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Normality criteria for families of
zero-free meromorphic functions

by JUN-FAN CHEN (Fuzhou)

Abstract. Let F be a family of zero-free meromorphic functions in a domain D, let
n, k and m be positive integers with n > m + 1, and let a # 0 and b be finite complex
numbers. If for each f € F, f™ + a(f*)™ — b has at most nk zeros in D, ignoring
multiplicities, then F is normal in D. The examples show that the result is sharp.

1. Introduction. Let D be a domain in C and F be a family of func-
tions meromorphic in D. Then F is said to be normal in D, in the sense
of Montel, if every sequence {f,} C JF contains a subsequence {f,,} which
converges spherically locally uniformly in D to a meromorphic function or
the constant oo (see [4], @, [12]).

In 1959, Hayman [3] proved that if f is a transcendental meromorphic
function in C, then f’ + af™ assumes every finite value infinitely often for
a positive integer n > 5 and a nonzero finite complex number a. Mues [7]
showed that this is false for n = 3,4 by some counter-examples. Correspond-
ing to the above result, Ye [13] for n > 3 and Fang and Zalcman [2] for n > 2
studied a similar problem where f’ + af™ is replaced by f + a(f")"™. More-
over, Fang and Zalcman [2] gave a related normal family analogue. Later on,
Xu, Wu and Liao [10] considered the case of higher derivatives and proposed
a conjecture. Recently, Li [5] studied this conjecture and proved the following
result.

THEOREM A. Let F be a family of zero-free meromorphic functions in
a domain D, let n > 2 and k be positive integers, and let a # 0 and b be
finite complex numbers. If for each f € F, f + a(f(k))” — b has at most nk
zeros in D, ignoring multiplicities, then F is normal in D.

In this paper, we generalize Theorem A by replacing f + a(f (k))" —b by
™ 4 a(f%)™ — b and prove the following result.
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THEOREM 1. Let F be a family of zero-free meromorphic functions in a
domain D, let n, k and m be positive integers with n > m—+1, and let a # 0
and b be finite complex numbers. If for each f € F, f™ + a(f*®)™ — b has
at most nk zeros in D, ignoring multiplicities, then F is normal in D.

EXAMPLE 1. Let D = {2z : |2| < 1} and F = {f; : j = 1,2,...}, where
fi(2) = €/%, and let n, k and m be positive integers. Then, for each f; € F,
we have f; # 0 and [ + (f\))™ = €m*(1 + j%) # 0 in D. But F fails to
be normal in D. This shows that the condition n > m + 1 in Theorem 1 is
necessary.

EXAMPLE 2. Let D = {2z : |z| < 1} and F = {f; : j = 1,2,...}, where
fj(2) = j2*, and let n, k and m be positive integers with n > m + 1. Then,

for each f; € F, we have fI" + (f;k))" = j™(z™k 4 7T MEI") £ 0 in D. But
F fails to be normal in D. This shows that the condition of zero-freeness in

Theorem 1 cannot been removed.

EXAMPLE 3. Let D = {2z : |z| < 1} and F = {f; : j = 1,2,...}, where
fi(z) = 1/(jz), and let n, k and m be positive integers with n > m + 1.
Then, for each f; € F,

:—m  n(k+1)—m —n(_1\nk.n
IO N R + (=D
) = (k1)

J

has at least nk—+1 zeros in D, ignoring multiplicities. But F fails to be normal
in D. This shows that the condition in Theorem 1 that f™ + a(f*))" —b
has at most nk zeros in D, ignoring multiplicities, is the best possible.

2. Some lemmas. Let f(z) be a meromorphic function in the complex
plane C. We shall use standard notation of Nevanlinna theory (see e.g. [4,
12]), and denote by S(r, f) any real function of growth o(T'(r, f)) as r — oo
outside of a possible exceptional set of finite linear measure.

LEMMA 1 (see [8, 14]). Let o € R satisfy —1 < a < oo, and let F be a

family of zero-free meromorphic functions in a domain D. Then, if F is not
normal at some point zg € D, there exist

(i) points z; € D, zj — 2o,
(ii) functions f; € F, and
(iii) positive numbers p; — 0

such that

locally uniformly with respect to the spherical metric, where g is a noncon-
stant zero-free meromorphic function on C of order at most 2. In particular,
if g is an entire function, then g is of order at most 1.
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LEMMA 2 (see [12]). Let f be a transcendental meromorphic function

in C. Then -

r—oo  logr

LEMMA 3 (see [I1]). Let k be a positive integer, and let f be a transcen-
dental meromorphic function in C. Then

m<r, j?) = S(r,f(k)).

LEMMA 4. Let f be a zero-free transcendental meromorphic function
in C, let n > 2, k and m be positive integers, and let a # 0 be a finite
complex number. Then f™ + a(f(k))” has infinitely many zeros.

Proof. Suppose that f™ + a(f(k))" has finitely many zeros. Then by
Lemma 2,

(2.1) N(n W) — O(logr) = S(r, f¥).

On the other hand, it follows from the first and second fundamental
theorem and Lemma 3 that

(2.2) m<r’m>§m<rv%>+m<n;ﬂ>

<r, a(;(r:))” + 1) +m<r, (f(:))m> +m<r, (f;k;)m> o)

+ m(r, (f(i))m> + S(r,f(k))
<A M) (s W)
_ 1 1
" N(’”’ a(FO) [ (Fm + a(f0)m) — 1) " m( <f<k>>m)

- N<r, '}W> + S(r, ).

A simple calculation shows that
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(24) N

(
(2.5) N<r, a(f(k))”/(fm—li—a(f(k))”) - 1) <N(r,;) +N(r, f).
(

™+ a(fR)n 1 1
" a(f®yn )ZN(nUWW)_A(nfm+Mﬂ“W)

Now by (2.1)-(2.6), Lemma 2 and the first fundamental theorem we
obtain

(2.6) N

N(n f(lk)) +W(T, f) +m<7a? (f(;))m'> =+ S(Ta f(k))
r,@>+Nmﬂm+meva>+ﬂnﬁh

nT(r, f®)

IN

IN
=
~

IN

< mT<r, 1) + LT(r, FE) 4+ S(r, fH)y

™) T
< T, f0) + =T, ) + (0, §0),

Noting n > m + 1, from this we get T'(r, f*)) = S(r, f*)), a contradiction.
Therefore f™ + a(f*))" has infinitely many zeros.
This completes the proof of Lemma 4.

Using the idea of [I], we obtain the following important lemma.

LEMMA 5. Letn, k and m be positive integers withn > m+1, let a # 0
and b be finite complex numbers, and let f be a nonconstant zero-free rational
function. Then f™ + a(f*))" — b has at least nk + 1 distinct zeros in C.

Proof. Since f is a nonconstant zero-free rational function, f is not a
polynomial, i.e., f has at least one finite pole. Thus we can write

C1
2.7 f(2) = =
27 S | (EET
Co
2.8 ™(z) = ,
(28) ) = et ay
where C1 and Cy (= C]") are nonzero constants, ¢ and p; are positive inte-
gers, the z; (when 1 < i < ¢) are distinct complex numbers, p = > 7_, p;.
By induction, we deduce from (2.7) that

(2'9) f(k) (z) - (.1_1 (ZPS:Z)ZZ)PH-k ’
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where P(z) is a polynomial of degree (¢ — 1)k. Further, by (2.7)-(2.9), we
get
m o O T (2 + 2z)(mmpitnk g pr(y
1)+ a( @)y = =t =) g

i 1(z—|—z) n(pi+k) ’

and so, by simple calculation, f™(z) + a(f*)(2))” — b has at least one zero
in C. Thus we can write

Cs1: i)l
(210) ) +a(fOE) b= ClmE e

i 1(2; + z; ) n(pi+k)’
where Cj is a nonzero constant, s and [; are positive integers, the z; (when
1 <i<gq) and w; (when 1 < i < s) are distinct complex numbers. From
(2.8)—(2.10), we have
q
(2]_]_) Co H(z + Zi)(n—m)pi—i-nk + CLP”(Z)
i=1

M EQ

z—i—z n(pitk) +C’3H (2 + w;)l
=1
We now consider two cases.

CASE 1: b= 0. Then by (2.11) it follows that Y% [(n — m)p; + nk] =

Yoiiili, Co = Cs,

q s
(2.12) [T+ ztyrmmptnk — TTQ + wit)s = tn=mrtnk e,

i=1 i=1
where Q(t) = —(a/Cy)t™ 9Dk P"(1/t) is a polynomial of degree less than
n(q — 1)k. From (2.12), we get

(1 + zit)(n*m)pﬁrnk 75(n m)p +nkQ( )

q
G183 wa T rwny O )

as t — 0. Thus by taking logarithmic derivatives of both sides of (2.13), it
follows that

S

q

(n —m)p; + nk|z; liwi —— (h—m)ptnk—1

(2.14) Z 1+ zt -2 1+ wit ot ’ )
=1 =1

as t — 0. If we compare the coefficients of 7, j = 0,1,..., (n—m)p+nk —2,
n (2.14), we obtain
q s
(2.15) Z[(n —m)p; +nklz] — Z Liw! =0,
i=1 i=1
j=1,...,(n—m)p+nk — 1. Let z44; = w; when 1 < i < s. Noting that
T [(n—=m)p;+nk] =3 ;_; l; and using (2.15), we deduce that the system
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of linear equations
q+s

(2.16) > Hzi=0,
=1

where 0 < j < (n —m)p+ nk — 1, has a nonzero solution

(@1, Tggty -y Tgps) = (RM—m)p1r +nk, ..., =11, ..., —s).
If (n —m)p+nk > g+ s, then the determinant det(zg)(qﬂ)x(ﬁs) of the
coefficients of the system of equations (2.15), where 0 < j < g+ s — 1, is
equal to zero, by Cramer’s rule (see e.g. [0]). However, the z; are distinct
complex numbers when 1 < ¢ < g+, and the determinant is a Vandermonde
determinant, so it cannot be zero (again see [6]), which is a contradiction.

Hence we conclude that (n —m)p + nk < g+ s. It follows from this and
the two inequalities n > m +1 and p = >_7 | p; > g that s > nk + 1.

CASE 2: b# 0. Let
q q

(217) bH(z + Zi)n(m—l-k) o 02 H(Z + Zi)(n—m)pi—i-nk

i=1 =1

where the z; (when 1 < i < ¢) and «; (when 1 < i <) are distinct complex
numbers, and 22:1 m; = mp. Then from (2.11) and (2.17) we get
q l s

(2.18) b]](z+ z) PR (2 + 0a)™ + Cs [ (2 + wi) = aP"(2).

i=1 i=1 i=1
We see by (2.17)—(2.18) that Y 7_; [(n —m)p; + nk] —|—Z§:1 m; = np+nkq =
Y71l and b = —C3. Thus by (2 18), we get

q s
(219) JJa+zt)"" mmnkH L4 ait)™ — [ (L +wit)s = t"PF5Qy (),

=1 =1 =1

where Q1 (t) = 2t"(@~DkPn(1/t) is a polynomial of degree less than n(qg—1)k.
From (2.19), we get

q N\ (n—m)p;+nk 17! A7
1:1(1 + Zzt)( S P lel(l + azt) =1+ O(tn(p‘f'k))
[T, (1 + wit)l

as t — 0. Thus taking logarithmic derivatives of both sides of (2.20) shows
that
q

!
m)p; + nkz; mioy liw; inlpe)—1
(2.21) - = p+k)
; I+ zt +;1+o¢i Zl+w, )

ast — 0.

(2.20)
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Set S ={ai,...,oq} N{wi,...,ws}. We consider two subcases.
CASE 2.1: S = 0. Let zg1; = o when 1 <i <[, and
n—m)p;, +nk, 1<1i<g,
Ni:{( )pi q

Mi—g, g+1<i<qg+I.
Then (2.21) can be rewritten as
g+l
S Y mowhy
— 1 + z;t 1+ w;t

1=
as t — 0. Using the same argument as in Case 1, we get s > nk + 1.

CASE 2.2: S # (). Without loss of generality, we can assume that S =
{a1,...,ap}. Then o = w; when 1 < i < M. Let My =1 — M. Again we
discuss two subcases.

CASE 2.2.1: M7 > 1. Let Wsti = OM4g when 1 < ¢ < M. If M < S,

then we set I —m, 1<i<M,

L=< 1;, M4+1<1i<s,
—Mp—sti, S+1Zi< s+ M.
If M = s, then we set
li—mi, 1§i§M:S,
Li= {—mM_SH, s+1<i<s+M,.
CASE 2.2.2: M; =0. If M < s, then we set
I — {li_miy 1<i< M,
l;, M+1<i<s.
If M =s,then weset L; =1; —m; when 1 <i< M =s=1.
In both Case 2.2.1 and Case 2.2.2, (2.21) can be rewritten as

q s+ M
3 [(n = m)pi + nk]zi _ Zl Liwi _ ogmen-1)
i=1 i=1
as t — 0, where 0 < M7 <[ — 1. Using the same argument as in Case 1, we

get s > nk + 1.
This completes the proof of Lemma 5.

LEMMA 6 (see [I]). Let k be a positive integer, let b # 0 be a finite
complex number, and let f be a nonconstant zero-free rational function. Then
f%) —b has at least k + 1 distinct zeros in C.

3. Proof of Theorem 1. Suppose that F is not normal in D. Then
there exists at least one 2y € D such that F is not normal at the point zg.
We consider two cases.
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CASE 1: b=0. Then from Lemma 1 we can find

(i) points z; € D, z; — 2o,
(ii) functions f; € F, and
(iii) positive numbers p; — 0,

such that

(31) W = 5(¢) = 9(0)

J
locally uniformly with respect to the spherical metric, where g is a noncon-
stant zero-free meromorphic function on C of order at most 2. In particular,
if g is an entire function, then g is of order at most 1. From (3.1), we deduce
that

(32)  ¢7(¢) +alg’ ()"

'—mnk‘/(n—m)

=, Mz + p5C) + alf (25 + 9O = g™ (C) + alg® ()"

uniformly on compact subsets of C disjoint from the poles of g.

We claim that g™ (¢) + a(¢™ (¢))" has at most nk distinct zeros.

Suppose that ¢™(¢)+a(g™® (¢))™ has at least nk+1 distinct zeros (;, 1 <
i < nk+1. First we show ¢™(¢) +a(g® ()™ # 0. If g™(¢) +a(g® ()™ = 0,
then by n > m-+1 we know that g is an entire function. Since g is nonconstant
zero-free and of order at most 1, it follows that g(¢) = e®¢*¢2, where ¢; # 0
and ¢y are constants. Thus

§7(Q) + algP ()" = emErH) 4 acfrenacte) =,

which is impossible because n > m 4 1. Therefore, g™ (¢) + a(g¥ (¢))™ # 0.
Now by (3.2) and the Hurwitz theorem, there exist (;;, i = 1,...,nk + 1,
Cji — G, such that, for j sufficiently large,

Iz + piGia) + a(f;k) (2j + p;Ga))" = 0.

But f7"(2) + a(f](k)(z))” has at most nk distinct zeros in D, and z; + p;(j
— 29, which is a contradiction. Hence ¢ (¢) + a(g™*)(¢))" has at most nk
distinct zeros.

However, from Lemmas 4 and 5, we see that there do not exist noncon-
stant meromorphic functions that have the above properties. This contra-
diction shows that F is normal in D.

CASE 2: b# 0. Then from Lemma 1 we can once more find

(i) points z; € D, z; — 2y,
(ii) functions f; € F, and
(iii) positive numbers p; — 0,
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such that

fi(z + pi¢)
(3.3) R = g5(¢) = 9(¢)
Pj
locally uniformly with respect to the spherical metric, where ¢ is a noncon-
stant zero-free meromorphic function on C of order at most 2. From (3.3),

we deduce that
(3.4)  pg () +algl ()"~ b

= f7"(z5 + 0i€) + alf (2 + piO)" = b — alg™ ()" b

uniformly on compact subsets of C disjoint from the poles of g.

We claim that a(g® (¢))™ — b has at most nk distinct zeros.

Suppose that a(g*)(¢))® — b has at least nk + 1 distinct zeros ¢;, 1 <
i < nk+ 1. Clearly, a(g®)(¢))™ # b, for otherwise g would be a nonconstant
polynomial of degree k, which contradicts the fact that g # 0. Then by
(3.4) and Hurwitz’s theorem, there exist (j;, i = 1,...,nk + 1, (j; — G,
such that, for j sufficiently large, f7"(z; + p;(ji) + a(f( (zj + p;Ci))" =b.
However f"(z) + a(f( )(z)) — b has at most nk distinct zeros in D, and
2zj 4 p;jCji — 20, which is a contradiction. Hence a(g*®)(¢))" — b has at most
nk distinct zeros.

Let c1,...,c, be distinct roots of w™ — b/a = 0. Then

n
(3.5) a(g® ()" = b= a[[lg™(C) - el

i=1
Now if g is a rational function, then it follows by (3.5) and Lemma 6 that
a(g®™ (€)™ — b has at least n(k + 1) distinct zeros, which contradicts that
a(g®(¢))™ — b has at most nk distinct zeros. And if g is a transcendental
meromorphic function, then noting that n > m+1, from Nevanlinna’s second
fundamental theorem we deduce

T(r,g*)) <N(r,g") +ZN< k)_c>+5(hg(k))

1
Ta(g® () —b
N(r,g®) + S(r,g™)

=N(r,g®™) + N(r

1
<
T k+1

1
k+1
which implies that T'(r, g**)) = S(r, g*)), a contradiction. Hence F is normal
at 2gp.

The proof of Theorem 1 is complete.

) + S(r, g™

IA

T(r,g*)) + S(r, g*)),
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