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On generalized absolute Cesaro summability factors

by A. NmHAL TUNCER (Kayseri)

Abstract. Using §-quasi-monotone and any almost increasing sequences we prove a
theorem on |C, a, B; | summability factors of infinite series, which generalizes a theorem
of Mazhar [7] on |C, 1|, summability factors.

1. Introduction. A sequence (b,) of positive numbers is said to be
quasi-monotone if nAb, > —~b, for some =, and is said to be §-quasi-
monotone if b, — 0,b, > 0 ultimately (that is, b, > 0 for n > n; and n4
depends on the sequence (b,,)) and Ab,, > —§,,, where (J,,) is a sequence of
positive numbers (see [2]). Let > a,, be a given infinite series with partial
sums (s,). We denote by u& and ¢$ the nth Cesaro means of order o, with
a > —1, of the sequence (s,) and (na,), respectively, i.e.,

1 &K o
(1) Un = o > AnTlsu,
" v=0
1 n
(2) th = 1 > Anvay,
ny=1
where
(3) A® = (““‘) —0(n%), a> -1, AS=1, A% =0 forn > 0.
n

The series > ay, is said to be summable |C, |y, k > 1, if (see [4])
(1) S ks — ug_y F < oo,
n=1

But since t& = n(ud —u%_,) (see [6]) condition (4) can also be written as

o

1 (0%
5) S el < oo

n=1
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The series ) a,, is said to be summable |C,«, 3;0|k, k > 1, if (see [5])

(6) S ORIk < o,
n=1
where 0 > 0 and ( is a real number.
Mazhar [7] proved the following theorem for |C, 1|, summability factors.

THEOREM A. Let A, — 0 as n — oo. Suppose that there exists a se-
quence (By,) of numbers which is d-quasi-monotone with > nd, logn < oo,
> Bplogn is convergent and |AN,| < |By| for all n. If

N1
7 Z|tL ¥ = O(logm as m — 00,
@ 3 Gl = Otogm) s —
where (tL) is the nth (C,1) mean of the sequence (nay), then the series
> anA, is summable |C, 1|, k> 1.

REMARK. Note that in this theorem, the condition “) nB, logn is con-
vergent” could replace the conditions “Y_nd, logn < oo and ) B, logn is
convergent.”

2. The aim of this paper is to generalize Theorem A to |C,a, ;d]k
summability factors under weaker conditions by using almost increasing se-
quences. We now define this concept. A positive sequence (d,,) is said to be
almost increasing if there exists a positive increasing sequence (¢, ) and two
positive constants A and B such that Ac,, < d,, < Be, (see [1]). Obviously
every increasing sequence is almost increasing but the converse need not be
true as can be seen from the example d,, = ne(~1". Since log n is increasing
in Theorem A, we are weakening the hypotheses of the theorem by replacing
that increasing sequence by any almost increasing sequence.

Now, we shall prove the following theorem.

THEOREM. Let (X,) be an almost increasing sequence and A, — 0 as
n — oo Let d >0,k >1,0< a <1, and B be a real number such
that —8(0k + k — 1) + k + ak > 1. Suppose that there exists a sequence
(Bn) of numbers which is 6-quasi-monotone, Y nB,X, is convergent and
|AN,| < |By| for all n, where AN, = Ay, —Apt1. If the sequence (wg) defined
by
(8) wy =max|[[t;] 1 1 <v <nj

satisfies the condition
9) Z nPORTE=D=k )k — O(X,,)  as m — oo,
n=1

then the series Y ap\, is summable |C, o, 3;0|.
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If we take X,, =logn, 8 =1,0 =0 and a = 1 in this Theorem, then we
get Theorem A.

We need the following lemma.
LEMMA 1 ([3]). If 0<a <1 and1 <v <n, then

m
§ a—1

Am—pa’p
p=0

(10) ‘ZAD‘ 1ap < max
p=

1<m<v

where AS is as in (3).

Proof of the Theorem. Let (T)) be the nth (C, &) mean of the sequence
(nanAn), where 0 < o < 1. Then, by (2), we have

:—ZA LVayAy.

By Abel’s transformation, we have
= — Z ANy ZA" pPap + Z A% lva,,
” v=1 n v=1

so that, making use of Lemma 1, we get

[e% ‘ = o—
T < — Z ppap A—Z ZAnﬂl,z/a
v=1
1 n—1
< A ZAO‘ TNAN | + [An|wy = + Ty,  say.
ny=1
Since [T + T8 < 2°(|T5,[F + |15 5|*), to complete the proof it is suffi-

cient to show that

Z n6(5k+k*1)*le7‘iT|k <oo forr=1,2,

by (5). Now, when k& > 1, applying Hélder’s inequality with indices k& and
k', where 1/k + 1/k" = 1, we have

m—+1 m+1 1 n—1 k
(Ok+k—1)—k|po |k (0k+k—1)—k @, o
> nf T F <y w? {AQZAUwV|A>\V|}
n=2 n=2 v=1
m+1

Z B(Sk+k—1)—k— ak{Z(Aa) )*|B, !}{ZIB !}
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m—+1

Zn,@(smk D—k— akzyak )18, |

m

ZV‘B |Vﬂ(6k+k 1)— k:( V)k‘

m m—+1
1
_ ak a\k
—O(UZV (wy)"[ By | Z 1Bk tk—1)+htak
v=1 n=v+1
ak
Z” )*1B,| S Bk +h—1)+htak
v=1 v
v=1
m—1
‘A Z/‘B ’ ‘Zrﬁ(SkJrk 1)— k( )k
1/:1 r=1
+ O(1)m|Bp,| ZV’B(‘S“’“*”*’“(wﬁ‘)k
v=1
m—1
1) Y [AW@IBL))IX, + O(1)m| By | X,
v=1
m—1 m—1
=0(1) > VB|X, +0(1) Y (v + 1)|Byia|Xps1 + O(1)m| B | X,
v=1 v=1

=0(1) asm — oo,
by the hypotheses of the Theorem. Again, we have

Znﬁ(6k+k 1)— k|Ta |k Znﬁ(ékJrk 1)— k(’)\ |w )

n=1 n=1

m
_ Z n,@(ékJrkfl)fk|)\n”>\n|k71(wg)k

Znﬁ(5k+k 1)— k Z ’A}\ |
1) Z |A)\I/| Z nﬂ(&k—i—k—l)—k(wg)k
v=1 n=1
1) Z ‘Bu| Z n6(5k+k—1)—k(wg)k
v=1 n=1

[ee)

=0(1)> |B|X, < o0,

v=1
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by the hypotheses of the Theorem. Therefore, we get

m
Znﬁ(5k+k*1)7k|Tﬁr|k =0(1) asm —ooforr=12.
n=1

This completes the proof of the Theorem.
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