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Partial regularity of minimizers of quasiconvex integrals
with subquadratic growth: the general case

by MENITA CAROZZA (Benevento) and GIUSEPPE MINGIONE (Parma)

Abstract. We prove partial regularity for minimizers of the functional S o f(z,u(z),

Du(z))dz where the integrand f(z,u,£) is quasiconvex with subquadratic growth:
|f(z,u,&)] < L(1+ |£]P), p < 2. We also obtain the same results for w-minimizers.

1. Introduction. In this paper we study the partial regularity of min-
imizers of the functional

(L.1) I(w) = | f(z, u(z), Du(z)) dz
Q
where (2 is a bounded open subset of R, u is a WP (2, RY) function with

p>1land f(x,u,&) : 2xRY xR"™W — R is a uniformly strictly quasiconvex
function, i.e.

(1.2) S f(x,u, &+ Do(x)) dx
2
> | [f(@,u, ) +v(1 + € + [Dg(x)[*) P~/ Dg(x)|?] dar
Q
for any (u, &) € RY x R™™ and ¢ € C¢(2,RYN).

The condition (1.2), in a slightly different form, was introduced in [E]
in order to obtain partial regularity results for minimizers of the functional
(1.1) in the case p > 2. Evans assumed the integrand to depend on the
gradient of u only, and a control condition on the second derivatives of the
energy density f.

Next, in [FH], [GM] and [AF4], the same regularity results in the case of

f depending on x, u, Du and without any control condition on the second
derivatives were obtained.
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In 1991 Sverdk gave examples of genuine quasiconvex and not polycon-
vex functions with subquadratic growth. Only then the problem of partial
regularity in the subquadratic case became to be seriously considered.

We notice that a first regularity result in this direction was obtained in
[CP] under the more restrictive assumption 2n/(n +2) < p < 2. The case
1 < p < 2 was treated in [CFM] with the function f only depending on the
gradient Du.

In this paper we consider the regularity problem in its full generality,
namely f is supposed also to depend on x and wu, i.e. f = f(z, u, Du). To
face the problem we have to adapt a certain number of techniques used in the
superquadratic case, p > 2 (see [AF3], [FH]), and combine them a suitable
way with the new tools developed in [CFM]. The proof of the regularity
of u is based as usual on a blow-up argument aiming to establish a decay
estimate for the excess function

E(xo,R) =R+ § [V(Du(2)) = V((Du)sy,r)[* do
BR(I())
where § > 0 and
V(e) = (L+ ¢/
where the structure of F reflects the quasiconvexity condition (1.2) and
the term R’ is due to a technical complication arising in the use of a
sort of “freezing argument” based on Ekeland’s variational principle (see

Lemma 3.7). We mention that in order to get a crucial higher integrability
result we use a new Poincaré type inequality on increasing spheres:

(1.3) <B§R ‘V(“ _R“R>

provided u € WHP(£2,RY), 2/p < a < 2 and o > 0 where the function V is
used as a quasinorm (see Lemma 2.1 for the basic properties of V).

2(140) 1/(2(1+40))
d:v)

< C(B§R|V(Du)°‘dfn)1/a

Finally, the same regularity results are given for an w-minimizer of the
functional, i.e. a function u € WHP(£2,RY) such that

I(u,B,) <[14w(r)|I(u+ ¢,B;)

for any function ¢ € Wol’p(Br,RN), B, cC 2, with w : RT — R™ a con-
tinuous nondecreasing concave function such that w(0) =0 and w(r)<cr?,
@ > 0, completing the regularity result for w-minimizers given in [Gi], Ch. 9.

2. Preliminary results. In the following {2 will denote a bounded open
set in R™, Br(xo) the ball {z € R" : |z —z¢| < R}, and if h is an integrable
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function we define
(Wzor = § h(z)da
Br(xo) Br(xo)

where w,, is the Lebesgue measure of the n-dimensional unit ball. When no
confusion may arise we write simply (h)r in place of (h),, g and Bg in place
of Br(zp). Throughout the paper p will be a number between 1 and 2 and
for ¢ € R* we define

(2.1) V(€)= (1+[¢)P2/1.
The following statement contains some useful properties of the function V.

LEMMA 2.1. Let 1 < p < 2, and let V : RF — R* be defined by (2.1).
Then for any &,n € R*, t >0,

(i) 272/ A minf¢|, [€P/*} < [V(€)] < min{[¢], €72},

(ii) |V (t€)| < max{t, t/2}V ()],

(i) V(E+n)] < cIVE]+ VI,

. V() -V

() Ble = < e < el

(v) V(&) = V()| < clk,p)[V(E —n),

(vi)  [VE=nI<cp, MV(E) =V if Inl <M and & € R¥,
(vii) Ve>03c. >0 [¢] <elV(E)]? +ec..

Proof. See Lemma 2.1 of [CEM] for (i)—(vi) while (vii) trivially follows
from the definition of V. =

THEOREM 2.2. If 1 < p < 2, there exist 2/p < a < 2 and o > 0 such
that if uw € WYP(Bsg(zo), RY), then

(2.2) ( § ‘%w) 2(140) )1/<2<1+a>>

dz
Br(xo)

1/a
< c( ! |V(Du)\°‘dm) ,
Bsr(zo0)
where ¢ = ¢(n,p, N) is independent of R and wu.
Proof. See [CFM]. m

REMARK 2.3. The Sobolev—Poincaré type inequality stated above has
been proven in [CFM] and it is essential in order to get our regularity result
(see Theorem 3.2, Step 3). The proof is essentially based on some estimates
for the maximal function combined with the properties of V (t) stated in
Lemma 2.1.
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The following is a technical result used in the proof of Lemma 2.5 and

a straightforward generalization of a classical interpolation lemma (see [Gi],
Lemma 6.1).

2

LEMMA 2.4. Let f : [r/2,7] — [0,00[ be a bounded function such that
ft)y<of(s)+A | dz,

forallr/2 <t<s<r,
<h(az)>
s—t
B,

where h € LP(B,.), A > 0, and 0 < 0 < 1. Then there exists ¢ = c(0) such

that
(5) <o (42)

Proof. See [CFM]. =

2
dx.

We are now in a position to prove the following higher integrability result
(see [AF3] for the case p > 2).

LEMMA 2.5. Let g : R™™ — R be a function of class C* such that
19(6)] < e(1+ A|EP) P22 e %,

[ 9(Do() d > v | 551V ODS() | dr
2 2

for any ¢ € CLR™,RYN), for suitable positive constants c,v, 0 < X\ < 1. Fix
0<p<1andlet ue WhP(02,RYN) satisfy

} 9(Du(x)) dz < {[g(Du(z) + Dg(x)) + u| D (x)|] dr
2 0]

for all ¢ € Wol’p(Q,RN). Then there exist cg, 0, depending only on p, n, N,
L, v but independent of X\, u and p, such that for any B,(z¢) C {2,

(2.3) I VDP9 dz < co< f O+ |V()\Du)|2)da:)1+§

Bi./2 Bs,-

Proof. Fix B, C {2, let %r <t < s < r and take a cut-off function
¢ € C3(By) such that 0 < ¢ <1,¢=1o0n B; and |D{| <2/(s —t). Set

¢1 = [u— (w9, @2 =[u—(u)](1-().

Then Du = D¢y + D¢o. Using the growth conditions, the minimality of w
and Lemma 2.1(vii) we easily get
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% [ VD) de < | 9(Dg1)de = | g(Du— Dos) dx

B, B, B,
= | 9(Du)dz + | [9(Du— Dg2) — g(Du)] dx
B, B,
< | 9Dgs)dz+ | [9(Du— Déy) - g(Du)ldx+ | p|D¢y|dz
Bs\ By Bs\B B

<e | 5IVODE) + VD~ D) +[VADu)) da
B,\B:

+ B S V(Do) da + cv)r”
B

=¢ S %(’V(AD¢2)|2+ [V(A(Du = Déo))|* + |V (ADu)|?) da
B.\B.
+ o3 X |V (AD¢1)|? da + c(v)ur™.

2)\2
B

By absorbing the last integral above in the left hand side and using
Lemma 2.1, we have

1 1
— | V(ADu)? dz < ¥ | IV(AD¢1)|? da
Bt Bs
u— (u),\|”
~ n 2 B r
gc(u)[ur + | 12 <|V()\D )2 + ‘ ()\ — > >da:}
Bs\Bt
We “fill the hole” by adding to both sides the term
1
¢ | V(ADu)* dz,
By

then we divide by ¢ + 1, thus obtaining

1
= | [V(ADu)* dz
By
¢
<
—c+1

[ Ss \V(ADw)|? dz + CBSr ([L + %

Now, by Lemma 2.4 above, we get

V()\u _r(u)r>

| VODu)Pdz<e |
B2 B,
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and so, by (2.2), we get

{ [VODw)P de < c< |
B2 B,

gc( ! ]V()\Du)]adx>2/a+cs N2y da

B 3r r

2(1+0) 1/(140)
dm)

+c S N dx
B,

with 2/p < @ < 2. From this inequality the result follows immediately just
by applying the version of the Gehring Lemma due to Giaquinta and Modica
(see [G], Theorem 1.1, Chapter 5). m

Now we give a list of useful lemmas. The following lemma is a slightly
modified version of the approximation result proved in [AF2].

LEMMA 2.6. Let u € WH4(R™ RN) with ¢ > 1. For every K > 0, set
Hig ={z € R": M(Du) < K}.
Then there exists a Lipschitz function w : R™ — RY such that | Dw|e <
cK, w=uon Hg and
meas(R" \ Hg) < cHDqu/Kq,
where ¢ depends only on n, N,q.

The next result is a simple consequence of a priori estimates for solutions
of linear elliptic systems with constant coefficients.

PROPOSITION 2.7. Let u € WHL(2,RN) be such that
(2.4) \ A7, Dou' Dy’ da =0
Q
for any ¢ € CL(2,RYN), where (Afjﬁ) is a constant matriz satisfying the
strong Legendre—Hadamard condition:
Agﬁ)\i)\juaug > vAP|u)®>  for any X € RN, p e R™.
Then w is C*° and for any Bgr(xo) C {2,

(2.5) sup |Du| < % S | Dul dz,

Brys B
where ¢ depends only on n, N, p, v and max Agﬁ.
Proof. See [CFM], Prop. 2.10. m
The following selection theorem due to Eisen [Ei] is also useful.

LEMMA 2.8. Let G be a measurable subset of R¥ with meas(G) < oo.
Assume (M},) is a sequence of measurable subsets of G such that, for some

e >0,
meas(Mp) > for all h e N.

Then a subsequence (My,) can be selected such that (), Mp, # 0.



Partial regularity of minimizers 225

We conclude this section by recalling a well known variational lemma due
to Ekeland. It will be one of the main technical tools in the next section.

THEOREM 2.9 (Ekeland). Let (X,d) a complete metric space and F :
X — (—00,00) a lower semicontinuous functional such that

—00 < inf F < oo.
X

Let € >0 and z € X be such that
F(z) <inf F +e.
X

Then there exists y € X such that
dz,y) <1, Fy) <F(x), Fr)<F(z)+ed(y,z) VzelX.
Proof. See [Ek] and [Gi], Chap. 5. =

3. Proof of the main result. In this section we will prove the partial
regularity of minimizers of the functional

I(v) := | f(z,v(x), Dv(x)) dz,
(%

where v € WHIP(2,RM), 1 < p<2,and f: 2xRY xR"™W — R is a function
satisfying the following assumptions:

(H1) |f(z,v, )] < L1+ [€]7);

(H2) | f(z0,v0,€ + Dg(x)) dz
(%
> | [f(wo,v0,€) + v(1 + €1 + [D(2)[*) P~2/2| Do (2)?] dx
? V(z0,v0,€) € 2 x RY x R™ | v € CJ(2,RN);

(Hs) (@, u,8) = f(y,0,8)] < CA+[E[P)v(Je —yl” + |u —v]”)

where y(t) <17, 0 < 0 < 1/p and = is bounded, concave, nonnegative and
increasing;

(Hy) fee(z,u, &) is continuous;
there is a continuous function v : R™¥ — R satisfying
(Hs) F,u,€) > 6(€)

and

V o(Do(x)) da > | [(0) + v| Dg(x) ) da

Q 2
for every ¢ € C3(£2,RY) with C,v > 0.
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REMARK 3.1. Condition (Hsz), introduced in [E] in the case p > 2, is
called uniform strict quasiconverity and implies that for any (z,v,£) € 2 x
RY x R™ X e RV, u e R,

0% f
0¢1,0¢,
with ¢ independent of &, A, pu.

(2,0, NN papig > cv(1 + €1 P22 N2 |2,

Notice that we do not assume any control on second derivatives. However,
if a function f is quasiconvez, i.e. satisfies (H3) with v = 0, and has the
growth control (H;), then it is well known (see [AF1], [M]) that

(3.1) IDf(@,0,8)] < e(n, N,p)L(L+ [¢[77).
We also recall that a function u € WP (02, RN) is a minimizer of I(v) if for
any function ¢ € WP (£2,RN),
I(u, 2) < I(u+ ¢, 2);
while an w-minimizer is a function u € WP (2, RY) such that
I(u,By) <[1+w(r)(u+ ¢, B,)

for any function ¢ € Wy ?(B,,RY), B, CC £, where w : Rt — Rt is a
continuous nondecreasing concave function such that w(0) = 0. It is easy to
check that a minimizer is also an w-minimizer if we take w = 0.

We can now state the main result of this section.

THEOREM 3.2. Let f be a C? function satisfying (H;) for i =1,...,5
and let w € WIP(Q2,RN) be an w-minimizer of a functional 1(v) with
w(r) < er®, § > 0. Then there exists an open subset 2y of §2 such that
meas(£2\ 20) = 0 and u is in C1*(2y,RY) for some o < 1.

A standard technique in order to prove such results is to look at the
decay in small balls around a point zg of the so-called excess of the gradient
of the solution u. Roughly speaking the excess E(xo, R) measures how far
the gradient is from being constant in the ball Bg(xo). In our case, following
the techniques introduced in [FH], in view of some estimates provided by
applications of Ekeland’s variational pinciple, it will be convenient to define

E(wo,R) = § [V(Du(z)) = V((Du)sy,r)|* dx + R,
BR(I())
where § > 0 is a suitable positive constant and V' is given by (2.1).

We recall here a semicontinuity result:

LEMMA 3.3. Let p > 1 and let f: R™ — R be a quasiconvex function
of class C satisfying
FOI < L+ [¢7).
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Then for every u € WP (02, RN) the functional §o, f(Dw) dzx is sequentially
lower semicontinuous on the Dirichlet class u+ Wol’p(Q, RY) endowed with
the weak topology of WP,

Proof. The proof is a simple consequence of the semicontinuity theorem
of [AF1] (see also [AF3]). m

The following higher integrability result can be found for example in [Gi];
see also [AF3] and [M].

THEOREM 3.4. Let f satisfy (H1)-(Hs) and

|f(@,u, & +n) = fla,u, )] < c(L+ [EP7 + [P~ )nl,

and let uw € WIP(Q2,RN) be a minimizer of I. Then there are qo > p
and Cy > 0, independent of u, such that u € VV&)’C‘JO(Q,RN) and for every
B, C {2,

1/q0 1/p
( [ |Duje d:r) < 00( {1+ Dupy? da:)
Br/2 B,

Proof. See Lemma IV.3 of [AF3]. m

REMARK 3.5. We remark that it is possible to get higher integrability
up to the boundary. In fact for 2 = B, following [Gi], page 112 (see also
[AF3], Remark (IV.4)), if there is a function ug € WH4(R", R") such that

u—ug € WyP(B,RY), ¢>p,

then there exist qq, Co, p < qo < ¢, such that u € WH% (B, RY) and

1/q0 1/p 1/q0
(S | D0 dx) < Co( §(1 + |Du|?) dx) + (§ | Dug| % da:)
B B B
LEMMA 3.6. Let f satisfy (Hiy), (Hs) and fivx 9 € 2 and ug € RV.
If B, is any ball in R™ and u € WYP(B,,RY), then the functional
SBT f(xo,ug, Dw(z))dx is sequentially weakly lower semicontinuous on

w+ Wy (B,,RN) and satisfies

S f(xo,ug, Dw(z))de > v S |Dw|P dx — ¢ S (1 + |Dul?) dz.
B, B, B,

Proof. The semicontinuity follows from Lemma 3.3, since (Hz) implies
quasiconvexity.

Now, let & € (u), + Wy?(Bz, RY) be an extension of u such that
§p,, |DulPdr < g |DulP dz; if we set, for every w € u + Wy P (B, RY),

~  [Jw in B,,
YZ1% in By \ B,
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then by (H2) and Lemma 2.1(vii),
S f(xo,up, Dw) dx + S f(xo,uo, Du) dx
B, B3, \B;,

= S f((l?'o,UO,D'Jj)d$Z S l/’V(D'UJ)|2d1‘+ S f(':UUvanO)dx
B2r BT‘ BQT

= | v|V (Dw)|? dz + | v|V (Dw)|? da

B.N{|Dw|>1} B.N{|Dw|<1}
+ S f(lL'o,U0,0)diU
B2r
> S v|Dw|? dx + S v|Dw|dx — ¢+ S f(zo, up,0) dx
B.N{|Dw|>1} B,.n{|Dw|<1} Ba,

> SV]Dw\pdx—c+ S f(zo,up,0) de.
B, Bo,

The assertion follows easily by (H;). m
LEMMA 3.7. There exist constants 0 < 1 < P2 < 1 and ¢ > 0, for

every k > 0, such that if u is a minimizer of I, r < 1, Ba,(z9) C {2 and
(|Du|P) sy 2r < K, then there is a v € u+ Wy P (B, (), RN) such that

(k) ( S |Dv — DulP d:v)l/p < cgrh
B,/a
and
(kk) S f(xO)(u)wo,TvDU($)) dx
B,

< | f(@0, @agr, Dv(z) + Dd(x)) dx + 7% | |Dg| dv
B, B,

for every ¢ € CL(B,(x9),RN).
Proof. By Theorem 3.4, there exist gy > p and ¢ such that u € I/Vli’fo (12)
and
1/q0 1/p
(3.2) ( [ [Duj da:) < co( [ (14 |Duf) dx)
B2 B,

for any B, CC 2. By Lemma 3.6 there exists w € u—&—Wol’p (B,,RY), solution
of the problem

min{I°(w) : w € Wy ?(B,,RY)}
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where

R(w) =% f(xo, (w)y, Dw)da.

B"‘
By Remark 3.5 we can pick ¢; > 0 such that p < ¢; < q¢ with

33) (§a d:n)l/ "

B,

< co[(é 1+ |Dﬂ|p)dx>1/p+ (fa+ |Du|41)d:c)1/ql]

Ld Ld

From Lemma 3.6, the minimality of @ and the growth assumption we have

(3.4) VIpupde < § f(ao, (W), Du)dz + ¢ § (14 [Dul?) dz

B, B, B,
<ct(1+|Duf)dx
B,
Finally, by (3.2)—(3.4) and Holder’s inequality we have
1/q1 1/p
(3.5) ( { |Da d:z:) < c( fa+ \Du|P)d;c)
B

L L

< c( S 1+ \Du|q1)da:)1/ql.

B’!‘

Now we estimate the difference I (u, B,.) — I?(w, B,.). We have
I(u, By) = 1)@, B,) = § [f(wo, (w);, Du) = f(wo, (W), Du)] dz

= § [f(x07 (u>r7Du> - f(x7u7Du)] dx
B
+ Y[ (2,3, D) — f(o, (W), D) da

+ Y [f(z,u, Du) — f(z,5, D)] dx = T+ I+ IIL

By w-minimality we get
I < cw(r) § f(x,7, D) da.
B,
Moreover, by the growth condition, (3.4) and (3.2) we obtain
I < cw(r) § (1+|DTP) < cw(r) § (14 [Duf?) dz
B, B,
< c(k)w(r) < c(k)r’.
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Now let us estimate I using the hypotheses on v and the Holder and Sobolev—
Poincaré inequalities:
1< § 1+ [DuP )y = zof” + [u = (u), ") do
B,

< c( § 1+ |Du|%) dm)p/qo

(
J(g0—p) 1-p/qo

x (5 A = wol? + u— (w), 7)o/ @) dx)

B,

< c(k)’y(rp(l + § | DulP d:r))l_p/qo < c(k)rpo(1=p/0) = ¢(k)rdr.

B,
As for I and III, we obtain

m<e( § @+ pajm) da:)p/ql (§ 12— zol” + Ju—u, )/ @) dz)

r r

1-p/q1

<c(k)y (rp<1 + S | Dul|P dm))lip/ql < c(k)’r’p"(l_p/‘“) = c(k)r52.

Then we get
I} (w) = (@) < c(k)r®

where 3 = min{dy, do, 7}.

Now we consider the complete metric space u + I/VO1 ’l(Br) endowed with
the metric

d(v,w) = (c(k)r®/2)~1 S |Dv — Dw|dx
B,
and we set
J(w) = {Ig(w) if w e u+ WP (B,),
00 otherwise.
This functional is lower semicontinuous in u + Wol ’1(Br) by Lemma 3.6 and
by definition of @ it turns out that
inf J = I?(u).
Now we apply Ekeland’s theorem to find a function v € u+Wy "' (B,) with
S |Dv — Dw| dzx < c(k)r®/?
B'r
which minimizes the functional
J(w) = J(w) + rds/? S |Dv — Dw| dx,
Br

that is, satisfies (kk) with 82 = d3/2 if we pick w = v and we put ¢ = v —u.
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Applying Theorem 3.4 to the functional J (w) we see that there are con-

stants ¢ and ¢ independent of k, r and satisfying p < ¢ < ¢o such that
v e W,29(B,) and

loc

($ ’Dv\qd$)1/q36<§(1+\Dv[”)dm>l/p.

Br)s .
Now, if 7 = (¢ — p)/((¢ — 1)p) so that 1/p = 7+ (1 — 7)/q, interpolating we
have
1/p T
( § | Dv—Du|? dm) Sc( § | Dv— Dul| da:) ( § \Dv—Du\‘%ix)

/2 r/2 r/2

(1-7)/q

Using the previous inequalities and the assumptions on (Du),, we get

1/p
( S |Dv — DulP da:) < e(k)rdsT/?
Br)s
and the assertion follows with 81 = 037/2 < (B2. =

To complete the proof of Theorem 3.2, we need the following technical
lemma (see [AF4] for the proof):

LEMMA 3.8. Let f : R¥ — R be a function of class C? satisfying, for

any € € RF,
IDFE)] < L(L+ ¢ P=D/2
with 1 < p < 2. Then for any M > 0 there exists a constant c, depending
only on M, p, L, such that if we set, for any A\ > 0 and A € R* with
Al < M,
Fan(€) = A2[f(A+XE) — f(A) — ADf(A)],
then
[fax(€)] < elp, L M) (1 + [AE2) P22 ¢ 2.

Due to the fact that we will use comparison functions provided by The-
orem 2.9, we have to modify our excess function for the gradient of the
minimizer u. Namely we define

E(zo,R) =R+ | |V(Du)—V((Du)s, r)*dx
Br(zo)
with 0 < § < 31, 1 given by Lemma 3.7.

We can now establish the decay estimate of E(xo, R). The proof we give
is based on an idea contained in [EG], later modified in [AF4] in order to deal
with functionals with no control on the second derivatives (see also [CP]).
We will follow closely the various steps of the proof as presented in [CFM].

PROPOSITION 3.9 (Decay estimate). Fix M > 0. There exists a constant
Chr such that for every 0 < 7 < 1/8 there is an ¢ = (1, M) such that if
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|(W)zo,r| < M, [(Du)gy.r| <M and E(zo, R) < € then
E(z0,TR) < Cym° E(wo, R).
Proof. Fix M and 7. We shall determine C'j; at the end of the proof.

Step 1: blow-up. We argue by contradiction, assuming that there is a
sequence Byp, (z5) of balls contained in {2 such that |[(u)g, ar,| < M
|(Du)g), ar, | < M, limy, E(xp,4Rp) = 0 and

(3.6) E(zn,47Ry) > Cym? E(xy, ARy,).

Set
A\ = E(zp,4Ry).

Using Lemma 2.1(i)&(iv) and the previous assumptions, we have

Mze § |V(Du) = V((Du)s,ar,) de

Burg,, (zn)
>c §  |Du—(Du)syar, (1 +M? +[Du?)?~2)/2 da
Bayrg,, (zn)
zc § ’Du_(DU/)mhARh‘2(1+2M2+’DU/_(Du)mh74Rh‘2)(1)72)/2 dx
Bag,, (zn)
>c | (1+2M°+|Du— (Du)a,ur,|)"? dv — K.
B4Rh($h)

Hence
S |Du - (Du)mh74R}L

Bayrg,, (zn)

P<e

for a suitable constant ¢ > 0. From the assumptions at the beginning, we
get
S |Du|P dz < ¢’ < .

Bug,, (zn)

Now, by Lemma 3.7, we choose uy, € u + Wy (Bag, (1), RY) such that

1/
§ |Du — Duy,|? da:) ! < cRﬁ1

B2Rh (ﬁh)
and, for every ¢ € C}(Bag, ,RY),
(3.7) \  f@n, (w)2r,, Dun(z)) da

Bar,, (zh)

< | f(@n (w2, Dun(x) + Dé(z)) dx + (2Rn)*> | |Dg¢|dx.

Bag,, (zn) Bzg,,
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Hence

< 5’ ’Du—Duh|dx+ ‘(DU)I}HR}L
BR}L (Ih‘)

|(Duh)xh7Rh

1/p
<( § IDu-Dwlrdz) " +|(Du)a,n,| < (M),
BR;L(Ih)

Now we put
Ap = (Duh)mh,Rm anp = (uh)mmRm

W= (AR 4§ V(D) — V(AP da:

Baur,, (zn)

and rescale the functions uj in each ball Bg, (z}) to obtain a sequence of
functions on By (0):

VR (Y) [un(zn + Rny) — (un)ap,r, — RrAny).

Ry

Clearly, we have
1
Doy (y) = E[Duh(l’h + Rpy) — Arnl,  (vn)o1 =0, (Dvp)oa =0.

Now, let us prove that
Ao > epq,  e>0,
a relation useful later on. To this end observe that by Lemma 2.1(vi),
§' |V (Du) — V((Du)mh,‘th)’Z dx
Baur,, (zn)
>c | |V(Du—(Du)s,ur,)|* dz

Bag,, (zh)

=c }  |VI(Dun— Ap) — (Dup — Du) — (D)a, ar, — An)]|* da

Bag,, (zh)

>c § V(Dun—Ap)Pdz—c | |V(Dup— Du)dx

Bayrg,, (zn) Bur,, (zn)

—c § V((DW)a,ar, — An) da

Bar,, (zn)

>c[ § VD) - VAP de T - Tl

Burg,, (vn)
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From this estimate we deduce
pi < C[A; 4 T + Io ).
We observe that

Lip+ILp,<c § |Dup, — DulP dax < cRﬁlp < CR;SL < c)\%

Bar,, (zn)

and so A7 > cu?, ¢ > 0.
Now, we prove that

& | Dvp|P dx < ¢ < o0.
B1(0)

In fact, by Lemma 2.1 we have
§ V(Duh(xh + Rhy)) — V(Ah)

B1(0) s

2
dy

1
ZCN—Q § [Dun(@n+Ruy) = Apl*(1+| Dun (n + Ray) >+ |An]*) P =272 dy
h B, (0)

2 (p—2)/2
—c § pup(1+ )y

’Duh(:ph + Rpy) — Ap + Ay,
B1(0)

Hh

>c § Do (14 pj | Donl? + |AR|*) =272 dy
B1(0)

>c | [DonlP(kas + |Don)) P22 dy > ¢ 4 (kar + [Donl?)P/? dy — k),
B1(0) B1(0)

and we note that the first integral in the above estimate is dominated by 1.
Passing possibly to a subsequence we may conclude that (Dwvy,) is bounded
in LP(By,R™Y):

(3.8) |Dup ||, < ¢ for any h,

and assume, without loss of generality, that v;, — v weakly in WP (B, RY),
and, since |Ay| < M for all h, that A, — A.

Step 2: v solves a linear system. From the Kuler—Lagrange system for u,
rescaled in each Bg, (z3), we deduce that for every ¢ € C3(B;,RY) and
re€ 2, acRY and A c R,

2
g of ~(z,a, A)Dov' D¢’ dy = 0.

3.9
39 ) o6,08)
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Consider the functional
G(¢)= | flan an, Duy+Dg)dz +cRy | |Do|de.

Br,, Br,,

From Step 1 writing the Euler-Lagrange equation of G and rescaling we get

1 0 o |
m BS <a£]; (@1, an, An + i Don) - %(mh, an, An), Da¢l> dy

R72
4 c—h S|D¢|dy:0.
Ph g

By compactness we may suppose that z;, — x € £2 and ap, — a € RY. Now
we observe that
(3.10) R /up — 0.
In fact § < 51 < B2 and
ph > (4Rp)°, Ry —0

and so we get (3.10).

Performing the same computations of Step 2 of Proposition 3.4 in [CFM],
we see that
1 S [ af

lim — .
o g 108

(Ap + ppDop) —

D) A
o (40)| Da ay

-2
5, 96693

by (3.4). By Remark 3.1 the coefficients of this linear system satisfy the
inequality

(A)Dv'Dgg? dy =0

o) "
c(v, M)AP|uf* < ———(z,a, AXN'N papp < (M)l
96,08,
hence from Proposition 2.7 we deduce that v is C'*° in B;. Moreover from
the theory of linear systems (see [G], Th. 2.1, Ch. 3) and by (2.5) and (3.3)

we see that if 0 < 7 < 1/2 then

S |Dv — (Dv),|*dy < ¢(M)7? S |Dv— (D)1 /2| dy < ¢(M)7* sup |Do|?
B
B, Bi/2 1/2

< C(M)TQ( ! ]Dv|pdx)2/p < C*(M)7.
B,

Step 3: higher integrability of vy. Set
Fn(€) = w2 [f (@ny an, An + pn&) — f(xn, an, An) — pnD f (zn, an, Ap)].
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Then thanks to Lemma 3.8 and applying Lemma 2.5 to the functions f5 (&),
we get, by (2.3) and Lemma 2.1(vi),

B11) b [V(paDop) PO dy
B2

1+
<o § IV(Dun(@) - An)Pde+ iR

Bug,, (zn)

2 2 p2 )
<cn)(§ IVDu@) = V(AP de + R
Bur,, (zh)
é 2
< el + (i R ).
Arguing as in Step 1 we conclude that the sequence (Dwvy,) is bounded in
,p(1+9) (31/27 RnN).
Step 4: upper bound. Fix r < 1/3 and set
IMw) = | fu(Dw(y))dy.
B

Passing to a (not relabelled) subsequence, we may always assume that
limp, [I7 (vy,) — I (v)] exists. We claim that

liml % (u3) — 12 (0)] < 0.
Choose s < r and take ¢ € C§°(B,) such that 0 < ( <1, (=1 on B, and

|IDC| < 2/(r—s). If we set ¢p, = (v — vp){ we can go on as in Step 4 of
Proposition 3.4 in [CFM]. Namely we have, rescaling inequality (3.7) above,

L (vn) = 1! (v)

2
< I} (v + én) — \ Dol dy
h B,
1
< (1 + —5 |V (un(v — vn) DE + pnCDv + pun (1 — C)Dvh)]2> dy
B, \B Fh
2 S |Dén| dy
h B,
C
<z ) < + [V (unD)[? + |V (un Do)
h B
B.\B

+ max{| D¢|?, [DCPHV (un(v —vn)[?)

S | Dy | dy
B,
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c
T2
Hp,

IN

(1 + IV G Do) + 2V o = o))

S

B, \B;
B2
h

R
+c—3 S | Do dy.
Ky, B,

By the Holder inequality and (3.11) of Step 3, we get
1
§ 1V Don) 2 dy < e[ BP0+,
B Hh
From the above estimate we get

IMop) = I (v) < c(r — 5)%/0F0) 4 % Vo V(n(o—on)? dy
Nh(r —3) Bo\B.
RBZ
+c— | [Dgn| dy.
Ky, B,

By (2.2) and taking 6 such that 1/2 = 0 4+ (1 —60)/(2(1 + o)), we obtain,
using Lemma 2.1(ii) & (iii),
VIV (v —vn))? dy

B, \Bs

S( S |V(Mh(v—vh))|dy>29( S |V(Mh(v—vh))]2(1+")dy)
Br\B; B.\B.

20
<’ (§lo—onldy) (§ V(a0 —vn) = (o —vn)o15) 27 dy
B, Bi/s

(1-0)/(1+0)

(1-0)/(1+0)
+ |V (un(v — Uh)0,1/3)|2(1+0))

<e?(§lo—uldy)” [(§VomDu)Pdy) "+t

1 1

9 20
<euf(§ v —wldy) ",
B,

where we have used the estimate (see (3.11))
(3.12) b1V (unDon)? dy < e
B,
Therefore we obtain

[ Vo o)y < exi (§ o —valdy) "
B\Bs B:
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Moreover

IM(vy) — IM(v) < c[(sgp |Dv[?)(r — s) + (r — 8)5/(1+5)

r

1 20 RP2
m(él v —Uh|dy) +c M% Bsr |D¢h|dy:|-

Since vy, — v in LP(By,RY), letting first h — oo and then s — r we prove
the claim.

Step 5: lower bound. We claim that for t < r < 1/6,
timsup | [V(an(Do — Don)dy < clim{I} (un) — I}(0)].
ho g,
Let ¢ € Cj(Big) be such that 0 < ¢ <1, ¢ =1 on Bys and |D¢| < c. Set
’17}1 = Uh(b, U= U¢.

We may always assume that the exponent § given by the higher integrability
estimate (3.11) is less than or equal to the exponent o provided by the
Sobolev—Poincaré inequality (2.2). Therefore by (3.11) and (3.12) we get

V1V (D) 204 ay
R'n

<c | V(Do) POH dy+c | [V (pon) P00 dy

Bise Bi/6
=¢ S [V (1 Dop) P dy + ¢ S IV (non — pn(vn)o6) 240 dy
Bise Bi/6

+ C|V(Mh(vh)o,1/6)|2(1+6)

1406
< et 4 0( V1V (unDop)? dy) < cpntt.
By

From this estimate and Proposition 2.3 of [CFM], it then follows that
(3.13) IV (unDon) || p2+6) gy + 1V (n M (DUR)) || L2145 (gmy] < €

for all h. Fix € > 0. From the estimate above it is clear that there exists
n > 0 such that if G C R™ is a measurable set with meas(G) < 7, then

(3.14) [ VIV D)2 dy + § 1V (M (D) dy] < c.
e G

Notice that (3.13) also implies that (¥,) is bounded in WP+ (R? RN),
therefore by the continuity of the maximal function in L4 spaces we deduce
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that there exists K > 1 such that, setting Sy, = {y € R™ : M(Dvy)(y) > K},
(3.15) meas(Sy,) <n  for all h.

Having chosen K, we now apply Lemma 2.9 to find a sequence of func-
tions wy, € WH(R", RY) such that
(3.16) wp, = vp, on R" \ Sh, HthHoo < cK.
Therefore, passing to a (not relabelled) subsequence we may also suppose

that
wp, —w  weak® in WH(R™, RY).
Notice that by (3.14), (3.15) and the definition of S}, we have the estimate
meas(Sp)(1+ pi K2) P22 K2 < Mi V1V (un M (D)) dy <,
h g,

which gives
(1+ M%[(?)(?fp)/? ¢

K? S K2
for h large enough. We now turn to estimate the difference
(318)  I'(vn) — I'(0) = (@) — I (wn)] + 1} (wn) — I (w)]

+ [I}(w) = I}(v)] = R} + R} + RY.

By Lemma 3.8 and (3.14)—(3.16) we get

(319)  [RY< | (D) — fu(Dwn)| dy
ShNB,.

(3.17) meas(Sy) < ¢

C ~ ~
< — { V(unDW)[* + V(M (D)) dy < ce.
h Sh

Now choose t < s < r and take a cut-off function ¢ as in Step 4. Setting
VY = (wp, — w)¢ we split RY as follows:
(3.20) Ry = [I}(wp) — I (w + 4p)]r
+ (W + vn) = I (w) = I} (¥n)] + L ()
= Ry + Rl + Rl
Again by Lemma 3.8, (3.16) and Lemma 2.1(i)&(ii) we have

IRi< | |fa(Dwn) — fr(Dw + Dyy)| dy
B, \Bs

<5 | [IV(uthh)l2+|V(uth)2+ IV (o (w, —w))|?| dy

2
Hh g \B,

1
(r—s)?
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Since wy, — w uniformly we conclude that

(3.21) limsup |RY| < c(K)(r — s).
h
To bound RQ we observe that for any A, B € R™V,
11
fn(A+B) = fu(A) = fu(B) = \\ D*fu(sA+ tB) dsdt
00
and therefore
11
RQ = S dx X S D2 f( Ay, + sppDwy, + tpn D) DwDay, ds dt.
B. 00

Since D?f (A, + spupDwy, + tup D) converges to D? f(A) uniformly, and
wy, — w weak® in W1, we easily get

(3.22) lim RE = 0.
Moreover (Hz) implies that

Ry =\ fu(Dyn)dy > = \ [V (unDyn)|? dy
B, Fh B,

N

> — | [V(un(Dwy, — Dw))? dy.
B

s

CHR

Passing possibly to a subsequence we may suppose that lim, R} also
exists. Therefore by (3.20)—(3.22) we deduce

(323) lmRj > lin sup M% | 1V (un(Dwr, — Dw)Pdy — () (r — 5).
h B,

To deal with R} we use a technique introduced in [AF1]. First we prove
that

(3.24) meas{y € B, : v(y) # w(y)} < 3¢/ K>
Set S ={y € B, :v(y) # w(y)} and
S=Sn{yeB, vy = limop, (y) }-

Then meas(S) = meas(S). We argue by contradiction. If meas(S) > 3¢/K?
then by (3.17), meas(S \ Sp,) > ¢/K?2 for h large enough and by Lemma 2.8
there exists ¥ € B, such that 7 € S \ S}, for infinitely many h. Passing to
this subsequence, we have

(@) = limop(y) = limws (y) = w(y);
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hence y ¢ S, which is a contradiction. This proves (3.24). Now, since Dv =
Dw a.e. in B, \ S, by (3.7) and (3.24) we get

(3.25) IR < | |fa(Dw) — fu(Dv)| dy
B,NS

C
<— | V(Do) + |V (unDw)) dy
Fh B,NS

c(1+ K?)e
K2
since K > 1. By this inequality, (3.18), (3.19) and (3.23) we conclude that

c(1+ K*)meas(S) < < ce,

(326) {1} (on) = 1)) > limsup oy § |V (D~ D) dy
h h B,

—c¢(K)(r —s) — ce.

By Lemma 2.1(iii) we then have

(3.27) —2 X (un(Dv — Duy))|* dy
Fh g,

<

§M| o

V[V (un(Dw — Dwy))|* dy
B

)

+

C
— | V(un(Dwy — Do) dy
a B.NSy,
C
+—= S [V (un(Dv — Dw))|? dy.
Mh B;NSh

With the same argument used to prove (3.24) we also get

C
(328) — | [V(un(Dv— Dw))]dy
K, B.NS
C
< — | [V(unDv)]* + |V (unDw)[?) dy < ce
K, B,NS

and as in (3.19) we get
c

2 \ [V(un(Don — Dwy))| dy
h

B:NSh

C
< 2 VIV (unDTR) P + |V (10 M (DTR))|?] dy < ce.
Fr g,

From this estimate and (3.26)—(3.28) we finally conclude that
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lim sup S (pn(Dv — Do) |2 dy < chm[[h(vh) I (v)]
h B,

+ce + ¢(K)(r — s).
The proof of the claim then follows by letting first s — r and then ¢ — 0.

Step 6: conclusion of the proof. From the previous two steps we see that
for any 0 < 7 < 1/8,

1
h — \ [V(un(Dv — Duy)) > dy = 0.
Ky, B.
Now,
i E(xp,47Rp) < clim E(xp,4TR},)
h A7 ~ h we
1 SRS
= clim 2 ' V(Dw) - V((DWs, arr,) I do + ¢lim T;ﬁ h
h Byrry, (zh) h

. c

< lim — b (V(Du = Dun)l? + |V(Dup, — (Dup)e, arr, )|
all Barry, (zh)
) 7_6R5
+ |V((Du)z;“4'rRh - (Duh)thTRh) )dﬂj‘ + Ch}lln M2h
h
C

< lim 5 ( § V(un(Don — (Don).)) P dy

h p? i

6R5
+ § |Du — Duy|P dx +clim 2
T

Brry, (zh)

< iy § (IV (ua(Dvn = D)) + |V (ua(Dv = (D))

,7_5R§

+ [V (pn((Dv)7 = (Dup)-)I?) dy + clim — B
Hp,

< (M),
and since Dvy, — Dv weakly in LP(By, R™") we deduce that
E(zp,ATR),)
N
which contradicts (3.6) if we choose Cpy = 2C*(M). m

Proof of Theorem 3.2. With the same techniques used in [CFM] (see
also [FH]) we obtain the assertion. m

li}ILn < C*(M)7°,
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