

+
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Again, from Lemma there exists a constant do := d2(r1,7r2) such that

Ao
— S — - - -

= 1_2245_3713 (1 * %
Hence, for each (t,z) € I, k=1,...,m, we get
[u(t, z) —o(t, 2)||g < co,pg, 0¥ + (¢, T)).
Now, for each (¢,z) € Ji, k=1,...,m, we have
u(t, z) —v(t,2)||e <+ lg[|ut, ) — v(t, )] 5.

) D(t,x) =: c2,F,g,,0P(t, ).

This gives

4
lu(t,z) —v(t,2)llp < 7= = cspg 0P

ly
Thus, for each (t,x) € Ji, k=1,...,m, we get
lu(t, 2) = v(t 2)l|5 < ca,rge (¥ + B(t,2)).
Set Crg,,¢ = MaX;c(1 2,3} Ci,F,g,,4- Hence, for each (¢,z) € J, we obtain
u(t, 2) = v(t 2)l|5 < crg 0¥ + (2, 2)).
Consequently, problem is generalized Ulam—Hyers—Rassias stable.

4. An example. Let

E:llz{w— wy, Wwa, .. .) Z|wn\<oo}

be the Banach space with norm

o0

lwlle = lwal.

n=1
Consider the following partial fractional differential inclusions with nonin-
stantaneous impulses:

(4.1)

23 42
D, (u(t, z)—

e Y e
(=320 - 2)) € F(t,a,ult,x))
if (1) € ([0,1]U(2,3) x [0, 1],

u(t —2,x —1/4)

u(t,z) = g(t,z,u(t,x)) if (t,z) € (1,2]
u(t,z) = d(t,z) if (t,x) € J :=[-2,3]

17
—3,1]\ (0,3] x (0,1],
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where k € {0,1}, n = 3, r = (r1,7r2) € (0,1] x (0,1], 6y = 60, 01 = (2,0),
O=s<t1 =1<s1=2<t =3, u= (ul,uQ,...), F = (Fl,FQ,...),
9=1(91,92:---),

CDgu = (CDgul,c DSU/Q, .. .),

@ :J — R is a continuous function satisfying

®(t,0) = LB(t —3/2,-2), &(0,z) = 4P(-3/2,2 —2), t €[0,3],z € [0,1],
and F: ([0,1] U (2,3]) x [0,1] x E — P(FE) is given by

F(t,a,ult,2)) = {v € B: | fult.a,ult, o) < [vle < I falt. 2, ult, 2)) |2}
for (t,z) € ]0,3] x [0, 1], where f1, f:[0,1] x [0,1] x £ — E with

fk:(fk,lvfk,Qa”')a kE{l,Z},TLEN,
6t—i—z—4
t,.’IJ,'LL t,.%' = y nGN,
Funltotnls D) = 1 )
et+:}c74
fon(t,z,up(t,x)) = 1 U, n €N,
1
tx, un) = . (La) e (1,2] x[0,1], n € N.
i) = Ty 60 € LA 01l
Set
223 a2
b2 = ey 20O = mpaay B0 =g

then B = 1/111. We assume that F' is closed valued. For all n € N, uw,u € E
and (t,z) € ([0,1] U (2,3]) x [0,1], we have

Hy(Fo(t, z,un) — Fp(t,2,0)) < 15 [tn — Ul
Thus, for all u,u € E and (t,z) € [0,1] x [0, 1], we get

Hq(F(t,z,u(t,z)), F(t,x ﬂ(t z)))

= ZHd (t,z,un(t,z)), Fn(t,%ﬁn(t,x)))

o0
< %Z = Tn| = 137 /|u — |-

Also, for all n € N, w,uw € E and (¢,z) € (1,2] x [0, 1],
lg(t, 2, u(t,z)) = g(t,z,u(t,2))|lp < g7 llu — b

Hence conditions (H;)—(Hs) are satisfied with lp = I, = 137. We shall show
that condition (3.1)) holds with a = 3 and b = 1. Indeed, for each (ry,72) €
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(0,1] x (0,1] we get

lpa™ b
¢ =2l,+ 3nB
R Ny Gy
_2 9 3" B
111 11l (A +r) (1 +re) 111
Finally, hypothesis (Hs) is satisfied with
2 x 3
Ot x) =ta?, Ao = .
(o) =t = T3 1)
Indeed, for each (¢,z) € [0,3] x [0,1],
[(2)(3)tttrig2tr: 2 x 3"tx?
(@) (1) = DAL DX ),

F(2+T1)F(3+T2) - F(2+T1)F(3+T2)

Consequently, Theorem implies that problem (4.1]) is generalized Ulam—
Hyers—Rassias stable.
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