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Bifurcation in the solution set
of the von Karman equations of an elastic disk
lying on an elastic foundation

by JOANNA JANCZEWSKA (Gdansk)

Abstract. We investigate bifurcation in the solution set of the von Kdrman equations
on a disk 2 ¢ R? with two positive parameters « and 3. The equations describe the
behaviour of an elastic thin round plate lying on an elastic base under the action of a
compressing force. The method of analysis is based on reducing the problem to an operator
equation in real Banach spaces with a nonlinear Fredholm map F of index zero (to be
defined later) that depends on the parameters a and 8. Applying the implicit function
theorem we obtain the following necessary condition for bifurcation: if (0, p) is a bifurcation
point then dimKer Fj,(0,p) > 0. Next, we give a full description of the kernel of the
Fréchet derivative of F'. We study in detail the situation when the dimension of the kernel
is one. We prove that (0,p) is a bifurcation point by the use of the Lyapunov—Schmidt
finite-dimensional reduction and the Crandall-Rabinowitz theorem. For a one-dimensional
bifurcation point, analysing the Lyapunov—Schmidt branching equation we determine the
number of families of solutions, their directions and asymptotic behaviour (shapes).

1. Introduction. Let 2 = {(u,v) € R? : u? + v? < 1}. We will denote
by C’g”{f (£2), for each u € (0,1), the subspace of functions f from the real
Holder space C*4#(2) that satisfy the boundary conditions

(1) flo = Aflon =0,
where A is the Laplace operator. For all C? functions f,g : 2 — R and
every C* function h : 2 — R we define

gl = 0*f 0%, O°f Pg P[P
2) I a2 902 Oudv Qudv ~ Ov? Qu?’

A*h = O'h + 2784}1 + @.

ou?t Ou2ov? vt
In this paper we study bifurcation of equilibrium forms of a thin round

elastic plate lying on an elastic foundation under the action of a compressing
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force. Equilibrium forms of the plate may be found as solutions w € Cfi’é‘ ()

and o € CPM() of the von Kdrmén equations
0,0

(KE) { A0 — [w, o] + 20Aw + fw — yw? = 0,

A%o + 1w, w] =0,

where w(u,v) is a deflection function, o(u,v) is a stress function, a > 0 is
the value of the compressing force, 5 > 0 and v > 0 are parameters of the
elastic foundation. We will suppose that v is a constant.

Numerous works have been devoted to the study of bifurcation in the
von Kérman problems (see for instance [1], [6], [7], [8], [10], [11], [16], [18]
and [21]). However, these investigations do not concern the situation when
the plate is fixed to the elastic foundation. This case is very important
in mechanics of elastic constructions. Physical models in which an elastic
foundation appears have been studied only numerically for a long time. The
investigation of such models by the use of modern bifurcation theory starts
with [5] and [13]. It was noticed there that if we take into account additional
nonlinear terms corresponding to the elastic base, then subcritical branches
of solutions at a bifurcation point will occur. In this paper similar results
will be obtained for the von Kdrman equations (KE). We will show that
both parameters appearing in (KE) influence bifurcation. For instance, if
B is larger than o? there is no bifurcation, because the base is too hard
and resists the compressing force. Moreover, the increase of 3 (the hardness
of the plate) may straighten the plate and may cause the appearance of
subcritical branches of solutions.

The paper is organized as follows. In Section 2 we define a nonlinear map
F:X xR2 —Y, where

X =Cyh(2) x Cg(R2) and Y = CO#(2) x C™(R2).
We reduce (KE) to the operator equation
(3) F(ZL‘,p) =0,

where © = (w,0) and p = («, ). We prove that F' is a C°° map with
respect to all variables and it is a nonlinear operator of Fredholm type of
index 0 with respect to x in a neighbourhood of the point (0,p) for each
p € R2. Finally, we show that solutions of (KE) are critical points of the
C* functional F : X X ]RZ+ — R given by

(4) BE(z,p) = %SS((Aw)Q — (A0)? - [w,w] &) du dv
2

2 2
() () )
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i.e. the map F' is a variational gradient for the functional F, and in fur-
ther considerations we employ this fact. In Section 3 we prove the follow-
ing necessary condition for bifurcation: if (0,p) is a bifurcation point then
dim Ker F/(0,p) > 0, where F.(0,p) : X — Y is the Fréchet derivative of
F with respect to x at (0,p). Section 4 contains a complete solution of the
linearized problem

(5) F(0,p)h =0.

In Sections 5 and 6 we apply the Borisovich scheme for the study of bi-
furcation (see [4]). It was introduced during the investigation of bifurca-
tion in the Plateau problem (see [2], [3]) and it is based on the analy-
sis of the Lyapunov—Schmidt branching equation ([12], [20]) by the use of
the Crandall-Rabinowitz bifurcation theorem ([9], [14]), the key function
method due to Sapronov ([17], [18]) and the methods of the theory of sin-
gularities ([15]).

Acknowledgments. The author wishes to express her thanks to Pro-
fessor Czestaw Szymczak from the Technical University of Gdansk for sug-
gesting the problem and to Professor Andrei Borisovich from the University
of Gdansk for several stimulating conversations. The author is also grateful
to Professor Kazimierz Geba from the Technical University of Gdansk for
his helpful comments and his interest in the publication of the paper.

2. Reduction to an operator equation. Let F' : X X Ri — Y be
given by
(6) F(‘T7p): (Fl(CC,p),Fg(l’,p)),
where Fy, Fy : X x RZ — C%({2) are defined as follows:

(7) Fi(x,p) = A%w — [w, 0] + 20Aw + fw — yw?,
(8) Fa(e,p) = ~4% — - [w,u]

for z = (w,0) and p = (o, §).

LEMMA 2.1. The pair (x,p) belongs to the solution set of (KE) if and
only if F(x,p) =0.

The proof is immediate.

DEerINITION 2.1. Let X, Y be Banach spaces, let U be a region in X and
let n be a natural number. The map F : X — Y is said to be a nonlinear
operator of Fredholm type of index n in U if

(i) Fis CY,

(ii) for each = € U the Fréchet derivative F'(z) : X — Y is a Fredholm
map of index n.
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If Fis C' and F’(zg) is a Fredholm map of index n for some ¢ € X, then
F' is a nonlinear operator of Fredholm type of index n in a neighbourhood
of xg. This is an obvious consequence of two facts: (1) the set @, (X,Y) of
Fredholm operators of index n is open in L(X,Y); (2) the Fréchet derivative
F': X — L(X,Y) is continuous.

THEOREM 2.2. The map F : X x R2 — Y given by (6)—(8) is C*
with respect to all variables and for each p € ]RQ+ it is a nonlinear operator

of Fredholm type of index 0 with respect to x in a neighbourhood of (0, p),
i.e. F1(0,p) : X =Y is a Fredholm map of index 0.

Proof. The map F is C°°, because all terms in Fj, Fy are. Fix p =
(o, 3) € R2. We now show that F/(0,p) : X — Y is a Fredholm map of
index 0. We have

(9)  Fi(z,ph

= (A% — [2,0] — [w,n] + 20 Az + B2z — 3yw?z, — A%y — [w, 2]).
Substituting z¢p = (0,0) into (9) we get
(10) FL(0,p)h = (A%z + 20Az + Bz, —A%n).

To prove that F.(0,p) is a Fredholm operator of index 0, we only need to
write it as a sum of an isomorphism and a completely continuous map. Note
that

(11) F3(0,p)h = A(h) + B(h),
where A, B: X — Y are defined by
A(Zﬂ?) = (AQZv _AQU)v B(Zﬂ?) = (2aAZ + ﬂZ,O) = (Bl(z)’o)'

It is well known that A is an isomorphism of Cj"*(£2) onto C™ 24 (§2) for all
m > 2. This implies that A2 : 037’5((_2) — C%1({2) is also an isomorphism,
and so A is an isomorphism of X onto Y.

We now show that B is completely continuous. To this end it suffices
to show that Bj : C’g:g (2) — CY*(N) is completely continuous. From the
diagram

Cot () =5 C3™(@) CO# ()
we obtain B; = W o J. Now W is a continuous map and J is the natural
completely continuous embedding, so By is completely continuous. =

W=2aA+pI
_

The aim is now to show that the solution set of (KE) and the set of
critical points of the functional E given by (4) are the same.

DEFINITION 2.2. Let X, Y be Banach spaces continuously embedded in
a Hilbert space H with scalar product (-,-)g: Hx H - R. Let E:U — R
be C!' and F : U — Y be continuous, where U is an open set in X. The
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map F' is called a wvariational gradient of the functional F with respect to
the scalar product in H if

for each x € U and h € X.

Fix z € U. Let us remark that F’(x)h = 0 for each h € X if and only if
F(x) = 0. For this reason zeros of F' are called critical points of E.

LEMMA 2.3. Let ¢ be a real number. Then

(12) \ar+cepgdudo =\ f(Ag+cg)dudv
(9} 9]

for all f,g € CPM(9).

The equality (12) is checked at once, because A : Cg’”(ﬁ) — COH(£2) is
self-adjoint with respect to the inner product in L?(£2).

Let H = L?(2) x L*(2). Tt is well known that H with the standard
scalar product defined by

1
(13) ((z1m)s (z2,12))r = — 1§ (122 + mme) du dv
N
is a Hilbert space. Moreover, X = Cé‘:é‘(ﬁ) X Cg”(’f(ﬁ) and Y = CY* () x
C%1(£2) are continuously embedded in H.

THEOREM 2.4. For each p € Ri the map F(-,p) : X — Y given by
(6)—(8) is a variational gradient of the functional E(-,p) : X — R defined
by (4) with respect to the scalar product (13), i.e
forall x,h € X.

Proof. Let p= (o, ) € Ri. Since E(-,p) : X — R is C°, we get

d
Ey(w,p)h = — E(x + th,p)
t=0

forall z,h € X. Fix z = (w,0), h = (2,7n) in X. An easy computation shows
that

—E(x + th,p) lSS (AwAz — Ao An — o [w, z]) du dv
dt =0 Ty
1¢el ow 0z Owoz
) | 20 OIZ N qud
nséz[w“’]’” (a YR 81}) waw
1
-l-; SS (Bwz — yw2) du dv.

Q
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Using Lemma 2.3 we get

“AwAz dudv = SS (A%w)z du dv,
2 2
“AUAU dudv = SS (A%0)n du dv.
9] 02

We conclude from the definition of F' that to finish the proof it remains to
show the equalities

“a [w, z] dudv = SS[w,a]zdudv
Q Q
and

ow 0z 0w 0z
et Tl = — A .
SS<8u8u+ 50 82}) du dv SS( w)z dudv
9] 2
In order to get these equalities, we decompose the integrals on the left-hand

side into appropriate terms and integrate by parts. The details are left to
the reader. =

3. A necessary condition for bifurcation. Let I' C X X Ri be given
by I' = {(0,p) : p € R2}. The set I is called the trivial family (branch) of
solutions of equation (3). In this section we prove a necessary condition for
bifurcation at the points of I".

DEFINITION 3.1. A point (0,pg) € I' is said to be a bifurcation point

of equation (3) if in every neighbourhood of (0,pg) there exists a point
(z,p) € X x R? such that z # 0 and F(z,p) = 0.

THEOREM 3.1. If (0,pg) € I is a bifurcation point of equation (3), then
dim Ker F/(0,pg) > 0.

Proof. Suppose, contrary to our claim, that dim Ker F.(0, po) = 0. Since
Fl(0,pp) : X — Y is a Fredholm map of index 0, we have

dim Ker F(0, po) = codim Im F(0, po),

hence Y = Im F.(0, pp), and so F.(0,pp) is an isomorphism. Applying the
implicit function theorem we see that in a small neighbourhood of (0, po)
the solution set of (3) is contained in I'. m

4. The linearized problem. The aim of this section is to find all
critical values of the parameters o and (.

DEFINITION 4.1. Let p = (o, 3). The numbers « and 3 are called critical
values of parameters if the necessary condition for bifurcation at the point
(0,p), stated in Theorem 3.1, is satisfied.
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To check the necessary condition for bifurcation, we note that Ker F..(0, p)
= Ker(A2 +2aA + BI) x Ker(A?) by (10). Since A% : CyJ(£2) — CO¥#(12) is
an isomorphism, we have Ker (0, p) = Ker(A? + 2aA + BI) x {0}. From
now on, to simplify notation, we write N(p) instead of Ker F.(0,p).

Deﬁne&zag—ﬂ. If 6 >0then a = —a — V6 and b = —a + V6. For
every nonnegative integer k let Ji : R — R be the Bessel function given by

s
(14) Tu(s) = % [ cos(ssint + kt) dt.
0

Let (r,¢) denote the polar coordinates of a point (u,v) € 2.
We give a complete solution of (5) in Table 1.

Table 1
Assumptions Results
5 a and b dim N (p) Base of N(p)
- not defined 0 does not exist
Vis>o  Jr(a) #0 does not exist
or 0 Ji(b) £0
0 Jo(a) =0 1 f1(u,v) = (Jo(ar),
+ | Vi>o  Jk(d) #0 1 J1(u,v) = (Jo(ar),
Jo(a) =0
+ | Yeso Jkla) #£0 1 f1(u,v) = (Jo(br),0)
Jo(b) =0
0 Jpso  Jr(a) =0 2 f1(u,v) = (J(ar) cos(ky),0)
fa(u,v) = (Jg(ar) sin(ke), 0)
+ Jo(a) =0 2 f1(u,v) = (Jo(ar),0)
Jo(b) =0 fa(u,v) = (Jo(br),0)
+ | Vizo  Ji(b) #0 2 fi(u,v) = (Ji(ar) cos(kyp), 0)
k>0 Jk(a) =0 f2(u,v) = (Ji(ar) sin(ky), 0)
+ | Vixo Jk(a) #0 2 J1(u,v) = (Ji(br) cos(lp), 0)
>0 Ji(b) =0 f2(u,v) = (Ji(br)sin(lp),0)
+ | Fks0  Jk(a)=0 3 f1(u,v) = (Ji(ar) cos(ky), 0)
Jo(b) =0 fa(u,v) = (Jg(ar) sin(ke), 0)
f3(u,v) = (Jo(br),0)
+ 3k>0 Jk(b) =0 3 fl(u,’l)) = (JQ((IT),O
Jo(a) =0 fa(u,v) = (Ji(br) cos(ky),0)
f3(u,v) = (Ji(br) sin(ke), 0)
+ | Jkiso  Jk(a) = 4 f1(u,v) = (Ji(ar) cos(ke), 0)
Ji(b) = f2(u,v) = (Ji(ar) sin(ky), 0)
f3(u,v) = (Ji(br) cos(lp), 0)
fa(u,v) = (Ji(br) sin(lyp), 0)

We divide the proof of the results from Table 1 into a sequence of lemmas.
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LEMMA 4.1. If § <0, then Ker(A% + 2aA + BI) = {0}.
Proof. Let z € C’é:g(ﬁ). Then Az € Cp*(§2). Using Lemma 2.3 we get
“ (A%2)zdudv = “ (Az)Azdudv = SS (A2)? du dv,

2 (0] 2
and hence
(15) SS(A% + 20z + fz)z dudv
(9}
:SS( zdudv—l—SSQa Az zdudv+§§ﬂz2dudv
(9] 9]
:S (Az dudv—i—“ a(Az) zdudv—l—“ﬁfdudv
2 2 (0]

((A2)? + 20(A2)z + o22%) du dv + SS (B — a?)2? dudv
2
S (Az + az)*dudv + SS (B — a®)2? dudv.
Q Q
Now, let z € Ker(A? +2aA+ (I). Then §§,(A%z 4+ 20z + 8z) z dudv = 0.
Applying (15) we get
(16) SS(Az+az)2dudv+§S(ﬂ—a2)22 dudv = 0.
9] 2
Since § < 0, we have 3 — a? > 0. Therefore (16) yields z = 0 on {2, which
completes the proof. =
LEMMA 4.2. Let A+ ol : C’g’“(ﬁ) COn(). If § =0, then
Ker(A? 4+ 2aA + 8I) = Ker(A + al).
Proof. Choose z € C’g:g((_?). Then Az+az € C’g’“(!_Z). Applying Lemma
2.3 we get

SS(Az—{—az)(Az—l—az dudv—“ (Az+ az) + a(Az+ az))zdudv
2 N

SQSA
gils

Hence if z € Ker(A? + 20A + (1), then z € Ker(A + o).
On the other hand Ker(A+al) C C5°(§2). Therefore if z € Ker(A+al),
then z € C&’g(ﬁ), and so

(A% 4+ 20A + BI)(2) = (A+al) o (A+al)(z) = 0. .

I
IN)

22+ 20Az + a*2)zdudv

22+ 2042 + B2)z du dv.
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LEMMA 4.3. Suppose that § > 0. Let Hy, Hy : C’g’“(ﬁ) — COH(£2) be
given by
Hy(z) = Az —az, Hy(z)=Az—bz.
Then
Ker(A? + 2aA 4 BI) = Ker(A — al) @ Ker(A — bI).
Proof. We denote the operator A% 4+ 2aA + GI : C’g:g((_}) — CY1(Q)
briefly by G. We have to prove that

Ker G = Ker H; @ Ker Hs.
First note that Ker H; C C§°(£2) C C’é:g(ﬁ) and it is easy to check that
Ker Hy N Ker Hy = {0},

so it suffices to show that Ker G = Ker H; + Ker Hy. For z € C’é‘:{)‘([_?), we
have

(17)  HyoHi(z)=(A—al)o(A—-0bI)(z)

=(A—-al)(Az) — (A —al)(bz)

= A% —alz — bAz + abz = A%z + 204z + Bz = G(2)
and similarly
(18) Hy o Hi(2) = G(2).
Hence Ker H; C Ker G and so Ker H| + Ker Hy C KerG. To prove the
opposite inclusion, let z € Ker G. By (17) and (18),

x1 = Hi(z) € Ker Hy and 1z = Hy(z) € Ker Hj.
Therefore
x1 —x9=Hi(2) — Ha(z) = (A —al)(z) — (A—=bl)(2) = (b—a)z.
Since b — a # 0, the proof is complete. »

SUMMARY. It is known that for m > 2, A € R\ {0} is an eigenvalue
of A : CJ"M(2) — C™21(2) if and only if X is a zero of one of the
Bessel functions Jj, defined by (14). If £ = 0, then dim(A — AI) = 1 and
Ker(A — M) is generated by the function f(u,v) = Jo(Ar). If & > 1, then
dim(A — M) = 2 and Ker(A — AI) is generated by two linearly independent
functions: f(u,v) = Ji(Ar)cos(ky) and g(u,v) = Ji(Ar) sin(kep).

Combining Lemmas 4.1-4.3 with the properties of eigenspaces of the
Laplace operator we obtain the results given in Table 1.

5. Bifurcation at simple points of I'. In this section we investigate
bifurcation at a simple point of I', i.e. at a point (0,pg) € I" such that
dim N(pg) = 1. We use the scheme introduced by A. Borisovich (see [2] and
[4]) and based on the Crandall-Rabinowitz theorem on simple bifurcation
points (see [9] and [14]).
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THEOREM 5.1. Let X, Y be real Banach spaces continuously embedded
in a real Hilbert space H with scalar product (-,-)g : H x H — R and let
E: X (m9)xR.(A\g) — R be a C™FL functional, r > 3. Consider the equation

F(z,A\) =0

with a real parameter \, where F : X (x9) x R.(Ng) — Y is a C" map.
Assume that:

1. F(zo,\) =0 for every A € R.( o).

2. dim Ker F/(zg, \o) = 1, F.(z0, Ao)e =0, (e,e)g = 1.

3. codimIm F)(z9, o) = 1.

4. El (x,\)h = (F(z,\),h)g for all (z,\) € X.(x9) x R.(Xo) and for
each h € X.

5. E"  (z0,Ao)ee # 0.
Then (xo, Xo) is a bifurcation point of the equation F(x,\) = 0 and the
solution set of this equation in a small neighbourhood of (xo, Ag) is the union
of the trivial family I't = {(x0,\) : A € Ro(Xo)} and a C™2 curve I'y which
intersects I'1 at (xo, \o) only and is given parametrically as follows:

Iy = {(z(t), A1) = [t] <<},
where x(0) = xg, A(0) = Ao and 2/(0) = e.
The symbols X.(zp), R.(\g) denote small neighbourhoods of zg, Ao,
respectively, i.e. X (z9) = {z € X : ||z — zo|| < e}, Re(Xo) = (Ao—¢&, Ao +e).
From now on, as in Section 2, we denote by H the Hilbert space L?(2) x
L?(02) with the scalar product (-,-)g : H x H — R given by (13).

THEOREM 5.2 (bifurcation with respect to ). Let pg = (g, 30) € R2
satisfy
(19) dlmN(po) =1, Fa/?(oapo)e =0, (67 e)H =1, €= (6170)'
Then (0,a9) € X x Ry is a bifurcation point of the equation
(20) F(ZL’, O‘aﬁO) =0
and the solution set of (20) in a small neighbourhood of (0, ) is the union
of IN ={(0,a) : a € Ry} and a C™ curve I'y which intersects I'1 at (0, )
only and is given parametrically as follows:

Iy = {(z(t), a(t)) : [t] <<},

where (0) = 0, a(0) = ap and 2'(0) = e.

Proof. Since ag > 0, there exists € > 0 such that R.(ap) C Ry. We check

that the operator F'(-,-, 0p) : Xc(0) x R.(ap) — Y satisfies the assumptions
of Theorem 5.1.



Bifurcation in von Kdrmdn equations 63

Obviously, F(0,«, 3p) = 0 for each a € R, (). From Theorem 2.2 we
know that F(-, a0, 5) : X — Y is C* and
dim N (pg) = codim Im F,(0, cvg, Bo)-
Combining this with (19) we get
codim Im F.(0, ap, Bo) = 1.
By Theorem 2.4,

Ealv(xa a, ﬂO)h = (F(]I, «, /80)7 h)H
for all z, h € X and a € R;. The spaces X, Y are continuously embedded
in H. Therefore differentiating with respect to z we have

E./r/x(‘r7 «, 50)}19 = (Fglg(xa «, ﬂO)ha Q)H

for each v € R and for all =, h, g € X. Using (9) we obtain
1

Ea/r/:p(m7 Q, ,Bo)hg = _ SS (—4277 - [w7 Z])ﬂl du dv

™
2

1
+ = SS (A%2 — [2,0] — [w,n] + 20z + foz — 3yw?2) 2 dudv,
T
Q
where x = (w,0), h = (2,1), g = (21, ). Hence we get at once

1

E;/:/ca(xv a, Bo)hg = — SSQ (Az)z1 dudv.
T

0Q
Substituting = (0,0), & = ap and h = g = e we have

1

E’I’;a(o 040,50)66 = —SSQ Ael 61 du dv.
™

2
We have to consider two cases.

CASE 1: a¢ = fy. By Lemma 4.2, Ae; + age; = 0. Hence

2
EY (0, a0, Bo)ee = _2% SSe% dudv = —2aq(e,e)g = —2a9 < 0.
T
(9]
CASE 2: §p = a% — Bo > 0. We conclude from Lemma 4.3 that either
Aei —ager = 0 or Aey — bger = 0, where ag = —ag — /99, bg = —ag + /9.
It is evident that ag < 0 and by < 0. Suppose that Ae; — age; = 0. Then

2
EY (0, a0, Bo)ee = =40 SS@% dudv = 2ag(e,e)g = 2a9 < 0,
T

o)
and similarly for Ae; — bpe; = 0. In this way we have established that
assumptions 1-5 of Theorem 5.1 hold, which completes the proof. =

THEOREM 5.3 (bifurcation with respect to 3). Let po = (ao, o) € ]Ri
satisfy condition (19). Then (0,8y) € X x Ry is a bifurcation point of the
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equation
(21) F(z,00,8) =0
and the solution set of (21) in a small neighbourhood of (0, Bo) is the union

of I' = {(0,8) : BE R} and a C™ curve Iy which intersects Iy at (0, o)
only and is given parametrically as follows:

Iy = {(z(t), B(t)) « [t| <<}
where (0) = 0, 3(0) = By and ' (0) = e.

Proof. We again apply Theorem 5.1. Since [y > 0, there exists € > 0
such that R.(5p) C R;. Analysis similar to that in the proof of Theorem
5.2 shows that the map F'(-, ap,-) : Xc(0) x R.(8y) — Y and the functional
E(-,a0,) : Xe(0) x Ro(Bp) — R satisfy assumptions 1-4 of Theorem 5.1.
Therefore it remains to check assumption 5. By Theorem 2.4 we have

ng($7 a0, ﬁ)hg = (Fé(:l?, @0, ﬂ)h7 g)H
for each 8 € R and for all z,h,g € X. Using (9) we get
1
B, (z, a0, 8)hg = = |} (=A% — [w, 2))m dudv

™
2

+ L “ (A%2 — [2,0] — [w,n] + 200 Az + Bz — 3yw?2) 21 du dv,
T
Q

where z = (w,0), h = (2,71), g = (21, m). Thus

1
22 " hg = — du dv.
( ) xzﬁ(xaaOaﬁ) g ﬂ_xg&zzl uav

Substituting = = (0,0), § = [y and h = g = e we obtain

1
:llcl.l'bﬁ(o 040,60)66 == ;S{}Se% dudv = (676)[_[ =1> O7

which completes the proof. m

6. The shape of bifurcation branches. Let (0,py) € X X Ri be
a fixed point satisfying condition (19). We now study the changes in geo-
metrical structure of the solution set of F(z,p) = 0 near (0,pg). We use
the scheme based on the Lyapunov—Schmidt finite-dimensional reduction,
adapted from [4]. The theorem below describes it.

THEOREM 6.1. Let X, Y be real Banach spaces continuously embedded
in a real Hilbert space H with inner product (-,-)g : H x H — R and let
E: X (w9)xR.(A\g) — R be a C™*L functional, r > 3. Consider the equation

(23) F(z,A) =0,
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where F : X (xg) X Re(XNg) — Y is a C" mapping. Assume that conditions
1-5 of Theorem 5.1 hold and define

Cl = Em (:170, )\0)66,

T

02 — E//l

rxrxr

Cs = EW (x0, No)eeee + 3EL (xq, \o)eeyo,

XXX TTrx

(xo, Ao)eee,

where yo is a unique solution of the linear equation
Fy (0, Xo)yo + (Yo, €)m € = —Fy, (o, Xo)ee.
Under the above assumptions:

(i) If C1 # 0 then (zo, No) is a bifurcation point of the equation (23)
and the solution set of (23) in a small neighbourhood of (xo, Ao) is the union
of the trivial family

INn: x(N) ==z, XeR()N),
and a C"=? family Iy which intersects Il at (xq, Ag) only.
(ii) If C1 #0 and Cy # 0 then I'y can be parametrized as follows:
Is: 33‘2()\)21‘0+D2()\—)\0)6+0(|)\—)\0|), )\ERE(A()),

where Dy = —2C5/C4, and we have transcritical branching at (zg, \o).

(iii) If C1 # 0, Co = 0 and C3 # 0 then the parametrization of I
depends on the signs of C1 and Cs.

If C1C5 > 0 then
Dy: o wy(N) =0+ /|Ds[(ho = ) Pe+o(A = Xol?),  Ae(No—e A,
and we have subcritical branching at (xo, Ao)-

If C1C3 <0 then
L: 25\ =20+ /D3 (A= Xo)2e+0(]A = Xo'/?), A€ [N, No+e),
and we have posteritical branching at (xo, No). The constant Ds is given by

D3 = —6C5/C.

The names of branching types follow Stuart [19].
To investigate the type of bifurcation at (0,pp) by using the above
scheme, we have to compute the constants

Cy1 = E” (0,po)ee,

C1 = E,5(0, po)ee,

Cy = E (0, po)eee,

C3 = EW (0,po)eeee + 3E" (0, po)eeyo,

TTrx

(24)

where yo = (yo1, Yo2) is a unique solution of the linear equation

(25) F.(0,p0)y0 + (vo, e)me = —F,, (0, po)ee.
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The constants C7 and C] have been calculated in the proofs of Theorems
5.2 and 5.3 respectively. Recall that

2a0 if ag > [y and Ae; — apge; = 0,
C1 =< 2b if a2 > By and Aey — bpey = 0,
—2ap  if o} = P,

and C7 = 1. Moreover, C < 0. We sketch the method of finding Cy and Cs.
By the formula

F;(l‘7p0)h = (AQZ - [Z7 U] - [’UJ, 77] + 20[0AZ + ﬁoz - 3’yw2z, —AQU - [w7 Z])7
where x = (w,0), h = (z,1), we obtain
Fl(te,po)e — F.(0,po)e

(26) Fa/c,z(ovpo)ee = }5% t = (07 _[617 61])
and

1" (¢ ’ . 0,
I R

Next, from the equality
Ey(w,po)h = (F(z,po), h)
we get
E” (0,po)ee = (F (0 D0)€, €)H,
By (0, po)eee = (£ (0, po)ee, €) u,
B0 (0, p0)eeyo = (Fy (0, po)ee, yo)
B, (0, po)eeee = (11, (0, po)ece, €) 1.
(

Substituting F.(0,po)e, F.(0,po0)yo, (26) and (27) into the last equalities
and into (25) we get

6 1
Co=0 and (3= ——“’ye%dudv — —“ le1, e1] Yoz du dv
s s
¢, 0
and
1
A?yo1 + 200 Ayo1 + Boyor + <;“y01€1 du dv) e1 =0,
¢,

—A%yp9 = [e1, e1].

In consequence,

C3 = —g“'ye% dudv + %“ (A2y02)yo2 du dv.
(0] (04

Finally, using Lemma 2.3 we obtain

Cs = —gﬂve%dudv + %“(Ayog)zdudv.
02 2
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Theorem 6.1 and the above computations lead us to the following conclu-
sions.

CONCLUSION 6.2. Let D = —6C3/C4, where Cy, C3 are defined by (24).
The point (0, «p) is a bifurcation point of the equation (20) and the solution
set of (20) in a small neighbourhood of (0, ) is the union of the trivial
family

IN: zi(a)=0, «ac(Ri)(a),
and a C* family I's which intersects I at (0, ap) only. Furthermore:

(i) If C3 < 0 then I'y can be parametrized as follows:

Dy: o ay(a) =£y/|D|(ao — @)Y2e + o(|a — ag|/?), &€ (ag — &, aq),

(ii) If Cs >0 then I can be parametrized as follows:

Iy: zF(a) =+VD(a—ag) e+ o(la—ao|?), a€lag,a0+e).

CONCLUSION 6.3. Let D' = —6C3, where C3 is given by (24). The point
(0, Bo) is a bifurcation point of the equation (21) and the solution set of (21)
in a small neighbourhood of (0, 3y) is the union of the trivial family

i #1(8)=0, Be®)(Bo),
and a C* family fg which intersects IAH at (0, Bo) only. Moreover:
(i) If C5 <0 then Iy can be parametrized as follows:
Ly: 35(8) = VDB~ o)/ Pe+o(|f ~ fol'%), B € [Bofo+e).
(ii) If Cs > 0 then I'y can be parametrized as follows:
Ly: 35(8) = £VID'[(Bo — B)"?e + 0|8 — o] '/?), B € (Bo—¢,B0]-

A task for future research is to check whether bifurcation occurs at points
(0,p) € I' such that dim N(p) > 1.
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