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On the Dirichlet problem associated with
the Dunkl Laplacian

MoHAMED BEN CHROUDA (Monastir)

Abstract. This paper deals with the questions of the existence and uniqueness of a
solution to the Dirichlet problem associated with the Dunkl Laplacian Ay as well as the
hypoellipticity of Ax on noninvariant open sets.

1. Introduction. Let R be a root system in R?, d > 1. We fix a positive
subsystem R, of R and a nonnegative multiplicity function & : R — R;.
For every a € R, let H, be the hyperplane orthogonal to «, and o, be the
reflection with respect to Hy, that is, for every z € RY,

(z, @)

O =2 — 2 \a|2
where (-,-) denotes the Euclidean inner product of R?. The set of hyper-
planes H,, o € R, divides R? into connected open components, called Weyl
chambers generated by R. We consider the differential-difference operators
T;, 1 <i < d, defined in [6], for f € C*(R?), by

Tif(w) = gi @)+ > k(a)az-]w’

aER,

and called Dunkl operators in the literature. These operators are used in
the study of certain exactly solvable models of quantum mechanics, namely
the Calogero-Moser—Sutherland type (see [10, [12]). Dunkl operators bear a
rich analytic structure, not only because of their commutativity [6], but also
thanks to the existence of an intertwining operator between Dunkl operators
and the usual partial derivatives [8]. In particular, a counterpart of Fourier
analysis, called Dunkl analysis, was developed (see [7, [IT]). It was shown in
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[9, 13], using tools from Dunkl analysis, that the Dunkl Laplacian defined by
d

Ay = Z T?
i=1
is hypoelliptic on every invariant open subset D of R?, i.e., 04(D) = D
for every a € Ry. However, the question of whether Ay is hypoelliptic on
noninvariant open sets remains open.

The Dunkl Laplacian is a prototype of differential-difference (nonlocal)
operators. It generates a Hunt process [15], and therefore it generates a
balayage space in the sense of [3] where a general framework of balayage
spaces has been developed. Some specific elements of potential theory related
to the Dunkl Laplacian, namely the Green function, harmonic measures,
regular sets and the Dirichlet problem, have been studied in [2]. In particular,
the authors consider, for an invariant bounded open set D, the following
Dirichlet problem:

(1) {Akh =0 onD,

h=f on R4\ D,

where the function f is assumed to be continuous. To establish the existence
of a twice continuously differentiable function A on D such that both equa-
tions of are pointwise fulfilled, they use the hypoellipticity of A on D,
and therefore they need to assume that D is invariant. So, we are led to the
following questions: If we consider a noninvariant open set D, what can be
said about the hypoellipticity of Ar on D as well as on the existence of a
solution to problem , bearing in mind that when Ay is not hypoelliptic
on D, the technical approach used in [2] becomes invalid? The present paper
deals with these two questions. Let us give a short description of our results.

By a solution of problem , we mean every function b : R — R which
is continuous on R? such that h = f on R?\ D and

S h(z)Arp(x)wi(z)der =0  for every p € C°(D),

Rd
where C2°(D) denotes the space of infinitely differentiable functions on D
with compact support and wy, is the invariant weight function defined on R?
by

wi(x) = [ 1@, a).
acER
Note that Ap = A, the classical Laplacian, when k& = 0. The set D is
called Ag-regular if, for every continuous function f on R%\ D, problem
admits a unique solution; this solution will be denoted by Hﬁk f. Given a

noninvariant bounded open set D, assume that D C R\ |J,,. r, Ha-
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We first prove that u is a solution of problem if and only if u is a
solution of the Schrédinger equation A — ¢ = g on D for some functions
q and g. It is known (see [4 [5]) that to solve this equation, we need to
assume that ¢ is in the Kato class of D, which requires, in our case, that
the intersection of D, the closure of D, with every hyperplane H,, o € R,
should be empty.

By means of the above Schrodinger equation, we show that D is Ag-
regular provided it is A- regular and we give an analytic formula charac-
terizing the solution Hp A [ (see Theorem I below). We deduce from this
formula that, for every x € D, H, A f(x) depends only on the values of f on
Uaer, aa(D) and on 0D, the Euchdean boundary of D. If, in addition, we
assume that f is locally Holder continuous on |J,ep, 0a(D) then Hﬁk fis
continuously twice differentiable on D and therefore the first equation in
is fulfilled by Hﬁ’“ f not only in the distributional sense but also pointwise.

Finally, we show that, for a Ag-regular open set D, if D is noninvariant
then Ay is not hypoelliptic on D. Therefore the condition “D is invariant”
is necessary and sufficient for the hypoellipticity of Ag on D.

2. Main results. We first present some various facts on the Dirichlet
boundary value problem associated with Schrédinger’s operator which are
needed for our approach. We refer to [4, 5] for details. Let G be the Green
function on R%, but without the constant factors:

|z — 12—‘1 if d > 3,
G(z,y) =< In ‘x 7 ifd=2,
|z — y| ifd=1.
Let D be a bounded domain of R? and let ¢ € J(D), the Kato class on D,

i.e., ¢ is a Borel measurable function on R? such that the function G(1p|q|)
defined, for z € R?, by

G(1pla)(z) = | G(x,v)lq(y)| dy
D

is continuous on RY. Note that the Kato class J(D) contains all bounded
Borel measurable functions on D. Assume that D is A-regular. Then, for
every continuous function f on 0D, there exists a unique continuous function
h on D such that h = f on 0D and

(2) Sh(x)(A —q)p(z)dr =0 for every p € C°(D).

Moreover, h > 0 when f > 0. We denote by Hp, A= f the unlque contlnuous
extensmn of f to D which satisfies the Schrodmger equation ([2)). Let GA

and G ~? denote, respectively, the Green potential operator of A| p and of
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Ap — g, i.e., for every Borel bounded function g on D and every z € D,

GHg(x) = | PPg(x) and Gp (x):= | P" g(w),
0 0

where PA (resp. PtA_q) is the semigroup generated by A|p (resp. A|p — q)
(see [5] for more details). Then G4g € Co(D), the set of all continuous
functions on D vanishing at dD. Moreover, G5g € C™(D) whenever
g € C"(D) (see for example [I, Corollary 5.5.4] or [14, Theorem 4.6.6]).
Also, it was shown in [5, pp. 86-88] that G’g*qg € Cp(D) and that, for
every ¢ € D,

A— A—
(3) Gp 'g(x) = Gpg(x) — GHaGp 9) ().
Moreover, if in addition we assume that ¢ € C°°(D) then, proceeding by
induction, it follows from that, for every n € N,
(4) G5 %9 € C™(D) if and only if GAg e C™(D).
Now, seeing from that

1G5 %9(2)(A = @)p(x) dz = = | g(x)p(x) du  for every ¢ € C°(D),
we immediately conclude that the function h defined for x € D by
(5) W) = Hp " f(x) + G g(a)

is the unique continuous extension of f to D such that

6)  |r@)(A-qe@)ds = —\g(x)p(x)dz for every p € C(D).
Now we are ready to establish our first main result.

THEOREM 1. Let D be a bounded open set such that D is contained
in one of the Weyl chambers generated by R. If D is A-reqular then D is
Ay-reqular. Moreover, for every continuous function f on R\ D and every
reD,

()  HA )= ——

———(Hp (f ) () + G (VR N f)(z)),

w(x)
where q and N f are the functions defined, for x € D, by

aER

al?k(a
Nf(x):= Z Mf(aaaj).

e, (v q)

Proof. Let f be a continuous function on R% \ D. We intend to prove the
existence and uniqueness of a continuous function h on D such that h = f
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on R%\ D and
(8) Sh(l‘)AkQO(l')wk($) dr =0 for every p € C°(D).
It follows from [6] that
(z),0) _ |of? ¢(x) — p(oam)
Bugle) = 850 +2 37 o (Dot _ ok e —ebua)),

where V denotes the gradient on R<. It is clear that for every € D,

V@) = V@) 3

A = V@ Y ko

a,BERL

k(o
xax/B Z|’2 )

aERL
On the other hand, by formula (1) in [6, Proposition 1.7], we have
a,
> Hame) e
a,BER Y, 000sFidpa ’ ’

Since 0,03 # idga for every a, 8 € Ry such that o # 3, we immediately
deduce that
(a,B)

k(@)k(B) ——=7——= =0.

aﬁega# (z,a)(z, B)

Consequently,

AV @) = V@) - V@) 3 lal M

aER

Thus, for every ¢ € COO(D)

Alpy/wg)(x) () v/ wp(x) + v/ wy(x)
( ) 04) el e()
-2y 3w (SR - )

acR4

Hence, for every x € D,

9)  Vwg(z) Ape(z)
= (A(evwr)(x) — q(x)p(z)wr(x)) + Vwr(z) No(z)

Since the map ¢ — @\/wy is invertible on the space C°(D) and the func-

tion  + wy(x)/{x, a)? is invariant under the reflection o, equation is
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equivalent to the following Schrodinger equation: For every ¢ € C2°(D),

Sh(x) wi(x) (A — @)(x)dx = — S\/wk )N f(x

Finally, since ¢ is bounded on D and therefore is in J (D), the statements
follow from and @ n

It is worth noting that a bounded open set D is A-regular provided it
satisfies the following geometric assumption known as exterior cone con-
dition: for every z € 0D there exists a cone C of vertex z such that
C N B(z,r) € R\ D for some r > 0, where B(z,r) is the ball of center
z and radius r (see, for example, [5]).

REMARK. Note that, in order to obtain ¢ € J(D), the hypothesis of the
above theorem, “D C Rd \ Uae r, Ha”, is nearly optimal. Indeed, assume
that there exists a cone C, of vertex z € D N H, for some o € R, with
k(a) # 0 such that C := C, N B(z,r) C D for some r > 0. Then

- _
G(1pg)(2) = |al"k" (@) CS;G(Z’y) (y, )2
_| |k‘( )CS;G(ay)<Z_y’a>2

dy
dy

1
>k (a) | G(0,y)—5dy=o0
ora vl

It follows from 1} that, for every x € D, the map f — Hﬁ’“ f(x) defines
a positive Radon measure on R%\ D since both f Hﬁfq(f,/wk) and
f = Gg_q(,/wk N f) define such measures. We denote this measure by

Ag

Hpy*(x, dy).

COROLLARY 1. For every x € D, Hﬁ’“ (z,dy) is a probability measure
supported by

oDU | J oa(D

aER

and satisfies

wi(x) A, . HA™ 1z a*k(a) aq oo
wk(y)H ( dy) ( 7dy)+aezR+ <y,04>2 GD ( ’ ay)dy~

Proof. Smce Agl(z) = 0 for every x € D, the uniqueness of solution
of problem implies that HAkl( ) = 1, which means that Hﬁ’“ (z,dy) is
a probability measure on R?\ D. Let f be a nonnegative bounded Borel
function on R?\ D and let € D. By (7] , we have
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wr(z) | fy) Hp*(z,dy) = S\/ v) f(y) Hy *(z, dy)

R4\ D

£y | PR ) ) 687, o) .

2
a€Ry oq(D) <y’ Od>

Hence, Hé’“ (z, dy) is supported by 0D U, e, 0a(D) and

E(
LHHAk(x dy) = (z,dy) + E ]a] 02[ "z, 00y)dy. =
wk(y) acR4

COROLLARY 2. Let D be a A-regular bounded open set such that D is
contained in one of the Weyl chambers generated by R. Let f be a continuous
function on 0D UU,ep, 0a(D). If f is Holder continuous on J,ecp, o(D)

then Hé’“f € C%(D) and, for every x € D,
Ap(Hp* f)(x) =

Proof. Since Hﬁ_q( fy/wy) is a solution of equation , the hypoellip-
ticity of the operator A — ¢ on D implies that Hﬁ_q(f\/uTk) € C*(D).
Moreover, since \/wN f is Holder continuous on D, it follows from [I4,
Theorem 4.6.6] that GA(,/wy Nf) € C?*(D), and consequently, by ,
GA9(Jwr Nf) € C2(D). Then it follows from (7) that H3*f € C2(D).
For every ¢ € C2°(D), a direct computation using (9) yields

SAk(Hﬁ’“f)(m)gp(m)wk(x) dr = SHﬁ’“f(x)Akcp(x)wk(x) dx.
This completes the proof. m

Let D be an open subset of R%. The operator Ay, is said to be hypoelliptic
on D if, for every f € C*(D), every continuous function h on R? which
satisfies

S h(z) App(z)wg(z) de = Sf(x)gp(x)wk(w) dx  for every ¢ € C°(D)

Rd
is infinitely differentiable on D. The hypoellipticity of Ay on invariant open
sets was proved in [9, [13]. However, the question whether Ay is hypoelliptic
on noninvariant open sets remains open.

THEOREM 2. Let D be a Ag-reqular open set. Then Ay is hypoelliptic
on D if and only if D is invariant.

Proof. Obviously, it suffices to show that if D is noninvariant then Ay
is not hypoelliptic on D. Assume that D is noninvariant. Since the open set
D\ Ugae r, Ha is also noninvariant, there exists a nonempty open ball B
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such that

BcD\ |J Ha and 04(B) CR*\ D for some o € Ry.
acERL

We choose B small enough that, for every o € Ry,
0o(B)C D or o4(B)cCR\D.

Let [ :={a € R, : 04(B) C R*\ D} and J := R, \ I. Let f be a positive
continuous function on R4\ D, and denote Hﬁ’“ f by h. Since B is A-regular
and h satisfies

Sh(x)Akcp(x)wk(x) dx =0 for every p € C°(B),

it follows from Theorem [I| that B is Ag-regular and, for every xz € B,

(10) () = ——— (HA™(hy/an) () + Gy~( /s NR)(x).

wg ()

For every z € B, we define

(0% 2 8] 8] 2 (0%
n(@)i= X 5 hoa) and o) = X IEE p(o0)

acl >

It is clear that g9 is nontrivial and Nh = g1 4+ g2 on B. Now, assume that
h € C*(D). Then g € C*°(B) and therefore Gé_q(,/wk g1) € C®(B).
Furthermore, as Hﬁ_q(h,/wk) € C>(B), it follows from that

Gp (\/wr g2) € C(B). Thus —(A—q)Gy ™ (VWk g2) = vy g2 € C=(B)
and so g2 € C*°(B), a contradiction. Hence h is not infinitely differentiable
on D and consequently the Dunkl Laplacian Ay is not hypoelliptic on D. =
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