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Legendrian dual surfaces in hyperbolic 3-space

by KENTARO SAJI (Kobe) and HANDAN YILDIRIM (Istanbul)

Abstract. We consider surfaces in hyperbolic 3-space and their duals. We study
flat dual surfaces in hyperbolic 3-space by using extended Legendrian dualities between
pseudo-hyperspheres in Lorentz—Minkowski 4-space. We define the flatness of a surface in
hyperbolic 3-space by the degeneracy of its dual, which is similar to the case of the Gauss
map of a surface in Euclidean 3-space. Such surfaces are a kind of ruled surfaces. Moreover,
we investigate the singularities of these surfaces and the dualities of the singularities.

1. Introduction. A theorem on Legendrian dualities for pseudo-hyper-
spheres (hyperbolic n-space, de Sitter n-space and n-dimensional lightcone)
in Lorentz—Minkowski (n—+1)-space, which gives a commutative diagram be-
tween contact manifolds defined by the dual relations, was shown in [I1] (see
also [0, 21]). This theorem was extended in [I7] to one-parameter families
of pseudo-hyperspheres in Lorentz—Minkowski (n + 1)-space depending on a
parameter ¢ € [0,7/2]. As an application of this extended duality theorem,
one-parameter families of extrinsic differential geometries of spacelike hyper-
surfaces in hyperbolic n-space, de Sitter n-space and n-dimensional lightcone
were constructed in [2, [I6l [I7]. Here, we point out that the principal cur-
vatures and the Gaussian curvature of each of these spacelike hypersurfaces
depend on ¢. This geometry which depends on ¢ is called slant geometry.
Here, we emphasize that this geometry connects continuously horizontal ge-
ometry which corresponds to ¢ = 0 and vertical geometry which corresponds
to ¢ = /2 (see [2] for the details).

In this paper, using the extended Legendrian dualities between hyper-
bolic 3-space and one-parameter families of pseudo-hyperspheres in Lorentz—
Minkowski 4-space, we consider one-parameter families of flat surfaces in
hyperbolic 3-space. It is well-known that a flat surface in Euclidean 3-space
is characterized by the degeneracy of its Gauss map. Moreover, a surface
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is developable if the image of its Gauss map is a point or a curve (that
is, all points of the surface are singularities of its Gauss map). Further-
more, the dual of a surface plays a similar role to the Gauss map of the
surface [26]. Taking into account these cases in Euclidean 3-space, we can
consider the Legendrian dual of a surface in hyperbolic 3-space as a kind of
Gauss map of the surface. Therefore, a surface in hyperbolic 3-space is flat
if its Legendrian dual is singular at any point of the surface. In particular,
we consider the case when the Legendrian dual is a spacelike curve in the
dual pseudo-hypersphere. We point out that a surface in hyperbolic 3-space
whose dual is valued in the 3-dimensional lightcone was studied in [I3]. In
this case, the surface is called a horospherical flat (briefly, horo-flat) surface.
Such surfaces are one-parameter families of horo-cycles.

In this study, we consider surfaces in hyperbolic 3-space which have sim-
ilar properties to horo-flat surfaces. While these surfaces are one-parameter
families of horo-cycles for ¢ = 0, they are not one-parameter families of
horo-cycles for ¢ € (0,7/2]. However, they are one-parameter families of
equidistant curves for ¢ € (0,7/2] since the radiuses of the dual pseudo-
hyperspheres given in one-parameter families of Legendrian dualities are
non-zero. Thus, these surfaces connect continuously two important classes
of surfaces: the one-parameter family of horo-cycles and the one-parameter
family of geodesics. Flat cases of these surfaces connect horo-flat surfaces and
analogies of tangent developable surfaces in hyperbolic 3-space. Our main
results in this paper classify the singularities of these surfaces and show
dualities among them. These surfaces are frontals, that is, projections of
isotropic maps into the base space of a Legendrian fibration. If the isotropic
map is a Legendrian immersion, the frontal is called a wave front (or briefly
a front).

Singularities of wave fronts were originally investigated by Zakalyukin
[31], 32]. See also [I] for the details. It was shown that generic singularities
of wave front surfaces are cuspidal edges and swallowtails. It is known that
generic singularities of frontal surfaces can also be cuspidal cross caps, in ad-
dition to the above two [7,[10]. In this paper, we show that flat one-parameter
families of equidistant curves are always frontals, and generic singularities of
a certain class of them can also be a cuspidal beaks in addition to the above
three (Theorem [5.6(2)). Moreover, we discuss generic singularities of other
classes of one-parameter families of equidistant curves (Theorems
and [5.6{(1)). See [5, 19} 20, 22, 25] for some other investigations of surfaces
in hyperbolic 3-space.

In this paper, we deal with singularities of maps up to A-equivalence
among map germs. Two map germs g1, g2 : (R?,0) — (R3,0) are A-equiva-
lent if there exist diffeomorphism germs S : (R?,0) — (R%0) and T :
(R3,0) — (R3,0) satisfying go 0 S = T o g1. Here, a cuspidal edge is a map
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germ which is A-equivalent to (u,v) + (u,v?,v3) at the origin, a swallowtail
is a map germ which is A-equivalent to (u,v) = (u, 3v* +uv?, 403 + 2uv) at
the origin, and a cuspidal cross cap is a map germ which is A-equivalent to
(u,v) = (u,v?, uv?) at the origin. Moreover, dual surfaces can have a more
degenerate singularity called cuspidal beaks. A cuspidal beaks is a map germ
which is A-equivalent to (u,v) — (u, —2v3 — u?v, 3v? — u?v?) at the origin.
The images of these singularities are shown in Figure 1.

Fig. 1. Cuspidal edge, swallowtail, cuspidal cross cap and cuspidal beaks

On the other hand, there are many investigations of singularities of ruled
surfaces and their analogies (see [12}, 15} 23, 24] for example). Circular sur-
faces, that is, one-parameter families of circles are one of the analogies of
ruled surfaces in Euclidean 3-space. They were investigated in [14]. Surfaces
which we study here are one-parameter families of equidistant curves. These
are also analogies of ruled surfaces.

Throughout this paper, we assume that all the maps and manifolds con-
sidered are of class C'*°.

2. One-parameter families of Legendrian dualities. Let R’f+1 be
the Lorentz—Minkowski (n + 1)-space with the inner product (, ) =
(= 4, ..., +). Let H"(—c?) (respectively, S7(c?) and LC*)C R} denote
hyperbolic n-space with radius ¢ (respectively, de Sitter n-space with radius
¢ and n-dimensional (open) lightcone) defined by

Hn<_62) = {w € R?—i_l | <ZB,£IZ> = _02}7
SP(?) = {x e RY | (z, 2) = 2},
LC*={x € R’f“ \ {0} | (@, x) = 0}.
We denote ST (1) by ST.
Recall that a point of a surface in a Riemannian space form is called
umbilical if the shape operator at this point is a multiple of the identity.
Moreover, a surface in a Riemannian space form is called totally umbilic if

all of its points are umbilical. Furthermore, it is called totally geodesic if its
second fundamental form is identically zero.
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For a vector p € ST and k > 0, define

It can be easily seen that 2(p,sinhr) is a totally umbilic hypersurface of
constant extrinsic curvature sinh™ 1 r/cosh® 17 (cf. [, p. 68]). We remark
that £2(p,0) is a totally geodesic hyperbolic (n — 1)-space in H™(—1), and
the distance from 2(p,0) to 2(p,sinhr) is r. The space 2(p,sinhr) is said
to be an equidistant surface (from a geodesic plane) when n = 3, and an
equidistant curve (from a geodesic line) when n = 2.

On the other hand, for a vector g € H"(—1) and k < —1, we define

2(q, k) = {z c H"(-1)| (=, q) = k}.

If coshr # 1, then X(q, — coshr) is a totally umbilic hypersurface of con-
stant extrinsic curvature cosh” ™! r/sinh™ ! 7 (see [4, p. 69]). We remark that
XY(g,—1) is a point and the distance from ¥(q,—1) to X (g, — coshr) is r.
The space X(q, — coshr) is said to be a sphere (an equidistant surface from
a point) when n = 3, and a circle (an equidistant curve from a point) when
n=2.

In order to give the Legendrian dualities which we will use throughout
this paper, we now review some basic notions related to contact manifolds
and Legendrian submanifolds. Let N be a (2n + 1)-dimensional manifold
and K be a tangent hyperplane field on N. Locally such a field is defined
as the field of zeros of a 1-form a. The field K is called non-degenerate if

A (da)™ # 0 at any point of N. We say that (N, K) is a contact manifold
if K is a non-degenerate hyperplane field. In this case, K (respectively, «)
is said to be a contact structure (respectively, a contact form).

A map L : U — N from an open set U C R” to a contact manifold
(N, K) is said to be isotropic if dL.(T:U) C Kp for any x € U. An
isotropic embedding L : U — N is said to be Legendrian if dimU = n.
Images of Legendrian embeddings are called Legendrian submanifolds.

A smooth fiber bundle 7 : E — N is said to be a Legendrian fibration
if its total space E is furnished with a contact structure and its fibers are
Legendrian submanifolds. Let 7 : E — N be a Legendrian fibration. A map
f:U — N is a frontal if there exists an isotropic map Ly : U — E such
that mo Ly = f. If Ly is an immersion, then f is said to be a wave front (or
briefly a front).

An example of a Legendrian fibration is the unit tangent bundle of a
Riemannian manifold. Let N be an n-dimensional Riemannian manifold
with a Riemannian metric g, and T'N be its tangent bundle. Let (z1,...,zy)
be the local coordinates on a neighborhood V' of N and (&1,...,&,) be the
coordinates on the fiber over V. Let g;; be the components of the metric g
with respect to the above coordinates. Let us define a one-form « locally by
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o= Z” 9ij&jdx;. Let TN be the unit tangent bundle with respect to the
metric g. Then the restriction of o onto 11 N gives a contact structure, and
7:TiN — N is a Legendrian fibration (see [I, B] for the details).

Now, set

A51(9) = {(z,y) € H*(-1) x S7(sin” ¢) | (z,y) = — cos 6}
for 0 < ¢ < /2, and
A51(0) = {(=,y) € H*(~1) x H*(—sinh’ ¢) | {x, y) = —cosh ¢}
for ¢ > 0. We follow [2] [16}, [1'7] for some of these notations. Let A be A, (¢)

or A, (¢). Then the restrictions of the standard one-forms
3 3

—zodyo + Z x;dy; and —yodxg + Z y;dx;
i=1 i=1
(z = (z0,...,23), Y= (Yo,--.,y3) € RY))
to A define the same tangent hyperplane field over A. So, A is a contact
manifold with contact form (—xgdyg + Zle x;dy;)|a. Let U be a domain in
R? and L = (f,g) : U - A C R} x R be a map. If L is isotropic, we say
that f and g are A-dual to each other, g is a A-dual of f, and f is a A-dual
of g. Let L = (f,g) : U = A C R} x R} be a Legendrian immersion. Then
each of f and ¢ is a front. By comparing this duality with a surface in R?
and its unit normal vector, we define the extrinsic curvature of a surface in
H3(—1) as follows:
Let L = (f,g) : (U;(u,v)) = A C R} x R be an isotropic map. We
define
E = <fuafu>a F= <fuafv>a G= <fv>fv>7
L= _<f1ugu>7 M = _<f1ugv>7 N = _<fvagv>a
and call E du?+2F du dv+G dv? the first fundamental form, Ldu®+2M du dv
+Ndv? the second fundamental form (with respect to A), where (), = 9/0u

and (), = 9/0v. Moreover, we define
—1

(e o) (%)

and call det .S the extrinsic curvature with respect to A, or briefly the ez-
trinsic curvature (cf. [I1]).

Let us consider A;(¢). When ¢ = 0, we have A;;(0) = A = {(x,y) €
H3(—1) x LC* | {x,y) = —1}, where LC* denotes the 3-dimensional light-
cone. Moreover, when ¢ = 7/2, we have A, (7/2) = Ay = {(x,y) €
H3(—1) x S3|{x,y) = 0}. Thus, A, (¢) connects the dualities A, and A,
(see [2, 1T, I7]). So, we may regard that dual surfaces constructed by using
A (¢) connect dual surfaces constructed by using A, (horo-flat surfaces
[13]) and A; (usual extrinsic flat surfaces).
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Let us now consider Aj,(¢). When ¢ = 0, we have Ay (0) = A; =
{(x,y) € H3(=1)x LC* | (x,y) = —1}. Furthermore, when ¢ = sinh~!(1) =
log(1 +v/2), we get A, (sinh~ (1)) = {(z, ) € H3(—1) x HY(~1)] (x,y) =
—cosh(sinh™1(1)) = —v/2}.

3. Dual surfaces. In this section, we construct dual surfaces in H3(—1)
of spacelike curves in S?(sin? ¢) and H?(— sinh? ¢), respectively.

3.1. Frame. We now introduce a one-parameter frame field and its
invariant. Let a; : I — R} (i =0,...,3) be smooth maps such that

A(t) = "(ao(t), a1(t), a2(t), as(t)) € SO(3, 1),

where I C R is an open interval. Here, a vector in R{ is a row vector and *(-)
denotes the transpose of a matrix. Let us define the following fundamental
invariants:

ci(t) = {ap(t),a1(t)),  c2(t) = (ap(t), a2(t)),  es(t) = {ag(t), as(t)),
ca(t) = (a1 (1), ax(t)), cs(t) = (@i (1), as(t)), cs(t) = (ay(t), as(t),

where ()’ = d/dt. Then we can easily show that C = A’A~!, where

0 a(t) ct) es3(t)
c1(t) 0 cq(t)  es(t)
cot) —ca(t) 0 ce(t)
c3(t) —es(t) —ce(t) O

and s0(3, 1) is the Lie algebra of SO(3, 1). In this sense, C(¢) is a Lorentzian
invariant of A(t). If we suppose that ag is a unit speed curve in H3(—1) C R,
a1 = a{, and ay (respectively, ag) is the principal-normal (respectively, bi-
normal) vector of this curve, then we find that ¢; =1 and co =c3 =c¢5=0.
Moreover, ¢4 (respectively, cg) coincides with the hyperbolic curvature (re-
spectively, hyperbolic torsion) of this curve. Thus, ¢i,...,c represent the
curvatures of the frame {ao,...,as}.

For the converse, let A : I — SO(3,1) be a smooth curve. Then we
can show that A’A~! € s0(3,1). Moreover, for any smooth curve C' : I —
50(3,1), if we apply the existence theorem for linear systems of ordinary
differential equations, we conclude that there exists a unique curve A : I —
SO(3,1) such that C = A’A~! with initial data A(to).

(3.1) C(t)= €s0(3,1),

3.2. A (¢)-dual surface of a spacelike curve in Sj(sin?¢). Let
£, : I — S3(sin? ¢) be a spacelike curve, and set a3(t) = £, (t)/]€5(t)]. Since
£, € (a3)*, we have curves ao(t) and as(t) satisfying €5 = cos ¢ ap + a2,
—(ag, ap) = (az,a2) =1 and (ag,a2) =0. Let a1(t) =ao(t) A az(t) A as(t)
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and A(t) = Hap(t),a1(t), az(t),as(t)}. Then A € SO(3,1) and ¢y = cos ¢ )
— ¢4 = 0. Here, = means that the equality holds for any t € I.
Consider the function

O H* (1) x I =R, (z,t) — (@, £,(t)) + cos ¢.
Then for each ¢ € I, the first component of #~1(0) coincides with the equidis-

tant surface
o2 w0
sing’ sing

Set
(3'2) fA($7t) = f($7t)

cosh s—cos? ¢ sinh s cosh s—1

= Wag(t)+ o a1 (t) + cos ¢ 2o asx(t).

Then the image of f is a part of the discriminant set of @. This means that
f is the envelope of a one-parameter family of equidistant surfaces and it is
a Ay, (¢)-dual of £4. Moreover, for each t € I, it is clear that {f(s,t)|s € R}
C 2(a3(t),0) N 2(£Ly(t)/sin¢p, —cos ¢p/sin¢p). It can be easily seen that
s +— f(s,t) is an equidistant curve in a hyperbolic plane in hyperbolic
3-space. Under the assumptions ¢z = cos¢cy —cq = 0, £y is a Ay (¢)-dual
of f. Thus, f is of constant extrinsic curvature zero with respect to Ay (¢).
We call f a A (¢)-flat surface foliated by equidistant curves or briefly a flat
surface foliated by equidistant curves. Here, we remark that f has been con-
structed under the assumptions co = cos¢pc; —cqy =0 and Eﬁﬁ = 0. However,
without these assumptions, we can define a surface f by a similar formula
to that in . We then call f a surface foliated by equidistant curves when
we do not have any assumptions on C.

Since A(t) = Y(ao(t),a1(t),as(t),as(t)) € SO(3,1) is uniquely deter-
mined by C(t) and initial data A(to), we consider the space of each class of
surfaces foliated by equidistant curves as follows: The space of surfaces foli-
ated by equidistant curves is defined to be C*°(I,s0(3,1)) with the Whitney
C*>-topology, and the space of A (¢)-flat surfaces foliated by equidistant
curves is defined to be C°(1, fes(3, 1)) again with the Whitney C'*°-topology,
where

fes(3,1) = {C € 50(3,1) | ca =cospc; — ¢y =0}

and

o

c1 co C3
(3 3) O — C1 0 C4 Cs
' co —cg 0 cq

C3 —C; —Cg 0
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Let us rewrite f as follows:

cos ¢ ag(t) + ax(t)

t) = —
Fs.8) = = cos g 200
+ cosh s ao(t) +_C(;S ¢as(?) + sinh s L,l *) .
sin” ¢ sin ¢
Furthermore, define
+(t) = — cos 6 coscba().(tQ) + a,g(t)7
sin® ¢
_ ag(t) + cospas(t) _a(t)
d1 (t) = sin2 ¢ and d2 (t) = sinqb'

We call 7 the base curve, dy and do the directrices, and the equidistant curve
s+ (t)+cosh s dy(t) +sinh s da(t) the generating (equidistant) curve of f.
If f is flat, then image(f) = H3(—1)N{x € R} |d(v,x) = —1/sin? ¢}. Thus,
a flat surface foliated by equidistant curves is called a canal surface.

ExAMPLE 3.1. Consider the matrix

0O 0 01

0O 0 1 0
C =

0O -1 0 O

1 0 0 0

Then we have the corresponding surface fco(s,t), foliated by equidistant
curves, which is drawn in the Poincaré ball model of H3(—1) in Figure

Fig. 2. The surface fc foliated by equidistant curves; left: ¢ = 7/12, right: ¢ = 7/4

3.3. A;,(¢)-dual surface of a curve in H3(—sinh?¢). Let £, : I —
H3(—sinh? ¢) be a curve, and take a frame {ag(t), a1(t), az(t), az(t)} such
that as(t) = £5,(t)/1€y(t)], £y = coshpag + az, and A(t) = *(ao(t), a(t),
as(t),as(t)) € SO(3,1). By the same arguments as in Subsection we
have the following Ay, (¢)-dual surface f of Ly:
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(3'4) fA(S’t) = f(s’t)

cos s+cosh? ¢ sin s coss+1
=———a , ay(t) + cosh p ———
sinh? ¢ o) sinh ¢ 1®) ¢ sinh? ¢

as (t)

It can be easily seen that f is the envelope of a one-parameter family of
spheres, and so s — f (s,t) is a one-parameter family of circles. Moreover,
f is a A~2_1(q§)—du3d of £4 under the assumptions ca = cosh¢c; —cy = 0.
In this case, we call f a A~2_1(d>)—ﬂat surface foliated by circles (equidistant
curves) or briefly a flat surface foliated by circles. We call f a surface foliated
by circles when we do not have any assumptions on C.

Now, define
o cosh g ap(t) + az(t)
4(t) = cosh ¢ e ,
~ _ag(t) + cosh ¢ as(t) ~ _aq(t)
dilt) = sinhZ ¢ and - da(t) = S5

and call 4 the base curve, dy and dy the directrices, and the circle s —
A(t) + cos s di(t) + sin s da(t) the generating curve (circle) of f. A flat sur-
face foliated by circles is also called a canal surface. In what follows, the
equidistant curves from a geodesic line or from a point are simply referred
to as “equidistant curves”.

We now consider the space of each class of surfaces foliated by circles.
The space of surfaces foliated by circles is defined to be C*°(I,s0(3,1)) with
the Whitney C°°-topology, and the space of A~2_1(¢)—ﬂat surfaces foliated by
circles is defined to be C*°(I,fes(3,1)) again with the Whitney C'°-topology,
where

fes(3,1) = {C € 50(3,1) | co = cosh ¢ ¢y — ¢4 = 0},
and C' is a matrix as in (3.3]).

4. Surfaces foliated by equidistant curves. In this section, we do
not assume that co = cos ¢ ¢; — ¢4 = 0 (respectively, co = coshp g —cqy =0)
for Ay, (¢) (respectively, Ay, (¢)). The following definition corresponds to
the non-cylindricity of a ruled surface in R3.

DEFINITION 4.1. A point (s,t) on a surface fa (respectively, fa), foli-
ated by equidistant curves, is called a non-Ag; (¢)-flat point (respectively,
non-Ay, (¢)-flat point), or briefly a non-flat point, if (cz,cosper — c4)(t)
# (0,0) (respectively, (c2,coshdcr — cq)(t) # (0,0)). A surface fa (respec-
tively, f4), foliated by equidistant curves, is non-Ay, (¢)-flat (respectively,
non-Ay, (¢)-flat), or briefly non-flat, if any point on the surface f4 (respec-

tively, f4) is a non-flat point.
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4.1. Striction curve. It is known that the singularities of a ruled sur-
face are located on the striction curve, and there exists a unique striction
curve on a non-cylindrical ruled surface (see [9, [15] for the details). In this
subsection, we consider a curve on a surface foliated by equidistant curves
with similar properties to those of the striction curve.

DEFINITION 4.2. Let f (respectively, f ) be a surface foliated by equidis-
tant curves as in (3.2) (respectively, (3.4)). A curve 0 : I — U (or foo
(respectively, f o o)) is a striction curve if ((foo),di) = ((foo),dy) =0
(respectively, ((f o a)’,di) = ((f o), ds) = 0).

We now suppose that f (respectively, ) is non-flat. For a function s(t)
(respectively, 5(t)), the curve o(t) = (s(t),t) (respectively, a(t) = (5(t),t))

is a striction curve if and only if

sin ¢ ca(t) cosh s(t) + (—cos ¢ c1(t) + ca(t)) sinh s(t)
(respectively, sinh ¢ ca(t) cos 5(t) + (cosh ¢ ¢1(t) — ca(t)) sin 5(¢)

0
0).
Hence, in the case of f, if
|—cosex(t) + ex(t)] > [simgea(t)],
then there exists a striction curve of f, where
sgn(cos @ c1(t) — ca(t)) sin ¢ co(t)
Vi(coser(t) —ca(t)? — (Sin¢>62(t))2>'

On the other hand, since f is non-flat, there exist two striction curves of f.
For a surface foliated by equidistant curves, the base curve is an image of
the striction curve if and only if ¢ = 0. Thus, if a striction curve exists,
then we can assume that ¢y = 0.

s(t) = sinh™* (

If f is flat, then any curve ¢ — (s(t),t) satisfies the condition for a
striction curve.

4.2. Singularity. In this subsection, we study conditions for a point
on a surface foliated by equidistant curves to be a Whitney umbrella, and
show that a Whitney umbrella is a generic singularity of a surface foliated
by equidistant curves. A map-germ g : (R?,0) — (R3,0) at the origin is a
Whitney umbrella if g is A-equivalent to (u,v) — (u,v? uv) at the origin.

By a direct calculation, we obtain

1
fs(s,t) = —5—(sinh s ag(t) + sin ¢ cosh s a1 (t) 4 cos ¢ sinh s ax(t)),
sin
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f'(s,t) = e [(Sin ¢ c1(t) sinh s + cos ¢ c2(t) (cosh s — 1)) ao(t)
+ (c1(t)(— cos? ¢ + cosh s) — cos pca(t) (cosh s — 1)) aq(t)
+ (ea(t)(— cos® ¢ + cosh s) + sin ¢ ca(t) sinh s) as(t)

+ (e3(t)(— cos® ¢ + cosh s) + sin ¢ c5(¢) sinh s
+ cos ¢ cg(t)(cosh s — 1)) ag(t)] ,

where ()s = 8/0s and () = 9/0t. Set f'(s,t) = Y20, ai(s, t)a;(t) and
denote the set of singular points of f by S(f). Then (s,t) € S(f) if and only
if
(4.1) singeca(t)coshs+ (—cosger(t) +ca(t))sinhs =0, as(s,t) =0.
If |[—cos ¢ ci(t) + ca(t)| > |sin ¢ ca(t)|, then there exists a function s(¢) such
that (s(t),t) satisfies the first equation of (4.1)). Take k¢ (t) = as(s(t),t).
Then by a direct calculation, we get
(4.2)  Ker(t) = (c3(t) + cos P cg(t))(— cos i (t) + ea(t)) — sin? ¢ ca(t)es(t)
— sgn(ea(t) — cos der()) cos b (co(t) + cos d ea(t)) v/ (D),
where p(t) = (ca(t) — cospc1(t))? —sin® ¢ 3(t).
Let S( f) denote the set of singular points of f. In a similar vein, (s,t) €
S(f) if and only if
(4.3)  sinh¢ca(t)coss + (cosh ey (t) — cqa(t))sins =0, as(s,t) =0,
where f'(s,t) = Y0 &(s,t)a;(t). If f is non-flat, then there exists a
function §(¢) such that (5(¢),t) satisfies the first equation of (4.3). Put
Rer(t) = as(5(t),t). )
We now state conditions for a point on the surface f (respectively, f) to
be a Whitney umbrella by using the function k., (respectively, &, ):

THEOREM 4.3.

(1) The map-germ f at a non-flat point (so,to) is a Whitney umbrella
if and only if

sin ¢ ca(to) cosh sg + (—cos ¢ ¢1(tg) + ca(tp)) sinh sg = 0,
ker(to) =0 and  k..(tg) # 0.
(2) The map-germ f at a non-flat point (so,to) is a Whitney umbrella
if and only if
sinh ¢ o () cos sg + (cosh ¢ ¢1(tg) — ca(tp)) sinsg = 0,
Fer(to) =0 and  f,(to) # 0.

Proof. The characterization of a Whitney umbrella is very well-known
[B0, p. 161] (see also [27, Remark 2.3]). Let ¢ = det(fs,nf,mmf, f). For f,
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set 1 = a1 Os —sin ¢ cosh s 0t. Then f at (sg, tp) is a Whitney umbrella if and
only if p(sg,tg) = 0 and @4(so, tg) # 0. It can be easily seen that 1 spans the
kernel of df at (so, to), and it is tangent to the striction curve o(t). Thus, on o

we have 7 det(mo(fs), mo(nf), mo(f)) = 0, where mo(Y25_ dia;) = Y2 diai.
Hence, det(mo(fs), mo(nmf),m0(f)) = 0 at (so,to). Moreover, by a direct
calculation, det(mo(fs), mo(nfs), mo(f)) # 0 at (so, o). Thus, it is clear that

©s(s0,t0) # 0 is equivalent to Ss(sg,to) # 0, where nnf = Z?:o Bia;. By
a direct calculation, we find that 5;(so,t0) = (d/dt)a;(o(t))]i=t,- Thus, we
have (1). We can obtain (2) in the same way. m

Taking into account the above characterization of a Whitney umbrella,
we prove the following theorem:

THEOREM 4.4. There exists a residual subset O1 C C*°(I,s0(3,1)) (res-
pectively, O1 C C*(1,s0(3,1))) such that the germ of the surface fa(s,t)

(respectively, fz(s,t)), foliated by equidistant curves, at any point (so,1o) is
an immersion or a Whitney umbrella for any C' € Oy (respectively, Ce (7)1)
Here, A : T — SO(3,1) (respectively, A : I — SO(3,1))) is the smooth curve
corresponding to C € C™(I,s0(3,1)) (respectively, C € C=(I,s0(3,1))).

Proof. Let us identify the 1-jet space as Euclidean space by
JYI,50(3,1)) ~ I x RS x RS
={(t,e,d) |t eI, c=(c1,...,c6) €ERS d=(di,...,dg) € R},
where I C R, and define a polynomial P(c) (respectively, Q(c,d)) of 6 vari-
ables ¢, ..., cs (respectively, 12 variables ¢1,...,cq,d1,...,ds) as follows:
P(c) = ((c3 + cosp cg)(—cos g ey + cq) — sin® ¢CQC5)2
— cos? ¢ (cg + cos @ c3)? ((04 — cos ¢ ¢p)? — sin? (bc%),
Q(c,d) = ((c3 + coscg)(—cos g1 + cg) — sin® g eacs)
X ((ds + cos ¢ dg)(— cos p ey + c4)
+ (c3 + cos ¢ cg) (— cos ¢ dy + dy) — sin? ¢ (dacs + cods))
— cos® ¢ (cg + cos ¢ c3)(dg + cos ¢ ds) ((ca — cos p c1)® — sin® ¢ c3)
—cos? ¢ (ce + cos ¢ 03)2 ((04 —cos¢cy)(dy—cospdy) — sin? ¢ CQdQ).
Moreover, define the following subsets of J!(I,50(3,1)):
S1={(t,e,d) € J'(I,50(3,1)) | co = cosc; — g = 0},
So = {(t,c,d) € J'(I,50(3,1))| P(c) = 0},
S3 ={(t,c,d) € J'(I,50(3,1))| Q(c,d) = 0}.

Then we can easily see that S; is a submanifold of codimension two, and
S9 and S3 are algebraic subsets of codimension one. We remark that ¢ is a
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fixed number, and the coefficients of d5 and dg in Q(c, d) are
CQ(—0304 + cos ¢ crcg — cos ¢ cucg + cos® dereg + (1- cos® ?) 0205)
and
(c3¢3 — 2cos ¢ crezcy + cos® ¢ caes)
+ (—cy4c5 + cosperes)ea + (cos ¢ cg + cos® ¢ cz)cs,

respectively. We see that these coefficients do not have any common factors
and they do not appear in P(c). Thus, So N S3 is an algebraic subset of
codimension two. Therefore, we have stratifications of Sy, S3 and S N S3.
We say that j'C is transverse to Sy (or S3 or Sy N S3) if j1C is transverse
to all of these stratifications. By Thom’s jet transversality theorem (see [8,
Theorem 4.9, p. 54], for example), 01 = {C € C*(I,50(3,1))|j1C is trans-
verse to S1,S2,53 and Sy N S3} is a residual subset in C*°(1,s50(3,1)). On
the other hand, P(c) is constructed by taking the difference of the squares
of two terms of k., (see (4.2))), and Q(c,d) is constructed from the differen-
tiation of it. Furthermore, since the codimensions of S7 and S9N S3 are both
two, which is greater than dimI = 1, we conclude that j'C is transverse
to both S and Sy N S3. This implies that j'C(I) intersects neither S; nor
So M S3. Consequently, Theorem implies that O; satisfies the required
conditions. We can obtain O; in the same way. m

5. Special classes of surfaces foliated by equidistant curves. In
this section, we consider a special class of surfaces foliated by equidistant
curves other than the flat surfaces. Although these surfaces are not flat, they
have similar properties to flat surfaces.

5.1. The cut-end surface of a circular saw. In the case of ruled
surfaces in Euclidean 3-space, the condition of flatness is equivalent to the
condition that all generating lines are lines of curvature. Here we study
the surface f = f4, foliated by equidistant curves, such that all generat-
ing equidistant curves are lines of curvature. Since s is the parameter of
generating equidistant curves, this condition is equivalent to

r(s,t) :=det(fs,v,vs, f)(5,) =0 (v =fs Af AF).
Let us consider r(s,t) + rs(s,t) = 0 and r(s,t) — rs(s,t) = 0. Then
ca(t) =cosper(t) —eq(t) =0 or cospes(t) + cg(t) = 0.
The first condition gives r(s,t) = 0. Under the second condition, r(s,t) =0

is equivalent to c5(t) ca(t) + c3(t)(cos ¢ c1(t) — ca(t)) = 0. Thus, we have the
following conditions:

c2(t) =0, cospei(t) —ca(t) =0 or

(5.1) cospes(t) +c(t) =0,  cs5(t)ea(t) + es(t)(cosper(t) — cal(t)) = 0.
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The first condition implies flatness. On the other hand, the second condition
is interesting, because under this condition, (s,t) € S(f) if and only if

sin ¢ co(t) cosh s + (—cos @ ¢1(t) + c4(t)) sinh s = 0.

This means that all points on the striction curve are singular points. More-
over, all of the generating equidistant curves are tangent to the striction
curve.
Since cos ¢ c3(t) + c6(t) = 0, we have 4" € (di,d2)g. Let v be a unit
speed curve. If v satisfies |y — «| # 0, then f can be written as
sinh s + cosh s (cos 0(t) n + sin 0(t) e)
+ sin ¢ ’
where n = (t' —~)/k;, and e = y At An. Here, we denote |t' —~| by ;. The
condition c¢5(t)ca(t) + c3(t)(cos pey(t) — ca(t)) = 0 implies that 8" + 7 = 0,
where 7 = |v,v',9",4"|/k? is the torsion of 4. So, this is an analogy of
roller coaster surfaces in R?® ([14]).

This surface is a locus swept out by equidistant curves. Taking into
account the Poincaré ball model of H3(—1), we can say that equidistant
curves are parts of circles. As a result, we call this surface the cut-end surface
of a circular saw (see Figure (3)).

Since we are interested in the singularities of this surface, we consider
it together with the striction curve. Taking the base curve as the striction
curve, we can suppose that co = 0. Then is equivalent to cs = ¢c3 =
cg = 0. Thus, the space of cut-end surfaces of circular saws is defined to be
C>(1,c¢s(3,1)) with the Whitney C*°-topology, where

C5(3, 1) = {C € 50(3, 1) | Cy =C3 = Cg = 0}
and C' is a matrix as in (3.3)).

$ A /> equidistant curves

striction curve

H(=1)

Fig. 3. Cut-end surface of a circular saw

We now consider the singularities of a non-flat cut-end surface of a circu-
lar saw. We fix a pseudo-orthonormal frame A(t) ='{a(t), a1(t), az2(t), as(t)}
corresponding to C(t) € ¢s(3,1) and suppose that (cos ¢ cq(t) — cq(t), c5(t))
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# (0,0) for any ¢t € I. Moreover, set f = f4 and take

cos ¢ c5(t)(1—cosh s) ao(?) cos ¢ c5(t) sinh s
o(t)—

ve(s,t) = d(t)

al(t)

Sil’l2 (z) sin ¢
(5.2) . C5<t><1—$§2¢¢ €SB 5) 1 (8)+ (cos & ex (£) — ea(t))as (t) |

5(t) = ((cos der(t)—ea(t))?+c2(t) /2.

Then v, is an S3-valued normal vector field of f. This means that the cut-end

surface of a circular saw with (cos ¢ c1(t) — ca(t), c5(t)) # (0,0) is a frontal.
There are some criteria for the singularities of frontals. Let (U;u,v)

be an open domain in R? and h : U — N be a front, where (NV,g) is a

3-dimensional Riemannian manifold. The function defined by

AMu,v) = 2(hy, hy, V)

is said to be the signed area density function, where {2 is a non-vanishing
3-form of N and v = hy A hy A h. Let p € U be a singular point of h. If
rank dh, = 1, then p is said to be a corank one singular point. Assume that
p is a corank one singular point. Then there exists a vector field n on U
satisfying dhg(ny) = 0 for all singular points g. A vector field n with this
property is said to be a null vector field. Let p be a singular point of h.
If d)\, # 0, then p is said to be a non-degenerate singular point. Let p be
such a point. By the implicit function theorem, there exists a regular curve
€ : (—¢e,e) — U such that £(0) = p, and image(£) = S(h) in a neighborhood
of p. Set

(5.9 o0 = 2 5 e e ).

where nv = DZV is the canonical covariant derivative along the map h
induced from the Levi-Civita connection on N. See [6] for the details. In the
above notation, we state the following characterizations of the singularities
of frontals [6], 13, 18, 28]:

LEMMA 5.1. Let h be a frontal and p be a corank one singular point
of h. The map-germ h at p is

(1) a cuspidal edge if and only if h is a front at p and n\(p) # 0;

(2) a swallowtail if and only if h is a front at p, n\(p) =0, nMmA(p) # 0
and d\, # 0;

(3) a cuspidal beaks if and only if h is a front at p, d\(p) =0, det Hess A\(p)
< 0 and nmA(p) #0;

(4) a cuspidal cross cap if and only if n\(p) # 0, ¥(0) = 0 and ¥'(0)
# 0.



256 K. Saji and H. Yildirim

See [18, Proposition 1.3] (see also [28, Corollary 2.5]), [13, Theorem A.1],
[6, Corollary 1.5] for the details. We remark that if a function \ (respec-
tively, 1&) is proportional to A (respectively, 1), then we can use A (respec-
tively, 1&) instead of A (respectively, 1) in the above lemma. Thus, we can
characterize the singularities of non-flat cut-end surfaces of circular saws by
the following theorem:

THEOREM 5.2. Let ca(t)=c3(t) =cs(t) =0 and (cos ¢ c1(t) — ca(t), c5(t))
# (0,0) for allt € I, and set f = fa and ¥(t) = c5(t)(cos p ¢} (t) — 4 (t)) —
ct(t)(cosper(t) — ca(t)). Then f at (0,t9) € S(f) is

(1) a cuspidal edge if and only if c1(tg) # 0 and ¥ (tg) # 0;

(2) a swallowtail if and only if c1(to) = 0, cj(to) # 0 and ¥(ty) # 0;

(3) a cuspidal cross cap if and only if c1(tg) #0, ¥(tg) =0 and ' (ty) #0.

Proof. From (5.2) and S(f) = {s = 0}, the signed area density function
is proportional to A(s,t) = s. Moreover, 7(t) = —sin¢ci(t)9s + J¢ and
Y(t) = e1(t)(t) for the function ¢ in (5.3). In view of Lemma we get

the desired result. =
By means of this theorem, we have the following theorem:

THEOREM 5.3. There exists a residual subset Ops C C*°(I,¢s(3,1)) such
that the germ of the cut-end surface of a circular saw fa(s,t) at any point
(s0,t0) is an immersion, a cuspidal edge, a swallowtail or a cuspidal cross
cap for any C € O. Here, A : I — SO(3,1) is the smooth curve corre-
sponding to C € C*(I,¢s(3,1)).

The proof of this theorem is the same as that of Theorem So, we
omit it.

5.2. Singularities of flat surfaces foliated by equidistant curves.
In this section, we study the singularities of a A5, (¢)-flat surface foliated by
equidistant curves. We recall that f4 is flat if and only if co = cos¢c; — ¢y
= 0. The space of flat surfaces foliated by equidistant curves is defined to
be C*°(I,fe(3,1)) with the Whitney C*°-topology, where

fe(3,1) ={C €50(3,1)|ca =cospecy —cyg =0}

and C is a matrix as in .

Let C € fe(3,1) and take f = f4, where A is the pseudo-orthonormal
frame corresponding to C.

As mentioned in Sections [I]and [2| f can be lifted as an isotropic map to
a contact manifold: (f,€4) : U — A5 (¢). Hence, f is always a frontal. By
Lemma we have the following theorem:

THEOREM 5.4. Under the conditions co = cos¢pcg —cy =0, f at (so,10)
€ S(f) is
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(1) a cuspidal edge if and only if
cos g cz(to)+co(to) #0 and  —singci(to) As(s0,t0)+N (s0,t0) # O;
(2) a swallowtail if and only if
cos g cs(to) + co(to) #0,  —singcy(to) As(so,to) + N (s0,t0) = 0,
As(80,t0) # 0 and sin? ¢ c2(to) Ass(s0,t0) — 2sin ¢ c1(to) Na(s0, to) —
sin ¢ ¢y (to) As(s0,to) + N’ (so, to) # 0;
(3) a cuspidal cross cap if and only if cos ¢ c3(to)+ce(to) = 0, cos ¢ c5(to)
+ C%(to) 75 0 and — Sin¢61 (t()) )\S(SO,to) + )\/(So,to) 75 0;
(4) a cuspidal beaks if and only if
As(s0,t0) = N (s0,t0) =0, det Hess A(sq,tp) < 0

and

sin? ¢ c3(to) Ass(50,t0) — 2sin ¢ c1(to) Ns(s0, o)
— sin ¢ ¢y (to) As(s0,to) + A" (s0,t0) # 0.
Here,
A(s,t) = cos ¢ cg(t)(—1 4 cosh s) + c3(t) (— cos® ¢ + cosh s) +sin ¢ c5 () sinh s.

Proof. Since the function A defined as above is proportional to the signed
area density function and the null vector field is n(s,t) = —sin ¢ ¢1(t) ds+ O,
Lemma [5.1] yields the desired result. m

If we assume that c; = c¢3 = cos¢pc; —cq = 0, then f is a A (¢)-flat sur-
face foliated by equidistant curves all of whose generating equidistant curves
are tangent to the striction curve. Thus, we call this surface a flat tangent
surface foliated by equidistant curves. This means that S(f) D {s = 0}
U {cos ¢ cgsinh s + sin ¢ cs (1 + cosh s)}. The space of flat tangent surfaces
foliated by equidistant curves is defined to be C*°(I, fte(3, 1)) with the Whit-
ney C'*°-topology, where

fte(3,1) = {C € 50(3,1) | ca = c3 =cospc; — cg =0}

and C is a matrix as in (3.3).
In this case, we have the following corollary:

COROLLARY 5.5. Suppose that cag = c3 = cospcy —cqg = 0. Then f at
(OatO) € S(f) is

(1) a cuspidal edge if and only if c1(to)cs(to)cs(to) # 0;

(2) a swallowtail if and only if c1(to) =0 and ) (to)cs(to)cs(to) # O;

(3) a cuspidal cross cap if and only if ce(to) =0 and c1(to)es(to)c(to)
7 0;

(4) a cuspidal beaks if and only if c5(tg) =0 and c1(to)(cos ¢ c1(to)ce(to)
— 2c5(to)) e5(to) cs(to) # 0.
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On the other hand, if so # 0 and
(so,to) € {(s,t)| cospcg(t)sinh s + sin ¢ cs(t) (1 + coshs) = 0},
then f at (so,to) is a cuspidal edge if and only if

— sin ¢ ¢1(to) (cos ¢ c6(to) cosh sg + sin ¢ c5(tp) sinh so)
+ cos ¢ cg(tp) sinh s + sin ¢ c5(¢g) (1 + cosh sg) # 0.
Using Theorem [5.4] and Corollary we have the following theorem:

THEOREM 5.6. (1) There exists a residual subset O3 C C*°(I,fe(3,1))
such that the germ of the flat surface fa(s,t), foliated by equidistant curves,
at any point (so,to) is an immersion, a cuspidal edge, a swallowtail or a
cuspidal cross cap for any C € Os. Here, A : I — SO(3,1) is the smooth
curve corresponding to C € C*(I,fe(3,1)).

(2) There exists a residual subset Oy C C*(I,fte(3,1)) such that the
germ of the flat tangent surface fa(s,t), foliated by equidistant curves, at
any point (sg,to) is an immersion, a cuspidal edge, a swallowtail, a cuspidal
beaks or a cuspidal cross cap for any C € Oy. Here, A: I — SO(3,1) is the
smooth curve corresponding to C € C*°(I,fte(3,1)).

The proof of this theorem is the same as that of Theorem Thus,
we omit it. We remark that a cuspidal beaks does not appear as a generic
singularity of fronts. Therefore, we can say that flat tangent surfaces foliated
by equidistant curves have a different geometric property from those of usual
fronts.

6. Duality of singularities. The image of singular points of a A (¢)-
flat tangent surface foliated by equidistant curves coincides with the image
of ag(t) € H3(—1). As in Subsection using A (¢), we can construct
the dual surface in S3(sin? ¢) of ag(t) as follows:

Let ¥ : I x S§(sin? ¢) — R be defined by

U(t,x) = (ap(t), x) + cos ¢.
Taking into account the discriminant set of ¥, under the assumptions co =
c3 = 0 and a((t) # 0, we have a parametrization of the dual surface g as
follows:
g(s,t) = cospap(t) + cos sas(t) + sinsas(t).

This is flat with respect to A5, (¢) provided that ¢y = ¢3 = 0. If we assume
that cos¢pc; — cq4 = 0, then all of the generating circles are tangent to the
striction curve. As in Subsection [5.1] we have the following theorem:

THEOREM 6.1. Under the conditions ca = c3 = cos¢pcy —cg =0, g at
(OatO) € S(f) is
(1) a cuspidal edge if and only if c1(to)cs(to)cs(to) # O;
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(2) a swallowtail if and only if ce(to) = 0 and ci1(to)cs(to)cy(to) # O;
(3) a cuspidal cross cap if and only if c1(to) = 0 and ¢} (to)cs(to)cs(to)
# 0;
(4) a cuspidal beaks if and only if c5(tg) = 0 and c1(to)(cos ¢ c1(to)ce(to)
+ 26%(750))0,5(150)06(150) 75 0.
Proof. Since the method is the same as in the proofs of Theorems [5.2
and we only show the fundamental data. Since

gs(s,t) = —sinsas(t) + cos s as(t),
g (s,t) = (—cospci(t)(—1+ coss) — cs(t) sin s)ay (t)
— cs(t) sinsag(t) + co(t) cos sas(t),
the signed area density function A, the null vector field n and the function

of g are as follows: A(s,t) = sins(cos @ ci(t)sins —c5(t)(1+coss)), n(s,t) =
ce(t) Os + O and ¥(t) = c1(t)ce(t). m

Under the conditions ¢ = ¢3 = cos¢c; — ¢g = 0, the singular value
of f is ao(t), and the singular value of g is cos ¢ ag(t) + az2(t). Moreover,
ao(t) is the A5 (¢)-dual of g, and cos ¢ ao(t) + az(t) is the A, (¢p)-dual of f.
Consequently, we have the following diagram:

S ao(t)
Ay ((b)-dualT Ay (d))-duall

taking singular value

taking singular value

cos 6 ao(t) + as (1) 9
Thus, it is natural to expect a geometric relation between f and g. Table 1
gives the conditions defining the singularities of f and g.

Table 1. The duality of singularities, where C' is cicsce # 0

dual s=0 ce SW ccr cbk
f c2=0 c3 =0 C c1=0 ce =0 cs =0
cos¢pcy —cg =0 chesce #0 | cieses #0 | ci(cos ¢ eics
—2ck)escs # 0
g co=c3=0 cospcy —ca =01 C ce =0 c1=0 c5s =0
ciescs #0 | cleses 0 | ci(cospeics
+2¢5)csce # 0

Here, we remark that there is a duality between the conditions for swal-
lowtails and cuspidal cross caps. Such dualities have been studied by many
researchers (for example, see [0, 12 13, 29]). The duality which we show
here is of the same type as in [12].



260

K. Saji and H. Yildirim

Acknowledgements. The authors would like to thank Shyuichi Izu-

miya for suggesting the subject of this paper and for fruitful discussions.
They would also like to thank Wayne Rossman for valuable comments. The
first author was partly supported by Grant-in-Aid for Scientific Research
(Young Scientists (B)) (23740045) from the Japan Society for the Promo-
tion of Science.

(1]
2]

References

V. 1. Arnol’d, S. M. Gusein-Zade and A. N. Varchenko, Singularities of Differentiable
Maps, Vol. 1, Monogr. Math. 82, Birkhauser Boston, Boston, MA, 1985.

M. Asayama, S. Izumiya, A. Tamaoki and H. Yildirim, Slant geometry of space-
like hypersurfaces in hyperbolic space and de Sitter space, Rev. Mat. Iberoamer. 28
(2012), 371-400.

D. Blair, Riemannian Geometry of Contact and Symplectic Manifolds, Progr. Math.
203, Birkhé&user, 2010.

T. E. Cecil and P. J. Ryan, Distance functions and umbilic submanifolds of hyper-
bolic space, Nagoya Math. J. 74 (1979), 67-75.

J. M. Espinar, J. A. Gélvez and P. Mira, Hypersurfaces in H* ™' and conformally in-
variant equations: the generalized Christoffel and Nirenberg problems, J. Eur. Math.
Soc. 11 (2009), 903-939.

S. Fujimori, K. Saji, M. Umehara and K. Yamada, Singularities of mazimal surfaces,
Math. Z. 259 (2008), 827-848.

A. B. Givental’, Singular Lagrangian manifolds and their Lagrangian mappings,
Itogi Nauki Tekh. Ser. Sovrem. Probl. Mat. Nov. Dostizh. 33 (1988), 55-112 (in
Russian).

M. Golubitsky and V. Guillemin, Stable Mappings and Their Singularities, Grad.
Texts in Math. 14, Springer, New York, 1973.

A. Gray, Modern Differential Geometry of Curves and Surfaces, CRC Press, Boca
Raton, FL, 1993.

G. Ishikawa, Infinitesimal deformations and stability of singular Legendre subman-
ifolds, Asian J. Math. 9 (2005), 133-166.

S. Izumiya, Legendrian dualities and spacelike hypersurfaces in the lightcone, Mos-
cow Math. J. 9 (2009), 325-357.

S. Izumiya and K. Saji, The mandala of Legendrian dualities for pseudo-spheres
in Lorentz—Minkowski space and “flat” spacelike surfaces, J. Singularities 2 (2010),
92-127.

S. Izumiya, K. Saji and M. Takahashi, Horospherical flat surfaces in hyperbolic
3-space, J. Math. Soc. Japan 62 (2010), 789-849.

S. Izumiya, K. Saji and N. Takeuchi, Circular surfaces, Adv. Geom. 7 (2007), 295—
313.

S. Izumiya and N. Takeuchi, Singularities of ruled surfaces in R®, Math. Proc.
Cambridge Philos. Soc. 130 (2001), 1-11.

S. Izumiya and H. Yildirim, Slant geometry of spacelike hypersurfaces in the light-
cone, J. Math. Soc. Japan 63 (2011), 715-752.

S. Izumiya and H. Yildirim, Extensions of the mandala of Legendrian dualities for
pseudo-spheres in Lorentz—Minkowski space, Topology Appl. 159 (2012), 509-518.


http://dx.doi.org/10.1007/s00209-007-0250-0
http://dx.doi.org/10.4310/AJM.2005.v9.n1.a10
http://dx.doi.org/10.5427/jsing.2010.2g
http://dx.doi.org/10.2969/jmsj/06230789
http://dx.doi.org/10.1017/S0305004100004643
http://dx.doi.org/10.2969/jmsj/06330715
http://dx.doi.org/10.1016/j.topol.2011.09.026

Legendrian dual surfaces 261

[18]] M. Kokubu, W. Rossman, K. Saji, M. Umehara and K. Yamada, Singularities of
flat fronts in hyperbolic 3-space, Pacific J. Math. 221 (2005), 303-351.

[19]] M. Kokubu, W. Rossman, M. Umehara and K. Yamada, Flat fronts in hyperbolic
3-space and their caustics, J. Math. Soc. Japan 59 (2007), 265-299.

[20]] M. Kokubu, M. Umehara and K. Yamada, Flat fronts in hyperbolic 3-space, Pacific
J. Math. 216 (2004), 149-175.

[21]] H. Liu and S. D. Jung, Hypersurfaces in lightlike cone, J. Geom. Phys. 58 (2008),
913-922.

[22]] H. Liu, M. Umehara and K. Yamada, The duality of conformally flat manifolds,
Bull. Braz. Math. Soc. 42 (2011), 131-152.

[23]] R. Martins and J. J. Nuno-Ballesteros, Finitely determined singularities of ruled
surfaces in R?, Math. Proc. Cambridge Philos. Soc. 147 (2009), 701-733.

[24] S. Murata and M. Umehara, Flat surfaces with singularities in Fuclidean 3-space,
J. Differential Geom. 82 (2009), 279-316.

[25]] P. Roitman, Flat surfaces in hyperbolic 3-space as normal surfaces to a congruence
of geodesics, Tohoku Math. J. 59 (2007), 21-37.

[26] M. C. Romero Fuster, Sphere stratifications and the Gauss map, Proc. Roy. Soc.
Edinburgh Sect. A 95 (1983), 115-136.

[27] K. Saji, Criteria for cuspidal Sk singularities and their applications, J. Gokova
Geom. Topol. 4 (2010), 67-81.

[28]] K. Saji, M. Umehara and K. Yamada, Ay singularities of wave fronts, Math. Proc.
Cambridge Philos. Soc. 146 (2009), 731-746.

[29] O. P. Shcherbak, Projectively dual space curves and Legendre singularities, Sel.
Math. Sov. 5 (1986), 391-421.

[30]] H. Whitney, The general type of singularitiy of a set of 2n — 1 smooth functions of
n variables, Duke Math. J. 10 (1943), 161-172.

[31] V. M. Zakalyukin, Lagrangian and Legendrian singularities, Funct. Anal. Appl. 10
(1976), 26-36.

[32]] V.M. Zakalyukin, Reconstructions of fronts and caustics depending on a parameter
and versality of mappings, J. Soviet Math. 27 (1984), 2713-2735.

Kentaro Saji Handan Yildirim
Department of Mathematics Department of Mathematics
Graduate School of Science Faculty of Science
Kobe University Istanbul University
Rokko, Nada, Kobe 657-8501, Japan 34134, Vezneciler-Fatih, Istanbul, Turkey
E-mail: saji@math.kobe-u.ac.jp E-mail: handanyildirim@istanbul.edu.tr

Received 27.10.2013,
in revised form 2.11.2014 and 19.2.2015, and in final form 1.8.2015 (3252)


http://dx.doi.org/10.2140/pjm.2005.221.303
http://dx.doi.org/10.2969/jmsj/1180135510
http://dx.doi.org/10.2140/pjm.2004.216.149
http://dx.doi.org/10.1016/j.geomphys.2008.02.011
http://dx.doi.org/10.1007/s00574-011-0007-6
http://dx.doi.org/10.1017/S0305004109002618
http://dx.doi.org/10.2748/tmj/1176734745
http://dx.doi.org/10.1017/S0308210500015821
http://dx.doi.org/10.1017/S0305004108001977
http://dx.doi.org/10.1215/S0012-7094-43-01016-6
http://dx.doi.org/10.1007/BF01084818




	1 Introduction
	2 One-parameter families of Legendrian dualities
	3 Dual surfaces
	3.1 Frame
	3.2 21-()-dual surface of a spacelike curve in S31(sin2)
	3.3 21-()-dual surface of a curve in H3(-sinh2)

	4 Surfaces foliated by equidistant curves
	4.1 Striction curve
	4.2 Singularity

	5 Special classes of surfaces foliated by equidistant curves
	5.1 The cut-end surface of a circular saw
	5.2 Singularities of flat surfaces foliated by equidistant curves

	6 Duality of singularities
	References

