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Estimates of capacity of self-similar measures

by JOzZEF MYJAK (L’Aquila and Krakéw) and
ToMAsz SzZAREK (Katowice and Rzeszow)

Abstract. We give lower and upper estimates of the capacity of self-similar mea-
sures generated by iterated function systems {(S;,p;) : ¢ = 1,..., N} where S; are bi-
lipschitzean transformations.

1. Introduction. The idea of dimension of measures is fundamental
in measure theory and it also occurs in diverse branches of mathemat-
ics. For example, it is a basic tool in the study of attractors of dynamical
systems, in particular in the study of attractors (also called fractals) gen-
erated by iterated function systems, or more generally, fractals generated
by Markov chains (see [1-6, 15, 16, 18, 23]). Various notions of dimension
have been proposed: Hausdorff dimension, box dimension, entropy dimen-
sion, correlation dimension. These concepts were widely investigated and
used. Closely related to Hausdorff dimension is capacity, introduced by Kol-
mogorov (see [14]). This capacity, however, does not distinguish between
a set and its closure. Ledrappier [17] has made some modification to cor-
rect this insensitivity. While the other concepts mentioned here have been
extensively studied, Ledrappier’s version of capacity does not seem to be
sufficiently explored. In this paper we give lower and upper estimates of
Ledrappier’s capacity of measures invariant with respect to iterated func-
tion systems of functions which are bi-lipschitzean.

The calculation of dimensions has been performed by several authors
inspired by Hutchinson’s elegant treatment [13]. For an account of the tech-
nique involved, generalizations and improvements see [2-4, 12, 18, 20]. Our
approach is also based on this idea.

2. Notations and preliminaries. Throughout this paper (X, p) de-
notes a Polish space and this assumption will not be repeated in the state-
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ment of theorems. By B(z,r) we denote the closed ball in X with center
at x and radius r. For A C X, A # 0, we denote by diam A the diameter
of A and by 14 the characteristic function of A. Moreover, for A, B C X,
A, B # 0, we define

dist(A, B) = inf{o(z,y) : x € A, y € B}.

As usual, R stands for the set of all reals and N for the set of all positive
integers. Moreover set Ry = [0, 00).

We denote by B(X) the o-algebra of Borel subsets of X and by M the
family of all finite Borel measures on X. Moreover, M7 denotes the family
of all p € M such that pu(X) =1, and Mg = {1 — p2 : p1, p2 € M} is the
space of all finite signed measures.

Finally, B(X) stands for the space of all bounded Borel measurable func-
tions f : X — R and C(X) for the subspace of B(X) of all bounded contin-
uous functions. In both spaces the norm is given by the formula

1fllo = sup [f()].
reX
For f € B(X) and v € M, we write
(v} = | f(@)v(da).

X

We say that a sequence (yp)n>1 C M converges weakly to a measure p € M

if limy, oo (f, pin) = (f, p) for every f € C(X).
We endow M with the Fortet—Mourier norm (see [11]) given by

[l = sup{[(f, V)| : f € F},
where F' is the set of all functions f € C(X) such that ||f|lo < 1 and
|f(z) — f(y)| < o(z,y) for z,y € X. It is known that the convergence

lm |[pn, —pl| =0 for pu,, p € My
is equivalent to the weak convergence of the sequence (p,)n>1 to p (see [7]).
An operator P : M — M is called a Markov operator if
P()\Lln + )\2#2) =M Pui 4+ XPus  for A, Ao € Ry and pq, s € M

and
Pu(X)=uwX) forpue M.

A measure p is called stationary (or invariant) with respect to the op-
erator P if Pu = pu. A Markov operator P is called asymptotically stable if
there exists an invariant probability measure p, such that

lim ||P"u— ps| =0 for pe M.
n—oo

Clearly, the stationary measure is unique if P is asymptotically stable.
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Let p € M. For given ¢ > 0 and C C X we denote by N¢g(¢) the
minimal number of e-balls needed to cover the set C. Further, for €, > 0
we define

N(e,n) =inf{N¢(e) : C C X and pu(C) > 1 —n}.
Then the quantities

. log N(e,n)
Cap, (1) = supliminf ===
and
S log N
Cap; (p) = sup limsup log N(e,n)
n>0 e—0  —loge

are called the lower and upper capacity of u, respectively.
The above definitions were introduced by Ledrappier (see [17, 22, 25])
and are closely related to Kolmogorov dimensions.

REMARK 2.1. In the definitions of the lower and upper capacity we can
replace the continuous variable € by a decreasing sequence (e,,)p>1 with
logen41/loge, — 1.

Assume now we are given a sequence of continuous transformations
S;: X—-X fori=1,...,N
and a probability vector
p;: X —[0,1 fori=1,...,N,

where the p; are continuous functions satisfying
N
pi(z) >0 and Zpi(:c) =1 forzeX.
i=1

Such a system is denoted by (S, p)n and called an iterated function system
(briefly IFS).
Having an IFS (S,p)n we define the corresponding Markov operator
P: M — Mby
N
(2.1) Pu(A) = Z X pi(x) u(dx) for A € B(X)
=hsiiA)

and its dual operator U : B(X) — B(X) by

N
(2.2) Uf(x) = pi(x)f(Si(x))-
i=1
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We say that an IFS (S, p) N is asymptotically stable if the corresponding
Markov operator P is asymptotically stable. A measure p, € M is called in-
variant for the IFS (S, p)n if it is invariant with respect to the corresponding
Markov operator P.

We assume that S; : X — X, i=1,..., N, are bi-lipschitzean transfor-
mations, i.e. there exist constants [;, L; > 0 such that

(2.3) Lio(z,y) < o(Si(z),Si(y)) < Lio(z,y) forxz,ye X.

Throughout this paper l1,...,Ixy and Lq,..., Ly always stand for the con-
stants satisfying (2.3). Moreover, we assume that

(2.4) I'y = sup HLpl(w) <1,
xEXz 1
(2.5) ap = min_ inf pi(z) >0,
(2.6) Z pi(x y)| <wlo(x,y)) forz,ye X,

where w : Ry — R is a nondecreasing concave function satisfying the Dini
condition

Lw(t)
(2.7) S — dt < oo for some 1 > 0.
0

The following constants will play a crucial role:

28 A = Su I | pl(z)7
( ) 0 zeg p
= pl(x)
(2.9) 0o = inf | |p ,
_ pb(r)
(2.10) Yo = wlg( I | l;

Obviously Ag, dg, 70 € (0,1).

We say that a family of transformations S, ..., Sy satisfies the strong
Moran condition (see [19]) if there exists a bounded closed subset F' of X
and a constant o > 0 such that

(2.11) UsiF) c F,

(2.12) dist(S;(F), S;(F)) > o fori#j.
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PROPOSITION 2.1. If an IFS (S,p)n satisfies conditions (2.3)—(2.7),
then it is asymptotically stable.

Proof. See [23].

Let 2 ={1,...,N}* = {(i1,12,...) 1 i € {1,..., N} for every k € N}
and 2, = (U2, 2,, where 2, = {1,...,N}". Observe that (2, (resp.
(2) is the space of all finite (resp. infinite) sequences of elements i; €
{1,...,N}. For k € N we set 2<;, = '_, 2, and 25, = J°°, 2,. For

i=(i1,...,0n) € £2 let |i| = n denote the length of i. If i € 2 we assume
that |i| = co. Fori € 2U 2, and m € N, m < |i|, we set i|m = (i1,...,0m).
We say that i < j with i € £2, and j € 2U (2, if |j| > n and j|n = i, where
n = |i|. Finally, for i = (i1,...,i,) € 2., we write i 71 = (ip,...,41).

A subset A C {2 is called a cylinder if there exists i = (i1,...,i,) € 24

such that
A=A(1)={je 2:jn=1i}.

We denote by A the o-algebra of subsets of {2 which is generated by such
cylinders.

Given an IFS (S, p)n and a point x € X we denote by P, the probability
measure on A defined on the cylinder A(i), i = (i1,...,i,) € 2., by the
formula

(2.13) P.(A®)) = pi, (x)piy (Siy (x)) .. .04, (S, _, ©...08; (x)).
It is clear that the above formula defines the unique probability measure
for realization of the Markov process starting from the point x for the given
IFS (S,p)n (see [2]).

For convenience, in what follows we write P, (i) instead of P, (A(i)) and
P, (A) instead of P, (A(A)), where A C (2, and A(A) = J;c 4 A(i). Moreover,
for i € (2,, we write

Si=25;,0...085.

PROPOSITION 2.2. For every i = (i1,...,i,) € {2, we have
(2.14) Pa(i) = pi, (2)Ps,, oy ((izs - in),
(2.15) P (i) = pi, (Sip_y 0. 0 51(2))Pa((in, - - - s in-1)),
N
(2.16) D Pa((i,d) = Pali),
i=1
(2.17) P.(i|k) > P.(ijm) if Kk <m <n.

Proof. Follows immediately from the definition of P,.

3. Auxiliary results. Throughout this section we assume that an IFS
(S,p)n is given and P, is the corresponding probability measure on {2 given
by (2.13). Using a standard martingale argument we prove the following
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LEMMA 3.1. Assume that an IFS (S,p)n satisfies conditions (2.3)(2.7).
Let f; : X =Ry, i=1,..., N, be bounded continuous functions such that

f
 in inf fi(w) >

Then for every x € X there exists a measurable set 2, C 2 with P, (£2,) =1
such that, for all (iy,ig,...) € 24,

(31)  Timsup— los(fi, (1) fo, (S5, () fi, (i, 00 S, (1)) < log 4,

n—oo

(32> hnrrigfglog(f“ (x)flz(sl ( )) fln( in—1 OSM(x))) > 10g5

where

3.3 = su | | pl(x)’
( ) weg f

— 3 . pi(x)
(3.4) 0= inf |:| fi(z)Pt.

Proof. To prove (3.1), fix x € X and for each n € N define X,, : 2 - R
by
X,n(i) =log(fi, (Si, ,0...08;(x))).
For i = (iy,...,i,) € {2, we denote by A(i) the o-algebra generated by the
cylinders {A(j) : j € 2., j > i}. Moreover, let E, denote the expectation

with respect to the probability measure P, on f2.
Fix i = (41,12,...) € £2. We have

N
Ex(Xn | A(il, . ,Z'nfl)) = Zpi(S,-n_l 0...0 Sil ({L’))Xn((ll, . ,infl,i)).
By (3.3) we have

N
> pi(Si,_, 0...08; () log(fi(Si,_, ©...0 8 (x))) < log A.
=1

Now let Y,, = X,, — E,.(X,, | A(i1, ... ,in—1)). Then
|

Yo (i) < 2sup|X @) Pe-as.
e
Write
M = 2sup | X, (i)] < .
ien
Define

i% for n € N.
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It is easy to see that (Z,),>1 is a martingale. Since Y}, and Y] for k # [ are
mutually orthogonal, we have

E.(Z2) < M Si%?
k=1

Hence (Z,,)n>1 is an L?-bounded martingale, and so (Z,,),>1 is convergent
a.s. Then by Kronecker’s lemma (see [7])

ol
nlg]go - Z Y. =0 P,-a.s.
k=1
Thus
lim sup — ZXk —logA <0 P-a.s.,

n—oo N

whence (3.1) follows immediately.
Replacing f; with 1/f; and using the same argument gives (3.2). m

A finite set £ C (2, is called fundamental for the IFS (S,p)n if
(3.5) ZIP’m(i) =1 foreveryze X
iel
and there are no i,j € £ such that i < j. Set
|L] = max{|i] : i € L}.

LEMMA 3.2. Let £ C (2. be a fundamental set for the IFS (S,p)n. If
i= (i1,...,in) € L and n = |L|, then (i1,...,in_1,1) € L for every i €

{1,...,N}.

Proof. First observe that A(i) N A(j) = 0 for every i,j € L, i # j.
Now, suppose for a contradiction that there is i = (i1,...,4,) € L such
that (i1,...,in—1,7) & L for some i € {1,...,N}. It is easy to verify that
A1y ey in—1,1)NA(j) = 0 for every j € L. Slnce P,. is a probability measure
and P, (i) > 0 for every i € {2, we have

> Po(i) < 1=Pu((ir,. .. in-1,4)) <1,
iel
which contradicts (3.5). m

REMARK 3.1. Note that for every n € N there exists a fundamental set
L for (S,p)n such that £ C 2<,,.

LEMMA 3.3. Assume that an IFS (S,p)n satisfies conditions (2.3)(2.7).
Let py € My be its unique invariant measure. Then for every fundamental



148 J. Myjak and T. Szarek

set L C {2, we have

(3.6) pa(A) =\ Po(i7)14(Si-1 (2)) pa(da)  for A € B(X).
ieL X
Proof. We use induction on n, where £ C {2<,,.
Suppose first that £ C (2. Since p;(z) >0forz € X andi=1,..., N,
it follows immediately that £ = {1,..., N} and (3.6) is obviously satisfied.
Now suppose that (3.6) holds for every £ C 2<,,, and take £ C 2<p41.
Using the invariance of p, and (2.2), for f € B(X) we have

(3.7) | f(@)pa(dx) = | f(z) Ppa(dz) = | Uf(x) p(dz)
X X X
N
= Z S pz ,u*(dx)
i=1 X
Set
(3.8) Lopy={el:fil=n+1}, L£r, ={iln:i€ Ly}

We assume that L£,11 # ( (otherwise there is nothing to prove). Let
A € B(X). Using in succession Lemma 3.2, formula (2.14) and (3.7) we have

(39) 30 [Pl )La(Si 1 (@) (da)

i€£n+1 X

JeLl 0

§ o)) La(S( 01 (2)) pc(der)
X

M= 1[M]=

S Pi(@)Ps, 2y (7 1La(Sj-1(Si(2))) pru(dw)
X

JELY {4 0
= > VPo7)1a(S1 (2)) pc(de).
JeLy X
Now setting £* = (L \ L,41) U L}, and using (3.9) we obtain
(3.10) > [ Po(i7H)1a(Si-1(2)) pu(de)
el X

= Y [Pl ) 1a(Si1 (2) ()

i€ln41 X
b Y JRAS (@) ()
i€£\£n+1X

= 3 Rl 1a(Sio1 (2) pa(da).

iel* X
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Clearly £* is fundamental and £* C {2<,,. Now apply the induction hy-
pothesis. =

Let L;, ¢ = 1,..., N, be Lipschitz constants of S; and let Iy be given
by (2.4). For i = (i1,...,i;) € {2, we write

(3.11) Li=1L; ...L;, .
For I' > Iy and ng,n € N, n > ng we define
(3.12) ZO(F):{iEQZn:Li‘kSFk for ng <k <n}.

LEMMA 3.4. Let F be a bounded subset of X. Then for every I' € (Ip,1)
and ng € N there exists a > 0 such that

P.(i) > aPy(i) forallic Qy (I')N 2y, n>ng and z,y € F.

Proof. Fix I' € (I, 1) and let d = diam F'. Let w be as in (2.6), (2.7).
Set

I
M8
&

k=1

Clearly wg < oo. Fix ng € N. Let n > ng and z,y € F. Fori € Q;, (I')N {2,
we have

Py (i) = pi, (¥)pin (Siy (V) - - - pi, (Siy s - S5, ()
pzl( ) Ping (Szn0—1 0...0 Si1 (y))
i () iy, (Sin, 010 S5 ()
X Diy (1‘) . 'pino (Sino—l 0...0 Sil <1’))

L[ mot e seento)

Zno—l

k:n0+1
X Dig (‘S’ik—1 o...0 Si1 (.ZE)):| .

Using the inequality p;(z) > ag, conditions (2.6), (2.3) and definition (3.12)
we obtain

P,(i) < (1 —ag)™
agp®
% ﬁ (1 + w(Q(Sik—lo ... 0 Sh (x>7 Sik—1 0...0 Si1 (y)»)Pm(l)
k=no+1 &0

§<1;0a0)n0 ﬁ (H#:d))m(i).

k:n0+1
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Consequently,

I-a\™ 1 1 1—ap\™
R < (L) T e = (R00) e,

(e% «
0 k:n0+1 0

Setting o = al°(1 — ag) "0 e~ 0/ we complete the proof. m

From now on assume that the constants [; € (0,1),7 = 1,..., N, sat-
isfy (2.3). Let 7o be given by (2.10). For v € (0,v9) and n € N define
Jn('y) = {Z S {1,...,N} 2l < ’yn}U{i ISP |i‘ >1land l; <A™ < li||i|71};
where [; is given by (3.11).

LEMMA 3.5. For every v € (0,7) and n € N the set J,(v) is funda-
mental for (S,p)n

Proof. Fix v € (0,70) and n € N. It is easy to verify that J,,(7) C 2<,,
where m is the least integer such that (maxj<;<n ;)™ < ~". Consequently,
Jn(7y) is finite. Moreover, from the definition of J, () it follows that if i €
Jn(7), j € £2, and j > i, then j & J, (). This implies that
(3.13) AG)NAG) =0 forije J.(y), i#].

Finally, observe that for every i € {2 there is k € N such that i|k € J,(7).
Consequently,

(3.14) 0= U A(i)
ieJn ()
By (3.13) and (3.14) for all x € X we have

3 IP’z(i):IP’z( U A(i)):IP’gC(Q):l.-

i€Jn(7) i€Jn(v)

LEMMA 3.6. Assume that a family S, ..., SN satisfies the strong Moran
condition and condition (2.3) with l; € (0,1). Then for every v € (0,70),
n €N and i,j € J,(v), 1# j, we have
(3.15) dist(Sj-1 (F), Sj-1(F)) > "o
where the set F' and the constant o satisfy (2.11), (2 12).

Proof. Fix v € (0,7), n € N and i,j € J,(y), i # j. Suppose i =
(i1,...,0p) and j = (j1,...,Jq). Since J,(7) is fundamental, there exists
an integer m < min{p,q} such that i,, # jm, but iy = ji for & < m.
From the strong Moran condition it follows immediately that Sj-1(F)
Sil Oo.. -OSim (F), Sj—l (F) C Sjl Oo.. .OS]'m (F) and dlSt(Slm (F), Sj7n (F)) >0
Consequently,

dist(Si-1 (F), Sj-1(F)) > dist(S;, 0...08; (F),S;, 0...08;, (F))
Z lil .. .lim_lU Z ’)/ g.
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LEMMA 3.7. Assume that an IFS (S,pn) satisfies (2.3) with I; € (0,1),
i=1,...,N. Let vy be given by (2.10). Then for every v € (0,79) there is
B > 0 such that

Z P.(i) >3  for everyx € X,
ieJi(v)

where
(3.16) Tn(y) ={i€ Ju(y) :i7" € Tu()}.
Proof. Without any loss of generality we can assume that
h<lL<Ily fori=1,...,N.

Observe that if i = (i1,...,ix) € Ju(y) and i, = N then it € J,(v).
Moreover, for every i = (i1,...,ix) € J,(7) there exists a unique element

(3.17) (i) = (i1,...,i5_1, N, ..., N)

which belongs to J, (). In this way formula (3.17) defines a one-to-one map
from J,, () into J, (7). Note also that

(3.18) (r(1))"' € Ju(y) for every i€ J,(7v).

Fix i = (i1,...,ix) € Ju(y) and let mg be such that I° < l;. Since
li <A™ and [y <[; fori=1,..., N, we have
[T()] < il =14 mo,

which means that in (3.17) the number N appears at most mg times. Now
it is easy to see that for every i € J,(v),

(3.19) card{j € J,(v) : 7(j) = 7(i)} < N™°

(card stands for cardinality). By (3.17), (2.15) and (2.17) for every x € X
we have

(3.20) Po(r(i)) = Pulir, ....ix_1. N, .., N)
Z Pw(il, v ,ik,l)agno 2 ]P’m(i)aomo,
where «q is given by (2.5). By Lemma 3.5 and (3.5), (3.20) and (3.19) we
have

1= > P()<ap™ > Pu(r(i) SNTap™ Y Pu(i).

i€, (v) ieJn () i€y (v)

Setting 3 = (ag/N)™° completes the proof. m
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4. Upper estimate of capacity

THEOREM 4.1. Assume that an IF'S (S,p)n satisfies (2.3)-(2.7) and let
i € My be the corresponding invariant measure. Then

S log &g
. ) < ,
(4.1) Capyp (ps) < Tog T

where Iy and dg are given by (2.4) and (2.9), respectively.

Proof. Fix n > 0. Let p, be the unique invariant probability measure
for the IFS (S, p)n and let K be a compact subset of X such that u.(K) >
1—mn/4. Set d = diam K. Fix zp € K. By Lemma 3.1 (with L; and p;(z) in
place of f;(x) and Iy and dy in place of A and §, respectively) there exists
a measurable set 2o C 2 with P, (£2) = 1 such that, for all i € {29,

1
(4.2) lim sup — log(L;,) < log I,

n—oo n
1
(4.3) lim inf — log(PP,, (i|n)) > log do,
n—oo n

where Lj, = L;, ...L;,. By Lemma 3 of [8] the measure P,, z € X, is
absolutely continuous with respect to P,,. Thus P,(£2) =1 for z € X.
Choose I' € (Ip,1), 6 € (0,00) and define the sequence (29(n))p>1 of
measurable subsets of {2y by
Qo(n) = {i € 2y : Py, (ilk) > 6% and Ly, < I'* for k > n}.
Obviously £2p(n) C 2y(n+1) for n € N. Moreover, from (4.2), (4.3) and the
choice of I" and § it follows that 2y = [J, -, £29(n). Consequently,

(4.4) lim P, (2(n)) =1 forze X.

By Lemma 4.1 of [24] the function z +— P, ({29(n)) is Borel measurable for
each n € N. By (4.4) the sequence (P, (£29(n)))n>1 is a.s. convergent and so
convergent with respect to the measure u.. Hence there exists ng € N such
that

(4.5) p({x € K : Py(20(n)) >1—n/2}) >1—-n/2 for n > ng.
By the invariance of ., for all n € N and A € B(X) we have
(4.6) pa(A) = P aa(A) = D | Po(i)1a(Si(2)) e (da).
i€, X
Now, for n € N define
Dy = U B(Si(wo)agn)a
ienfy(n)

where
Qp(n)={ijn:i€ (n)} and e, =1I1"diamK.
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Observe that
(4.7) 0(Si(z), Si(xp)) <&, forie f(n)andz e K.

Using (4.5)—(4.7) and the inclusion 2y(n) C A(£2§(n))), for every n > ng
we have

pe(Dy) = D | Po(i)1p, (Si(x)) pe(da)

ie, X
> 3 [ Pui)in, (Si@)) pu(de)

i€ 0y (n) X
>0 Pui) pelde) = | Bo(2 (n)) puu(da)
Kienp(n) K
> | Pu(20(n) pe(da) = (1 —n/2)(1 —n/2) > 1—n.
K

From this inequality and the definition of D,, it follows that N(e,,n) < Np,
where Ny = card 2’ (n) and N (e, n) comes from the definition of capacity.
Since Py, (i) > 6" for i € 25 (n) and 3 i o () Pao (i) < 1, we have Nod™ < 1.
Consequently, N(g,,n) < 6~ ". By Remark 2.1 we now have

i log N(e,m) _ .. log N (en, 1)
imsup ————= = limsup ———=
0 —loge n— o0 —loge,
logdé—" log &
< lim sup o8 s

nooo —log(I'diamK) logI’
Letting § — dp and I — [y we conclude that

log N log é
lim sup og N(e,m) < 06 % )
D0 —loge log I'y

Since > 0 was arbitrary, the proof is complete. =

5. Lower estimate of capacity

THEOREM 5.1. Assume that an IFS (S,p)n satisfies (2.3)—(2.7) and
s € My is the corresponding unique invariant measure. Moreover, assume
that the functions Si,...,Sn satisfy the strong Moran condition. Then

10gA0
5.1 C ) > ,
(5.1) Cap () > T

where Ay and vy are given by (2.8) and (2.9), respectively.

Proof. Consider first the case I; < 1, ¢ = 1,..., N, where the [; sat-
isfy (2.3). Let F' be a closed set satisfying (2.11) and (2.12). Since F is in-
variant for Sy, ..., SN, we have supp p. C F. Choose ¢ € F. By Lemma 3.1
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(with p; and Ag or L; and [ in place of f; and A, and [; and + in place of
fi and o, respectively) we have

1
(5.2) limsup — log(P,, (ijn)) <logAy, P,,-a.s.,
n—oo N
1
(5.3) limsup —log(Lj,) <logly Py -a.s.,
n—oo N
1
(5.4) liminf —log(l;,) > logvo  Pgy-a.s.
n—oo N

Fix v € (0,70), I' € (Lv,1) and A € (Ap, 1). Let ng € N and let a be as
in Lemma 3.4. By (5.2)—(5.4) there exists nq > ng such that

(5.5) Py, ({i € 2:P,, (ijn) < A" for n > ny}) > 1— 3/6,
(5.6) Py({i€ 2: Ly, < I™ forn>ni}) >1-3/6,
(5.7) Poo({i€ 2: 1, >~" forn>n1}) > 1- /6,
where 3 is as in Lemma 3.7. Now choose n, € N such that
(5.8) min{li| : i € J,(7)} > ny  for n > n..

For n > n, define
In(y) = {1 € Ju(7) : Poy (i7'[k) < AP, Limap < I
and li—1|k > ’)’k forkeN, ng <k< ‘i|}
By (5.5)-(5.8) and Lemma 3.7 we have
(5.9) Z P, (i) > B/2 forn >n.
ien(v)
Since i~! € Q1 (v) for i € J2(v), Lemma 3.4 yields
(5.10) o 'P,,i7") >P,(i') > aP, (i) foric J2(y)and x € F.
From (5.9) and (5.10) it follows that
(5.11) > P = ap)2,
iep(v)

(5.12) P.(i"!) < atall

for allm > n,, z € F and i € JJ(v). Since for i € J2(7) we have l; < 4™ and
i1 > y* for ny < k < |i|, it follows that |i| > n. Hence

(5.13) P.(i™') <atA™ forie J2(v).
For n > n, define
(5.14) D,= |J S-(P).

ieJg (v)
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Since by Lemma 3.5 the set J,(7y) is fundamental, Lemma 3.3 and (5.11)
show that

(5.15) w(Da) = 3 [ Bali7)1p, (51 (2)) pu(da)

ic€dn(v) X

>\ > Pu(iT)ip, (Si-i (@) pa(d)

FieJi(v)
=\ D PuliT)p(de) > a2
Fied(v)
for n > n..

By Lemmas 3.3, 3.5 and 3.6, the inclusion supp . C F and inequal-
ity (5.13), for every j € JO(v) and n > n., we have

pe(Sa(F)) = Y VPoli™) s, () (Si1 (2)) p(da)
i€Jn(v) X
= > [P, (m) (i1 (@) pa(de)
ieJp(nF
= [P palda) < A7/,
F
since Sj-1(F) N Sj-1(F) = 0 for i # j, 1,j € J)(7). Define e, = "0 /2 for
n > n,, where o > 0 is given by (2.12). By (3.15) every ball B with radius
£, meets at most one set S;-1(F) for i € J2(7y). The inclusion supp p. C
Uie, () Si-1(F) then implies that to cover a set of .-measure greater than
or equal to 1 —n (with n < a3/2) we need at least a(1 —n)A~" balls with
radius €,,. Thus N(ep,n) > a(l —n)A™" for n > n,. Consequently,

log N 1 1—n)A—" log A
liminfw > lim inf og(a( n) ) — 08 .
e—0 —loge n—00 —loge, log v
Thus log A
0og
C $) >
ﬂ’L(” )= log Y
and letting A — Ag and v — 7y we conclude that
log A[]
C x) > .
Cap, () 2 log o
Suppose now that some of the [;’s are equal to 1. Choose I; < l;, i =
., IN. Since

sup H 7@ gup H pi(@)

zeX TEX ;

as l; — I; for i € {1,..., N}, the statement of Theorem 5.1 follows. m
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