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Homogeneous Riemannian manifolds
with generic Ricci tensor

by Włodzimierz Jelonek (Kraków)

Abstract. We describe homogeneous manifolds with generic Ricci tensor. We also
prove that if g is a 4-dimensional unimodular Lie algebra such that dim[g, g] ≤ 2 then
every left-invariant metric on the Lie group G with Lie algebra g admits two mutually
opposite compatible left-invariant almost Kähler structures.

0. Introduction. In this paper, we study Riemannian homogeneous
manifolds (M,g) which admit certain totally geodesic invariant foliations
with leaves locally isometric to a Lie group with a left-invariant metric. In
particular, we study Riemannian homogeneous manifolds whose Ricci tensor
is generic, i.e. whose Ricci tensor has n = dimM different eigenvalues. We
also give some criteria for a homogeneous manifold to be locally isometric
to a Lie group (G, g) with a left-invariant metric g. In [B-V] very inter-
esting examples are presented of 4-dimensional homogeneous A-manifolds
with generic Ricci tensor. These examples are unimodular Lie groups. In
the present paper we prove that every simply connected homogeneous A-
manifold with generic Ricci tensor has to be a unimodular Lie group with a
left-invariant metric, and that such manifolds cannot be geodesic orbit (g.o.)
spaces. In particular, there are no naturally reductive homogeneous spaces
with generic Ricci tensor. We also prove that if the Ricci tensor of a homoge-
neous g.o. space is negative definite, then all its eigenvalues have multiplicity
grater than or equal to 2. Furthermore, we show that homogeneous spaces
with generic Ricci tensor can admit left-invariant almost Kähler structures.

W. Thurston’s [T] famous example (first given by Kodaira [Kod]) of a
symplectic manifold which does not admit any Kähler structure, admits a
structure of almost Kähler manifold which is a compact quotient of a left-
invariant homogeneous almost Kähler structure on a 4-dimensional nilpo-
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tent Lie group with a left-invariant metric. We generalize these examples
and prove that if G is a 4-dimensional Lie group with unimodular Lie alge-
bra g such that dim[g, g] ≤ 2, then every left-invariant metric on G admits a
compatible almost Kähler structure. We also give simple examples of locally
homogeneous Riemannian metrics with generic Ricci tensor on the torus T 4

which admit two mutually opposite invariant almost Kähler structures. Such
examples are interesting in connection with the Goldberg conjecture (see
[Se-1], [Se-2], [O-S], [C-F-L], [F-G]). Still unresolved, the Goldberg con-
jecture says that every compact Einstein almost Kähler manifold must be
Kähler. Note that the Goldberg conjecture comes from Riemannian geome-
try rather than from symplectic geometry, i.e. one can imagine that there ex-
ists a compact Kähler manifold (M,ω) with Kähler form ω such that (M,ω)
has an associated strictly almost Kähler structure (M,g, J) and (M,g) is
Einstein.

At present there are many examples of strictly almost Kähler structures
on compact 4-dimensional manifolds (see e.g. [O-T]); recently Drăghici has
given a large class of symplectic 4-manifolds (M,ω) such that ω is not a
Kähler form of any Kähler structure (M,g, J) on M (see [D]). However they
are given in a non-explicit form and it is difficult to check whether (M,ω)
admits, for example, an associated almost Kähler structure (M,g, J) such
that (M,g) has constant scalar curvature. Our examples show that the flat
Einstein–Kähler metric (T 4, g, J) on T 4 is not an isolated point in the space
of Riemannian locally homogeneous almost Kähler metrics on T 4, i.e. there
exists a smooth family (T 4, gb, Jb), b > 0, of different strictly almost Kähler
locally homogeneous structures on T 4 (whose Kähler form comes from a
flat Kähler metric on T 4), convergent as b → 1 to the flat Einstein–Kähler
metric (T 4, g, J).

1. Preliminaries. Let (M,g) be a smooth connected Riemannian space.
We denote by Iso(M) the Lie group of all isometries of (M,g). The group
Iso(M) acts smoothly from the left on (M,g). A group G ⊂ Iso(M) is
called transitive if for all x, y ∈ M there exists an isometry φ ∈ G such
that φ(x) = y. For a right-invariant vector field X ∈ g we denote by X∗

the fundamental vector field of the action of G corresponding to X, i.e.
X∗x = d

dt{t 7→ at · x} where at is the one-parameter subgroup of X.
Let G,H be Lie groups with Lie algebras g, h and H ⊂ G. The coset

manifold M = G/H is reductive if there is an Ad(H)-invariant subspace m
of g that is complementary to h in g. A naturally reductive homogeneous
space is a reductive coset manifold M = G/H furnished with a G-invariant
metric such that, for the corresponding scalar product h on the space m,

h([X,Y ]m, Z) = h(X, [Y,Z]m),
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where [X,Y ]m is the m-component of [X,Y ] with respect to the decomposi-
tion g = h⊕m.

A Riemannian homogeneous space is called a g.o. (geodesic orbit) space
(see [K-V]) if every geodesic γ in M is an orbit of a one-parameter subgroup
of isometries of M , i.e. γ(t) = φt(x0) where {φt : t ∈ R} ⊂ Iso(M) is a
one-parameter subgroup of Iso(M). Every naturally reductive homogeneous
space is a g.o. space, but there are also many homogeneous g.o. spaces
(M,g) which are not naturally reductive (see [Ka]). Let∇ be the Levi-Civita
connection of (M,g). The curvature tensor R of (M,g) is defined by

R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z

and the Ricci tensor % of (M,g) is

%(X,Y ) = tr{Z 7→ R(Z,X)Y }.
By an A-manifold we mean (after A. Gray) a Riemannian space (M,g)
whose Ricci tensor % satisfies the condition ∇X%(X,X) = 0 for every X ∈
TM . We have the well known

Proposition 1. Every g.o. space is an A-manifold.

Proof. Let γ be a geodesic on M such that γ(0) = x0, γ̇(0) = X. Then
∇X%(X,X) = d

dt%(γ̇(t), γ̇(t))|t=0. Let Y ∈ iso(M) be a Killing vector field
such that Y ◦ γ(t) = γ̇(t). Then d

dt%(γ̇(t), γ̇(t))|t=0 = Y %(Y, Y )x0 = 0.

Let S be the Ricci endomorphism of (M,g), i.e. %(X,Y ) = g(SX, Y ).
Note that S is self-adjoint with respect to g. It follows that S is diago-
nalizable and has only real eigenvalues. The symmetric matrices with all
eigenvalues distinct form a generic subset in the set of all symmetric matri-
ces. We call a Riemannian homogeneous space (M,g) a space with generic
Ricci tensor if its Ricci tensor has dimM different eigenvalues. If S is a Ricci
tensor of a Riemannian homogeneous space then we denote by {λ1, . . . , λk}
(k ≤ n) the distinct eigenvalues of S and by Dλi = ker(S−λi Id} the eigen-
subbundle corresponding to λi. Note that each λi is constant, and Dλi is a
distribution of constant dimension. If g is a Lie algebra then z(g) denotes
the center of g, i.e. z(g) = {X ∈ g : [X,Y ] = 0 for all Y ∈ g}.

We denote by X(M) the Lie algebra of smooth vector fields on M .
If (M,g) is a simply connected, complete Riemannian manifold and g ⊂
X(M) is a dimM -dimensional Lie algebra spanned by an orthonormal frame
{E1, . . . , En}, Ei ∈ X(M) (i.e. Ei ∈ g and [Ei, Ej ] =

∑n
k=1 c

k
ijEk where

ckij ∈ R) then there exists a structure of a Lie group G on M such that
E1, . . . , En are left-invariant vector fields on G, and g coincides with the
left-invariant metric on G given by the frame {E1, . . . , En} (see [T-V]).

Assume that X is a Killing vector field (X ∈ iso(M)). This means that
the endomorphism ∇X ∈ Γ (TM ⊗ TM∗) defined by the formula ∇X(v) =
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∇vX is skew-symmetric. The following well known formula holds (see [K],
[K-N]):

(1.1)
1
2
∆‖X‖2 = ‖∇X‖2 − %(X,X),

where ∆ is the Laplace operator of (M,g), ‖X‖ is the norm of X and ‖∇X‖
is the norm of the endomorphism ∇X : TM 3 v 7→ ∇vX ∈ TM .

Let (M,g, J) be a 4-dimensional almost Hermitian manifold, i.e. (M,g)
is a Riemannian manifold, J : TM → TM is an almost complex structure
(J2 = − idTM ) and g(JX, JY ) = g(X,Y ) for all X,Y ∈ TM . The Kähler
form Ω ∈ Γ (

∧2
M) of (M,g, J) is defined by Ω(X,Y ) = g(JX, Y ). The

Hodge star operator (see [De]) ∗ (which depends on the orientation of M)
defines an endomorphism ∗ :

∧2
M → ∧2

M with ∗2 = id and we denote
by
∧+

,
∧− its eigensubbundles corresponding to 1,−1 respectively. Such

manifolds are always oriented and we choose an orientation in such a way
that Ω is a self-dual form (i.e. Ω ∈ ∧+

M).
An almost Hermitian manifold is called almost Kähler if dΩ = 0; the

corresponding almost Hermitian structure is then called an almost Kähler
structure. The Lee form θ ∈ Γ (TM∗) of an almost Hermitian 4-manifold
(M,g, J) is defined by the equality dΩ = θ ∧ Ω. We have θ = −δΩ ◦ J
(see [C-S-V]) where δΩ(X) = − trg∇.Ω(·,X). Recall here that for a tensor
Φ ∈ Γ (

⊗m
TM∗) of type (0,m), Φ : TM × . . .× TM → R, we define

trg|i,j Φ =
n∑

k=1

Φ(X1, . . . ,Xi−1, Ek,Xi+1, . . . ,Xj−1, Ek,Xj+1, . . . ,Xm)

where {E1, . . . , En} is any orthonormal frame on M and n = dimM . It
follows that (M,g, J) is an almost Kähler manifold if and only if δΩ = 0,
which is equivalent to

(1.2) δJ = 0,

where δJ ∈ Γ (TM) is defined by the formula δJ = − trg∇J(·, ·). In fact
∇XΩ(Y,Z) = g(∇XJY,Z), thus δΩ(X) = g(δJ,X).

A Hermitian 4-manifold (M,g, J) is said to have an opposite almost
Kähler structure if it admits an almost Kähler structure J with anti-self-dual
Kähler form Ω. Note that if Ω,Ω are two mutually opposite almost Her-
mitian structures on a 4-manifold M , then in the neighborhood of every
point x ∈ M there exists a local orthonormal frame {E1, E2, E3, E4} such
that Ω = E1 ∧ E2 + E3 ∧ E4 and Ω = E1 ∧ E2 − E3 ∧ E4. Indeed, since
Ω2 = 2vg, Ω2 = −2vg, where vg is the volume form of (M,g), we have
ω2

1 = 0 = ω2
2 , where ω1 = 1

2 (Ω + Ω) and ω2 = 1
2 (Ω − Ω). Since ∗ω1 = ω2

and g(ω1, ω1) = 1 = g(ω2, ω2), there exists a local orthonormal frame such
that ω1 = E1 ∧E2 and ω2 = E3 ∧E4 (we identify TM and TM∗ by means
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of g). This means that JE1 = E2, JE3 = E4, JE1 = E2, JE3 = −E4. If
M = G is a Lie group with a left-invariant metric and J, J are left-invariant,
then clearly we can take a global left-invariant orthonormal frame with the
above property.

2. Ricci tensors with unit Killing eigenfields. Let (M,g) be a
Riemannian homogeneous space and let G ⊂ Iso(M) be a transitive group
of isometries of (M,g). Define

l(G) = {X ∈ X(M) : [X,Y ∗] = 0 for all Y ∗ ∈ g∗ ⊂ iso(M)}
where Y ∗ is the fundamental vector field corresponding to Y , g is the Lie
algebra of the group G, and set

li(G) = {X ∈ l(G) : SX = λiX}.
Theorem 1. Let (M,g) be a Riemannian homogeneous space and let

S be its Ricci endomorphism. Let G be a transitive group of isometries of
(M,g). Then:

(a) Every vector field X ∈ l(G) is complete.
(b) l(G) is a finite-dimensional Lie subalgebra of X(M), dim l(G) ≤ n,

and z(g) ⊂ l(G), z(iso(M)) ⊂ l(G).
(c) For every X,Y ∈ l(G) the function g(X,Y ) is constant on M ; in

particular , if X ∈ l(G) and Xx0 = 0 for some x0 ∈M then X = 0 on M .
(d) The vector space l(G) is the direct sum l(G) = l1(G)⊕ . . .⊕ lk(G) of

the vector spaces li(G).
(e) The distribution spanned by l(G) is a totally geodesic foliation, i.e. if

X,Y ∈ l(G) then [X,Y ] ∈ l(G) and ∇XY ∈ l(G). Every leaf of the foliation
l(G) is locally isometric to a Lie group with a left-invariant metric.

(f) If additionally (M,g) is a g.o. space and G = Iso(M) then l(G) ⊂
iso(M), l(G) is the center of iso(M) and ∇XY = 0 for any X,Y ∈ l(Iso(M))
= z(iso(M)). If li(G) 6= {0} then λi ≥ 0.

Proof. (a) To prove (a) we can assume that G is a connected group,
otherwise we consider the identity component of G. Let x0 ∈M and let {φt :
|t| < ε}, where ε > 0, be a local one-parameter group of transformations
corresponding to X, defined in a neighborhood V of x0. Since [X,Y ∗] = 0
for every Y ∈ g, it follows that if x ∈ V , then φt(gsx) = gsφt(x), where {gs :
s ∈ R} ⊂ G is a one-parameter subgroup corresponding to Y considered as a
right-invariant vector field on G. Since exp : g→ G is a local diffeomorphism
of a neighborhood of 0 onto a neighborhood U of the identity e, it follows that
φt(gx) = gφt(x) for every x ∈ V and g ∈ U . Hence the group {φt : |t| < ε}
is defined on UV and hence on

⋃
n∈N U

nV . Since G is connected and acts
transitively on M , we get G =

⋃
n∈N U

n and consequently φt(gx) = gφt(x)
for every g ∈ U and x ∈ M if |t| < ε. Thus the one-parameter group
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{φt : |t| < ε} is defined on the whole of M . Now if t ∈ R take n ∈ N such
that |t/n| < ε and put φt = φt/n ◦ φt/n ◦ . . . ◦ φt/n. Then φt is a global
one-parameter group corresponding to the field X.

(b)&(c) If X,Y ∈ l(G) then for any Z ∈ g we have [X,Z] = [Y,Z] = 0.
Consequently, [[X,Y ], Z] = −[[Z,X], Y ]− [[Y,Z],X] = 0, hence [l(G), l(G)]
⊂ l(G). Thus l(G) is a Lie subalgebra of X(M). Let X,Y ∈ l(G) and
v ∈ TM . Then there exists a fundamental vector field Z ∈ g(M) such
that Zx0 = v. Consequently, vg(X,Y ) = LZ(g(X,Y ))x0 = g([Z,X], Y ) +
g(Y, [Z, Y ]) = 0. It follows that g(X,Y ) is constant for any X,Y ∈ l(G).
In particular any X ∈ l(G) has a constant length ‖X‖ =

√
g(X,X). Let

x0 ∈M be an arbitrary point and define a linear mapping F : l(G)→ Tx0M
by F (X) = Xx0 . Then F is injective since F (X) = 0 implies ‖X‖ =
‖X‖x0 = 0, thus X = 0. It follows that l(G) is finite-dimensional and
dim l(G) ≤ n = dimM .

(d) Note that if X ∈ l(G), then SX ∈ l(G), since for any Z ∈ g we
have LZ(SX) = (LZS)X + S(LZX) = 0. Consequently, S : l(G)→ l(G) is
a well defined endomorphism of l(G) with eigenvalues belonging to the set
{λ1, . . . , λk}. Thus l(G) = l1(G)⊕ . . .⊕ lk(G).

(e) Since for any infinitesimal isometry X ∈ iso(M) we have LZ∇ = 0, it
is clear that LZ(∇XY ) = 0 for any X,Y ∈ l(G). Consequently, ∇XY ∈ l(G)
if X,Y ∈ l(G).

Now, it is easy to show that every simply connected open subset U ⊂
L of any leaf L of the foliation spanned by l(G) is isometric to an open
neighborhood of the identity element e ∈ H of some simply connected Lie
group H with a left-invariant metric m.

(f) To prove (f), assume that (M,g) is a homogeneous g.o. space and
that G = Iso(M). Let X ∈ l(G) and let v ∈ Tx0M be arbitrary. Let γ be a
geodesic such that γ(0) = x0 and γ̇(0) = v. Since (M,g) is a g.o. space there
exists a Killing vector field Y ∈ iso(M) such that γ(t) = φt(x0) where φt is a
one-parameter subgroup corresponding to the field Y . Note that [X,Y ] = 0
and consequently ∇XY = ∇YX. Thus we have

g(∇vX, v) = g(∇YX,Y )x0 = g(∇XY, Y )x0 = −g(∇Y Y,X)x0 = 0

since ∇Y Y = 0 along γ. It follows that the operator ∇X : v 7→ ∇vX
is skew-symmetric, which implies that X ∈ iso(M). Now it is clear that
X ∈ z(iso(M)) and l(G) = z(iso(M)). Any Killing vector field X of constant
length satisfies ∇XX = 0. Thus for any X,Y ∈ l(Iso(M)) = z(iso(M)) we
have ∇XY +∇YX = 0 and consequently, since ∇XY −∇YX = [X,Y ] = 0,
we obtain ∇XY = 0.

Now assume that li(iso(M)) 6= {0}. Then there exists a unit Killing
vector field X such that SX = λiX. From (1.1) it follows that %(X,X) =
‖∇X‖2. Consequently, λi = ‖∇X‖2 ≥ 0.
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Corollary 1. Assume that (M,g) is a simply connected homogeneous
g.o. space such that dim l(Iso(M)) = n = dimM . Then (M,g) is isometric
to the group (Rn, can) with its flat standard bi-invariant metric.

Proof. This is an immediate consequence of Theorem 1(f).

Let (M,g) be a homogeneous space and G be a transitive group of isome-
tries of (M,g). Denote by lG the dimension of l(G).

Proposition 2. Let (M,g) be a simply connected homogeneous space.
Then (M,g) is isometric to a Lie group (G,m) with a left-invariant metric
m if and only if there exists a transitive group H of isometries of (M,g)
with lH = n = dimM .

Proof. If (M,g) is a Lie group with a left-invariant metric and H is the
group of all left translations of M then it is clear that l(H) is the Lie algebra
of all left-invariant vector fields, hence the “if” implication follows.

Now assume that H is a transitive group of isometries of (M,g) such
that lH = n. Let G be the simply connected Lie group corresponding to
the Lie algebra l(H). Since M is simply connected and complete (as it is
homogeneous), there is an isometry of (G,m) onto (M,g).

Now we give a characterization of homogeneous spaces whose Ricci tensor
is generic, i.e has all eigenvalues distinct.

Proposition 3. Assume that a simply connected homogeneous space
(M,g) has a generic Ricci tensor. Then lIso(M) = n = dimM and (M,g)
is isometric to a Lie group (G,m) with a left-invariant metric. The space
(M,g) is not a g.o. space.

Proof. Since the Ricci tensor S is generic, it has n different eigenvalues
{λ1, . . . , λn} and the eigendistributions Dλi are one-dimensional. Since M
is simply connected it is clear that each Dλi is oriented. Let {E1, . . . , En}
be a global orthonormal frame on M such that SEi = λiEi. We show that
l(Iso(M)) = span{E1, . . . , En}, i.e. li(Iso(M)) = R{Ei}. Let X ∈ iso(M).
Then LXS = 0 and consequently S[X,Ei] = λi[X,Ei]. On the other hand
since g(Ei, Ei) = 1 we have g([X,Ei], Ei) = 0. Thus [X,Ei] = 0 for any
X ∈ iso(M). It follows that li(Iso(M)) = R{Ei}.

If (M,g) were a g.o. space then from Corollary 1 it would have to be a
flat space with S = 0 (a contradiction).

Remark. In [B-V] it is proved in a slightly different way that a simply
connected homogeneous space with generic Ricci tensor has to be a Lie
group with a left-invariant metric.

Corollary 2. Assume that (M,g) is a homogeneous space. Then on
(M,g) there exists an at least dim z(iso(M))-dimensional space V ⊂ X(M) of
Killing eigenfields of the Ricci tensor. If M is a simply connected g.o. space
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and z(iso(M)) = 0 then all the eigenvalues of % have multiplicity greater
than or equal to 2. If M is compact and z(iso(M)) 6= {0} then χ(M) = 0.

Proof. The first part is obvious. To prove the second part, assume that
(M,g) is a simply connected homogeneous g.o. space. Note that if X ∈
z(iso(M) then ‖X‖ is constant on M . Thus if z(iso(M)) 6= {0} and M is
compact then χ(M) = 0. If % admits an eigenvalue λ of multiplicity one then
there exists a unit eigenfield X corresponding to λ. Clearly X ∈ lλ(Iso(M))
and consequently X ∈ z(iso(M)). Thus if z(iso(M)) = 0 then all eigenvalues
have multiplicity greater than or equal to 2.

Corollary 3. Assume that (M,g) is a homogeneous g.o. space whose
Ricci tensor is negative definite. Then z(iso(M)) = 0 and every eigenvalue
of S has multiplicity greater than or equal to 2.

Proof. Note that if % had an eigenvalue λi of multiplicity 1, then (M,g)
(up to a two-fold covering) would admit a unit Killing eigenfield X corre-
sponding to λi, i.e. such that X ∈ li(G). Thus we would have λi = ‖∇X‖2
≥ 0, a contradiction. Analogously if li(G) 6= {0} then λi ≥ 0, a contradic-
tion. Note that z(iso(M)) = l1(G) ⊕ . . . ⊕ lk(G) where G = Iso(M). Thus
z(iso(M)) = 0 and the result follows from Corollary 2.

Note that a Lie group G with a bi-invariant metric admits a dimG-
dimensional Lie algebra of Killing vector fields (right-invariant vector fields
on G) with constant length. On the other hand we have:

Proposition 4. Assume that a simply connected homogeneous space
(M,g) admits a transitive group G of isometries whose fundamental vector
fields have constant length. Then lG = n = dimM and (M,g) is isometric to
a Lie group (G,m) with a bi-invariant metric. The space (M,g) is a direct
product (M,g) = (G1,m1)× . . .× (Gk,mk) of simply connected Lie groups
Gi with bi-invariant Einstein metrics mi. In particular ∇% = 0.

Proof. It is easy to see that dimG = n and there exists a global orthonor-
mal frame {E1, . . . , En} of Killing vector fields Ei ∈ g∗ where g∗ denotes
the Lie algebra of fundamental vector fields of the action of the group G.
In fact, since g(X,X) is constant for every X ∈ g∗ it follows that g(X,Y )
is constant for every X,Y ∈ g∗. Thus the linear mapping F : g∗ → Tx0M
given by FX = Xx0 for X ∈ g∗ is an isometry of g∗ with the induced scalar
product onto (Tx0M,gx0). Note that (M,g) is a g.o. space since the orbits
of a one-parameter subgroup generated by a Killing vector field of constant
length are geodesics. Since (M,g) is simply connected it follows that (M,g)
is isometric to a simply connected Lie group Ĝ with a left-invariant metric
whose Lie algebra of right-invariant vector fields coincides with g∗. Hence
l(G) = l(Ĝ) = n and l(G) consists of left-invariant vector fields on M = Ĝ.
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Since right-invariant vector fields on M have constant length it follows that
a left-invariant metric on M is bi-invariant.

Note that l(G) ⊂ iso(M) and each li(G) is an ideal in the Lie algebra
l(G). Since (M,g) is an A-manifold and Li = ker(S − λi Id) are integrable
it follows that all Li are auto-parallel. In addition [li(G), lj(G)] = 0 for
i 6= j. Thus the almost product structure TM = L1⊕ . . .⊕Lk is integrable.
Since the almost product structure (L1, . . . , Lk) is integrable, the Li are
parallel (see [J]). The de Rham decomposition theorem yields that (M,g) =
(G1,m1) × . . . × (Gk,mk) where each Gi is a simply connected Lie group
with Einstein bi-invariant metric mi.

3. Unimodular 4-dimensional Lie groups with almost Kähler
structures. Recall that a Lie algebra g is called unimodular if tr adX = 0
for all X ∈ g. Let g be the Lie algebra of a Lie group G and let h be a positive
definite scalar product on g. By a left-invariant metric on G given by the
scalar product h we mean a metric g ∈ Γ (TG∗ ⊗ TG∗) such that for any
two left-invariant vector fields X,Y ∈ X(G) and x ∈ G we have g(X,Y )x =
h(Xe, Ye) where e ∈ G is the identity element of G and where we identify g
with TeG. In what follows we consider only left-invariant vector fields and
we identify the metric g with h. In particular if Φ ∈ Γ (TG⊗TG∗⊗TG∗) is a
left-invariant tensor of type (1, 2) then if we take a left-invariant orthonormal
frame on G we get trg Φ =

∑n
i=1 Φ(Ei, Ei) =

∑
Φ|e(Eie, Eie) = trh Φ|e.

Recall that if (G, g) is a Lie group with a left-invariant metric g then for
any left-invariant fields on G we have the following formula (see e.g. [C-E]):

(3.1) ∇XY =
1
2

([X,Y ]− ad∗X Y − ad∗Y X),

where∇ is the Levi-Civita connection of (G, g) and ad∗X denotes the operator
adjoint to adX with respect to g, i.e. if X,Y,Z are three left-invariant vector
fields on G then g(ad∗X Y,Z) = g(Y, adX Z). For any left-invariant vector
field X on (G, g) let AX : TG → TG be defined by AXY = ∇YX. Note
that AX : TG 3 Y 7→ ∇YX ∈ TG is a left-invariant operator and we define
tensors ad : TG×TG 3 (X,Y ) 7→ adX Y ∈ TG, ad∗ : TG×TG 3 (X,Y ) 7→
ad∗X Y ∈ TG as left-invariant extensions to G of appropriate tensors defined
on g.

Lemma 1. Let h be a scalar product on a Lie algebra g. Denote by ad∗X
the adjoint of adX with respect to h. Then g is unimodular if and only if
trh ad∗X Y = 0. Assume that (G, g) is a unimodular Lie group with a left-
invariant metric g. Then divX = 0 for any left-invariant vector field X on
G, and if X,Y are left-invariant vector fields on G, then

(3.2) %(X,Y ) = − trAX ◦AY .
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Proof. Let {E1, . . . , En} be any orthonormal basis of (g, h). Note that
for any X ∈ g we have

h(trh ad∗,X) = h
( n∑

i=1

ad∗Ei Ei,X
)

=
n∑

i=1

h(adEi X,Ei)

= −
n∑

i=1

h(adX Ei, Ei) = − tr adX ,

and the first statement follows.
From (3.1) we obtain (set h = g|e)

divX = trAX =
1
2

( n∑

i=1

g(adEi X,Ei)−
n∑

i=1

g(adX Ei, Ei)
)

= −
n∑

i=1

g(adX Ei, Ei) = −
n∑

i=1

h(adX Ei, Ei) = − tr adX

and divX = − tr adX = 0. On the other hand for any vector field X ∈ X(G)
we have (see [K])

%(X,X) = − trAX ◦AX + (divX)2 − div(AXX)− div((divX)X).

Thus %(X,X) = − trAX ◦ AX if X is a left-invariant vector field, which
proves (3.2).

Proposition 5. Assume that a Lie group (G, g) is an A-manifold which
has a generic Ricci tensor. Then G is unimodular.

Proof. Since the result is local we can assume thatG is simply connected.
Let {E1, . . . , En} be an orthonormal basis of eigenfields of the Ricci tensor S
of (G, g). Then the fields Ei are left-invariant. Since (G, g) is an A-manifold
we have ∇S(Ei, Ei) = 0 and ∇EiEi = 0 for i ∈ {1, . . . , n}. From (3.1) we
obtain ad∗Ei Ei = 0. Consequently, trh ad∗ = 0. Thus the result is clear in
view of Lemma 1.

Now we consider the problem of existence of left-invariant almost Kähler
structures on 4-dimensional Lie groups (G, g). W. Thurston has given an ex-
ample of an almost Kähler structure on a compact quotient of the (unique
up to isomorphism) 4-dimensional simply connected non-commutative nilpo-
tent Lie group G with a left-invariant metric. This example also admits an
opposite left-invariant almost Kähler structure. Every nilpotent group is
unimodular with non-zero center. We generalize the above examples and
give examples of 4-dimensional unimodular Lie groups with non-zero center
which admit two mutually opposite left-invariant almost Kähler structures.

Proposition 6. Let g be a 4-dimensional unimodular Lie algebra. Then
a simply connected group with Lie algebra g admits two mutually opposite
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left-invariant almost Kähler structures if and only if there exists a basis
{E1, E2, E3, E4} of g such that [E1, E2] = [E3, E4] = 0; and it admits
a left-invariant almost Kähler structure if and only if there exists a basis
{E1, E2, E3, E4} of g such that [E1, E2] + [E3, E4] = 0.

Proof. Let J be a left-invariant almost Hermitian structure on the Lie
group (G, g). Let {E1, E2, E3, E4} be an orthonormal basis of g such that

(∗) JE1 = E2, JE3 = E4.

Note that δJ = − trg∇J = −∑∇J(Ei, Ei) and from (3.1) it follows that
for any left-invariant vector field X we have ∇XX = − ad∗X X. Thus we
obtain

∇J(E1, E1) + J(∇E1E1) = ∇E1E2,

∇J(E2, E2) + J(∇E2E2) = −∇E2E1,

∇J(E3, E3) + J(∇E3E3) = ∇E3E4,

∇J(E4, E4) + J(∇E4E4) = −∇E4E3,

and

∇J(E1, E1) +∇J(E2, E2) = J(ad∗E1
E1) + J(ad∗E2

E2) + [E1, E2],(3.3a)

∇J(E3, E3) +∇J(E4, E4) = J(ad∗E3
E3) + J(ad∗E4

E4) + [E3, E4].(3.3b)

Consequently, δJ = − trg∇J = −J(trg ad∗) − [E1, E2] − [E3, E4] =
−[E1, E2] − [E3, E4]. It follows (see (1.2)) that J is almost Kähler if and
only if [E1, E2] + [E3, E4] = 0.

Now assume that (G, g) admits two mutually opposite left-invariant al-
most Kähler structures J, J . Then there exists an orthonormal basis {E1, E2,
E3, E4} of left-invariant vector fields of g such that

(∗∗) JE1 = E2, JE3 = E4, JE1 = E2, JE3 = −E4.

Consequently, [E1, E2] + [E3, E4] = −δJ = 0, [E1, E2]− [E3, E4] = −δJ = 0
and [E1, E2] = 0, [E3, E4] = 0. On the other hand, if there exists a basis
{E1, E2, E3, E4} of a unimodular Lie algebra g satisfying one of the above
two conditions then it is easy to construct almost Kähler structures on G
by the above formulas. In fact, take a left-invariant metric g on G such
that {E1, E2, E3, E4} is an orthonormal frame with respect to g. Define an
almost Hermitian structure J on G by (∗) or two mutually opposite almost
Hermitian structures by (∗∗) respectively. Since equations (3.3) are satisfied
and trh ad∗ = 0 it follows that δJ = −[E1, E2] − [E3, E4] = 0 in the first
case and analogously δJ = δJ = 0 in the second case, which means that the
almost Hermitian structures considered are almost Kähler.

Now we prove
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Proposition 7. Let (g, [ , ]) be a unimodular Lie algebra and dim g = 4.
Assume that dim[g, g] ≤ 2 and G is a simply connected Lie group with Lie
algebra g. Then G is solvable and every left-invariant metric on G admits
two mutually opposite invariant compatible almost Kähler structures.

Proof. Since [g, g] is at most two-dimensional it is clear thatG is solvable.
Let g be a left-invariant metric on G and let h be the corresponding scalar
product on g. We denote by

∧+
g (resp.

∧−
g) the space of self-dual (resp.

anti-self-dual) 2-forms on g (with respect to h). Define an endomorphism
S :
∧2

g → [g, g] as follows: if ω = X ∧ Y is a simple bivector then S(ω) =
[X,Y ]. Then S is well defined on the whole of

∧2
g and imS = [g, g]. Now set

S+ = S|∧+ g and S− = S|∧− g. Note that imS± ⊂ [g, g]. Since dim
∧±

g = 3

it follows that there exist forms Φ ∈ ∧+
g and Ψ ∈ ∧− g such that S+Φ = 0,

S−Ψ = 0 and ‖Φ‖ = ‖Ψ‖ =
√

2. It is well known that if Φ ∈ ∧2
g is

a non-zero self-dual form then there exists an oriented orthonormal basis
{E1, E2, E3, E4} of g and a real number α > 0 such that Φ = α(E1 ∧ E2 +
E3 ∧ E4) and ‖Φ‖ =

√
2α. Thus, since ‖Φ‖ =

√
2 we have Φ = E1 ∧ E2 +

E3 ∧ E4 and

S+(Φ) = S(E1 ∧ E2 + E3 ∧ E4) = [E1, E2] + [E3, E4] = 0.

Consequently, the almost Hermitian structure J on G given by (∗) is an
almost Kähler structure in view of Proposition 6. Analogously Ψ gives an
almost Kähler structure J which is opposite to J .

Let us define a Lie algebra g = g{a,b,c,d,f} as follows: g = span{E1, E2,
E3, E4} with the Lie bracket

(3.4)

[E1, E2] = 0, [E1, E3] = 0, [E1, E4] = 0,

[E2, E3] = aE1 + bE4 + fE3, [E2, E4] = cE1 + dE3 − fE4,

[E3, E4] = 0.

Note that some of the algebras g = g{a,b,c,d,f} are isomorphic to others of this
form. It is easy to check that g is a unimodular solvable Lie algebra ([g, g] is
an at most two-dimensional commutative algebra). Take a simply connected
Lie group G{a,b,c,d,f} with Lie algebra g{a,b,c,d,f}. Note that every group
(G{a,b,c,d,f}, g) admits two mutually opposite left-invariant almost Kähler
structures J , J such that JE1 = E2, JE3 = E4, JE1 = E2, JE3 = −E4. The
basis {E1, E2, E3, E4} defines a left-invariant metric g on G = G{a,b,c,d,f}
such that {E1, E2, E3, E4} is an orthonormal frame on (G, g). Then in the
basis {E1, E2, E3, E4} we have

ad∗E1
=




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


 , ad∗E2

=




0 0 0 0
0 0 0 0
a 0 f b
c 0 d −f


 ,
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ad∗E3
=




0 0 0 0
−a 0 −f −b
0 0 0 0
0 0 0 0


 , ad∗E4

=




0 0 0 0
−c 0 −d f
0 0 0 0
0 0 0 0


 .

Consequently, we obtain (setting AEi = ∇Ei)

AE1 =




0 0 0 0
0 0 a

2
c
2

0 −a2 0 0
0 − c

2 0 0


 , AE2 =




0 0 −a2 − c
2

0 0 0 0
−a2 0 −f − b+d2
− c

2 0 − b+d2 f


 ,

AE3 =




0 a
2 0 0

a
2 0 f d+b

2
0 0 0 0
0 b−d

2 0 0


 , AE4 =




0 c
2 0 0

c
2 0 b+d

2 −f
0 d−b

2 0 0
0 0 0 0


 .

For the Ricci tensor % of (G, g) we have the formula %(Ei, Ej) = − trAEi ◦
AEj . Thus we get

%(E1, E2) = 0, %(E1, E3) =
cd

2
+
af

2
, %(E1, E4) =

ab

2
− cf

2
,

%(E2, E3) = 0, %(E2, E4) = 0, %(E3, E4) = −ac
2

+ f(b− d),

%(E1, E1) =
1
2

(a2 + c2), %(E2, E2) = −1
2

(a2 + c2 + 2f2 + (d+ b)2),

%(E3, E3) = −1
2

(a2 + b2 − d2), %(E4, E4) = −1
2

(c2 + d2 − b2).

Now we give several interesting special cases of manifolds (G{a,b,c,d,f}, g).
Note that the fields {E1, E2, E3, E4} are eigenfields of % if one of the following
three cases holds:

(a) a = d = f = 0, (a1) c = b = f = 0,
(b) a = c = f = 0.

Note that in the first case we get an example of a Lie group with
generic Ricci tensor which admits two mutually opposite almost Kähler
non-Kähler structures; in this case λ1 = c2/2, λ2 = −c2/2 − b2/2, λ3 =
−b2/2, λ4 = −c2/2 + b2/2 and thus if c 6= 0, b 6= 0, b2 6= 2c2, 2b2 6= c2

then the eigenvalues λi of % are all distinct. Similarly in case (b) we get
λ1 = 0, λ2 = −(d+ b)2/2, λ3 = −(b2 − d2)/2, λ4 = −(d2 − b2)/2. Thus
if |d| 6= |b|, bd 6= 0 then (G{0,b,0,d,0}, g) has a generic Ricci tensor and ad-
mits two mutually opposite left-invariant almost Kähler structures. In case
(a), if c = 0 then we get Thurston’s example of an almost Kähler struc-
ture on a nilpotent 4-dimensional Lie group. In this case the Lie algebra g
is nilpotent with two-dimensional center z, hence in fact it admits a circle
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of almost Kähler structures in both orientations. If z = span{F1, F2} and
m = z⊥ = span{F3, F4} where F1, F2 (resp. F3, F4) is any orthonormal
basis of z (resp. of m) then the almost Hermitian structures J1, J2 defined
by J1F1 = F2, J1F3 = F4, J2F1 = F3, J2F2 = −F4 are almost Kähler. It is
easy to see that Jφ = cosφJ1 + sinφJ2 is a strictly almost Kähler structure
for φ ∈ R. Thurston’s example also admits two mutually opposite Hermi-
tian structures (see [S]). Note that any left-invariant metric on the Thurston
example admits two circles of mutually opposite almost Kähler structures
and two mutually opposite Hermitian structures.

Let us now return to case (b). If we take b = −εd = 1 where ε ∈ {−1, 1}
then the Lie algebra g = g{0,1,0,−ε,0} is

(3.5)
[E1, E2] = 0, [E1, E3] = 0, [E1, E4] = 0,

[E2, E3] = E4, [E2, E4] = −εE3, [E3, E4] = 0.

The simply connected solvable Lie groups Gε corresponding to g =
g{0,1,0,−ε,0} are G1 = R × Ẽ(2) and G−1 = R × E(1, 1) where Ẽ(2) is a
universal covering of the Lie group of oriented isometries of the Euclidean
space E2, E(2) = SO(2) ./ R2 and the group E(1, 1) = SO(1, 1) ./ R2 is the
group of oriented isometries of the Lorentz space E(1,1) with scalar product
of signature (+,−). The Lie groups E(2) and E(1, 1) can be represented by
the following subgroups of GL(3,R):

E(2) =








cosφ sinφ a
− sinφ cosφ b

0 0 1





 , E(1, 1) =








coshφ sinhφ a
− sinhφ coshφ b

0 0 1





,

where φ, a, b ∈ R. The Lie algebra g = g{0,1,0,−1,0} can be realized as a Lie
subalgebra of the Lie algebra of smooth vector fields on the torus T 4. In
fact we have T 4 = R4/Γ0 where Γ0 = 2πZ⊕ 2πZ⊕ 2πZ⊕ 2πZ ⊂ R4. Define
vector fields Ei by

E1 =
∂

∂x1
, E3 = cosx2

∂

∂x3
+ sinx2

∂

∂x4
,

E2 =
∂

∂x2
, E4 = − sinx2

∂

∂x3
+ cosx2

∂

∂x4

where {∂/∂x1, ∂/∂x2, ∂/∂x3, ∂/∂x4} is the standard parallel frame on T 4

with standard flat metric. Then we have relations (3.4) with ε = 1. Note that
then an orthonormal coframe {θ1, θ2, θ3, θ4} corresponding to the (flat) left-
invariant metric given by the fields {E1, E2, E3, E4} is θ1 = dx1, θ2 = dx2,
θ3 = cosx2dx3 + sinx2dx4, θ4 = − sinx2dx3 + cosx2dx4. It follows that on
the universal covering space R4 of T 4 there exists a structure of a solvable
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Lie group G with Lie algebra generated by the lifts E∗i of the fields Ei. G is
in fact a universal covering group of the Lie group S1 × E(2). Define the
fields Fi as follows: F1 = E1, F2 = E2, F3 = bE3, F4 = E4 where the Ei
satisfy (3.5). Then

[F1, F2] = 0, [F1, F3] = 0, [F1, F4] = 0,

[F2, F3] = bF4, [F2, F4] = −ε1
b
F3, [F3, F4] = 0.

It follows that T 4 admits a family {gb}, b ∈ R+−{1}, of locally homogeneous
metrics with generic Ricci tensor with two compatible (locally) invariant
strictly almost Kähler structures. An orthonormal coframe {θ1, θ2, θ3, θ4}
corresponding to the left-invariant metric given by the fields {F1, F2, F3, F4}
is θ1 = θ1, θ2 = θ2, θ3 = 1

b θ3, θ4 = θ4. The eigenvalues of the Ricci tensor
are

λ1 = 0, λ2 = −1
2

(
b− 1

b

)2

, λ3 = −1
2

(
b2− 1

b2

)
, λ4 = −1

2

(
1
b2
−b2

)
.

The Kähler form of (T 4, gb, J±) is

Ωb = dx1 ∧ dx2 ±
1
b
dx3 ∧ dx4

and the metric is

gb = (dx1)2 + (dx2)2 +
(

1
b2

(cosx2)2 + (sinx2)2
)

(dx3)2(3.6)

+
(

1− 1
b2

)
sin 2x2dx3 � dx4

+
(

1
b2

(sinx2)2 + (cosx2)2
)

(dx4)2.

It is known that both groups E(2), E(1, 1) admit discrete uniform subgroups
Γ , i.e. such that NΓ = Γ\G are compact spaces and G = E(2) or G =
E(2, 2) (for an interesting exposition of the geometry of 3-manifolds see
[Sc], [O-T]). It follows that the compact spaces MΓ = S1 × NΓ admit a
family of homogeneous metrics {gb : b ∈ R+ − {1}} such that (MΓ , gb) is
a compact homogeneous space with two mutually opposite invariant almost
Kähler structures and generic Ricci tensor with eigenvalues

λ1 = 0, λ2 = −1
2

(
b−ε1

b

)2

, λ3 = −1
2

(
b2− 1

b2

)
, λ4 = −1

2

(
1
b2
−b2

)
.

Remark. The symplectic structure of the solvmanifolds MΓ = S1×NΓ
from the viewpoint of symplectic geometry has already been investigated
(see for example [O-T]). However, as far as the author knows, almost Kähler
metrics on these manifolds have not been studied.
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