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On generalized absolute Cesàro summability factors

by A. Nihal Tuncer (Kayseri)

Abstract. Using δ-quasi-monotone and any almost increasing sequences we prove a
theorem on |C,α, β; δ|k summability factors of infinite series, which generalizes a theorem
of Mazhar [7] on |C, 1|k summability factors.

1. Introduction. A sequence (bn) of positive numbers is said to be
quasi-monotone if n∆bn ≥ −γbn for some γ, and is said to be δ-quasi-
monotone if bn → 0, bn > 0 ultimately (that is, bn > 0 for n > n1 and n1

depends on the sequence (bn)) and ∆bn ≥ −δn, where (δn) is a sequence of
positive numbers (see [2]). Let

∑
an be a given infinite series with partial

sums (sn). We denote by uαn and tαn the nth Cesàro means of order α, with
α > −1, of the sequence (sn) and (nan), respectively, i.e.,

uαn =
1
Aαn

n∑

ν=0

Aα−1
n−νsv,(1)

tαn =
1
Aαn

n∑

ν=1

Aα−1
n−ννaν ,(2)

where

(3) Aαn =
(
n+ α

n

)
= O(nα), α > −1, Aα0 = 1, Aα−n = 0 for n > 0.

The series
∑
an is said to be summable |C,α|k, k ≥ 1, if (see [4])

(4)
∞∑

n=1

nk−1|uαn − uαn−1|k <∞.

But since tαn = n(uαn − uαn−1) (see [6]) condition (4) can also be written as

(5)
∞∑

n=1

1
n
|tαn|k <∞.
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The series
∑
an is said to be summable |C,α, β; δ|k, k ≥ 1, if (see [5])

(6)
∞∑

n=1

nβ(δk+k−1)−k|tαn|k <∞,

where δ ≥ 0 and β is a real number.
Mazhar [7] proved the following theorem for |C, 1|k summability factors.

Theorem A. Let λn → 0 as n → ∞. Suppose that there exists a se-
quence (Bn) of numbers which is δ-quasi-monotone with

∑
nδn logn < ∞,∑

Bn log n is convergent and |∆λn| ≤ |Bn| for all n. If

(7)
m∑

n=1

1
n
|t1n|k = O(logm) as m→∞,

where (t1n) is the nth (C, 1) mean of the sequence (nan), then the series∑
anλn is summable |C, 1|k, k ≥ 1.

Remark. Note that in this theorem, the condition “
∑
nBn logn is con-

vergent” could replace the conditions “
∑
nδn log n < ∞ and

∑
Bn logn is

convergent.”

2. The aim of this paper is to generalize Theorem A to |C,α, β; δ|k
summability factors under weaker conditions by using almost increasing se-
quences. We now define this concept. A positive sequence (dn) is said to be
almost increasing if there exists a positive increasing sequence (cn) and two
positive constants A and B such that Acn ≤ dn ≤ Bcn (see [1]). Obviously
every increasing sequence is almost increasing but the converse need not be
true as can be seen from the example dn = ne(−1)n . Since logn is increasing
in Theorem A, we are weakening the hypotheses of the theorem by replacing
that increasing sequence by any almost increasing sequence.

Now, we shall prove the following theorem.

Theorem. Let (Xn) be an almost increasing sequence and λn → 0 as
n → ∞. Let δ ≥ 0, k ≥ 1, 0 < α ≤ 1, and β be a real number such
that −β(δk + k − 1) + k + αk > 1. Suppose that there exists a sequence
(Bn) of numbers which is δ-quasi-monotone,

∑
nBnXn is convergent and

|∆λn| ≤ |Bn| for all n, where ∆λn = λn−λn+1. If the sequence (wαn) defined
by

(8) wαn = max[|tαν | : 1 ≤ ν ≤ n]

satisfies the condition

(9)
m∑

n=1

nβ(δk+k−1)−k(wαn)k = O(Xm) as m→∞,

then the series
∑
anλn is summable |C,α, β; δ|k.
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If we take Xn = logn, β = 1, δ = 0 and α = 1 in this Theorem, then we
get Theorem A.

We need the following lemma.

Lemma 1 ([3]). If 0 < α ≤ 1 and 1 ≤ ν ≤ n, then

(10)
∣∣∣
ν∑

p=0

Aα−1
n−pap

∣∣∣ ≤ max
1≤m≤ν

∣∣∣
m∑

p=0

Aα−1
m−pap

∣∣∣,

where Aαn is as in (3).

Proof of the Theorem. Let (Tαn ) be the nth (C,α) mean of the sequence
(nanλn), where 0 < α ≤ 1. Then, by (2), we have

Tαn =
1
Aαn

n∑

ν=1

Aα−1
n−ννaνλν .

By Abel’s transformation, we have

Tαn =
1
Aαn

n−1∑

ν=1

∆λν

ν∑

p=1

Aα−1
n−ppap +

λn
Aαn

n∑

ν=1

Aα−1
n−ννaν ,

so that, making use of Lemma 1, we get

|Tαn | ≤
1
Aαn

n−1∑

ν=1

|∆λν |
∣∣∣
ν∑

p=1

Aα−1
n−ppap

∣∣∣+
|λn|
Aαn

∣∣∣
n∑

ν=1

Aα−1
n−ννaν

∣∣∣

≤ 1
Aαn

n−1∑

ν=1

Aανw
α
ν |∆λν |+ |λn|wαn = Tαn,1 + Tαn,2, say.

Since |Tαn,1 + Tαn,2|k ≤ 2k(|Tαn,1|k + |Tαn,2|k), to complete the proof it is suffi-
cient to show that

∞∑

n=1

nβ(δk+k−1)−k|Tαn,r|k <∞ for r = 1, 2,

by (5). Now, when k > 1, applying Hölder’s inequality with indices k and
k′, where 1/k + 1/k′ = 1, we have

m+1∑

n=2

nβ(δk+k−1)−k|Tαn,1|k ≤
m+1∑

n=2

nβ(δk+k−1)−k
{

1
Aαn

n−1∑

ν=1

Aανw
α
ν |∆λν |

}k

= O(1)
m+1∑

n=2

nβ(δk+k−1)−k−αk
{ n−1∑

ν=1

(Aαν )k(wαν )k|Bν |
}{ n−1∑

ν=1

|Bν |
}k−1
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= O(1)
m+1∑

n=2

nβ(δk+k−1)−k−αk
n−1∑

ν=1

ναk(wαν )k|Bν |

= O(1)
m∑

ν=1

ναk(wαν )k|Bν |
m+1∑

n=ν+1

1
n−β(δk+k−1)+k+αk

= O(1)
m∑

ν=1

ναk(wαν )k|Bν |
∞�

ν

dx

x−β(δk+k−1)+k+αk

= O(1)
m∑

ν=1

ν|Bν |νβ(δk+k−1)−k(wαν )k

= O(1)
m−1∑

ν=1

|∆(ν|Bν|)|
ν∑

r=1

rβ(δk+k−1)−k(wαr )k

+O(1)m|Bm|
m∑

ν=1

νβ(δk+k−1)−k(wαν )k

= O(1)
m−1∑

ν=1

|∆(ν|Bν|)|Xν +O(1)m|Bm|Xm

= O(1)
m−1∑

ν=1

ν|Bν |Xν +O(1)
m−1∑

ν=1

(ν + 1)|Bν+1|Xν+1 +O(1)m|Bm|Xm

= O(1) as m→∞,

by the hypotheses of the Theorem. Again, we have

m∑

n=1

nβ(δk+k−1)−k|Tαn,2|k =
m∑

n=1

nβ(δk+k−1)−k(|λn|wαn)k

=
m∑

n=1

nβ(δk+k−1)−k|λn||λn|k−1(wαn)k

= O(1)
m∑

n=1

nβ(δk+k−1)−k(wαn)k
∞∑

ν=n

|∆λν |

= O(1)
∞∑

ν=1

|∆λν |
ν∑

n=1

nβ(δk+k−1)−k(wαn)k

= O(1)
∞∑

ν=1

|Bν |
ν∑

n=1

nβ(δk+k−1)−k(wαn)k

= O(1)
∞∑

ν=1

|Bν |Xν <∞,
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by the hypotheses of the Theorem. Therefore, we get
m∑

n=1

nβ(δk+k−1)−k|Tαn,r|k = O(1) as m→∞ for r = 1, 2.

This completes the proof of the Theorem.
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