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A multiplicity result
for the Schrodinger—Maxwell equations
with negative potential

by GIUSEPPE MARIA COCLITE (Trieste)

Abstract. We prove the existence of a sequence of radial solutions with negative
energy of the Schrédinger—Maxwell equations under the action of a negative potential.

1. Introduction. In this paper we study the interaction between the
electromagnetic field and the wave function related to a quantum non-
relativistic charged particle, which is described by the Schrédinger equation.

In [2, 3, 11] the case in which the electromagnetic field is given has been
studied. Here we shall assume that the unknowns of the problem are both
the wave function 1p = ¥ (x,t) and the gauge potentials ¢ = ¢(z,t) and
A = A(z,t) related to the electromagnetic fields E, H by the equations

E=--2"_Vyp, H=VxA.

Such a situation has been studied by Benci and Fortunato (cf. [5]) in the
case where the charged particle “lives” in a bounded space region (2. Here
we want to analyze the case of £2 = R3. Moreover we assume that there is an
external field deriving from a potential —V (z). We consider the electrostatic
case, namely we look for potentials ¢ and A which do not depend on time ¢:

o =op(), A=A(x), =zcR3
and for standing wave functions
Y(z,t) = u(z)e™t, 2z cR3 teR,

where w € R and v is real-valued. In this situation we can assume A = 0
(see the first part in Section 3 of [5]).
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It can be shown (cf. [5]) that ¢, w and u are related by the equations
(1) {A%AU_SOQU_ V(z)u = wu %n Ri,
p =4nu in R”.
We assume that V : R® — R is a radial positive map satisfying
(V1) V is continuous in R3\ {0};
(Va) Ve L2({Ja <1});
(V3) lim V() =0;

|z|—+o0
(V) ‘ ‘lim 22V (x) = +oo.
x|—+00
Observe that the coulombian potential, which is physically the most inter-
esting one, satisfies (V1)—(V4) (cf. [13, 14]).
The equations in (1) have a variational structure; in fact, they are the
Euler-Lagrange equations for the functional

1 2 1 2 1 2
Fw(u,gp)zz S |Vul dm—g S ou dm—ﬁ S V| dx

R3 RS RS
1
~3 S V (x)u? dm—% S u|? da.
RS R3

This functional is strongly indefinite, which means that F,, is neither
bounded from below nor from above and this indefiniteness cannot be re-
moved by a compact perturbation. Moreover F, is not even. By a suitable
variational principle we are reduced to studying an even functional which
does not exhibit the same indefiniteness of F,,. The main result of this paper
is the following.

THEOREM 1. Let V satisfy (Vi)—(Va). Then for all w < 0 problem (1)
has infinitely many solutions {(uk, pr)ren with ux € HY(R3),

S |Vor|? dz < 0o
R3
and such that F,,(ug, pr) < —w/2.

The case where V is radially decreasing and belongs to LP(R?), with
3/2 < p < o0, is investigated in [9, Cap. 6] and the nonlinear case is stud-
ied in [10]. Finally we recall that the Maxwell equations coupled with the
nonlinear Klein—-Gordon equation and with the Dirac equation have been
studied respectively in [6, 12].

2. The variational principle. In this section we shall prove a varia-
tional principle which permits us to reduce (1) to the study of the critical
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points of an even functional which is not strongly indefinite. To this end we
need some technical preliminaries.

We define the space D12(R3) as the closure of C§°(R?) with respect to
the norm

ul[pre = ( i \Vu|2dx>1/2.

R3
The following lemma holds (cf. [7, Theorem 2.4]):

LEMMA 2. For all o € L*(R3) N L"(R3) with 6/5 < r < 2, there exists a
unique o € DV2(R3) such that Ap = 9. Moreover,

lelBre < clllellz: + llelz-)
and the map

0 L'RY) NL'(R®) s = A~ (o) € DM2(RY)
1S continuous.

By Lemma 2 and the Sobolev inequalities, for any given u € H'(R?) the
second equation of (1) has the unique solution

o =4rA 1 ? (e DMA(R?)).
For this reason we can reduce (1) to
1
(2) —§Au —An(A W~ V(z)u =wu  in R3.
Observe that (2) is the Euler-Lagrange equation of the functional

1
Jo(u) = 1 S |Vu|*de + 7 S VA~ w22 da

R3 R3
1 2 w 2
~3 S V(z)u d:v—§ S u® dx.
R3 R3

Now we set
H; (R?) := {u € H'(R?) | u(z) = u(|z]), z € R}
LEMMA 3. For all w € R:
(i) Jo is even;
(ii) Jo, is C' on HY(R®) and its critical points are solutions of (2);
(iii) any critical point of Ju|m1(ws) is also a critical point of J,.
Proof. The proof of (i) is trivial. Since

%( [ VA~ (u+ 2w)P? d:c)

R3

= -2 S (A | v) da,
A=0 R3
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(ii) holds true. To prove (iii), consider the O(3) group action T, on H'(R?)
defined by

Tyu(z) = u(g(z)),
where g € O(3) and u € H'(R3). Then the conclusion follows by well known

arguments (see for example [16]) because J,, is invariant under the T} action,
namely

where g € O(3) and u € H*(R?). So (iii) is proved. m

3. Proof of Theorem 1. We begin by proving some lemmas.

LEMMA 4. Let V satisfy (Vi)—(V3). Then for all w < 0 the functional J,,
is weakly lower semicontinuous in H!(R3). Precisely
ue H (R?) — | |Vul?dz — 2w | v dz
R3 R3
1s weakly lower semicontinuous and
uwe H (R | VAW P do,  uwe H (R®) - | V(z)u’dz
R3 R3
are weakly continuous.

Proof. Let w < 0. By a well known argument the functional
u € HY(R?) — S |Vu|? dz — 2w S u? da
R3 R3
is weakly lower semicontinuous.
We prove that the functional

u € HNR?) — S VA w22 da
R3
is weakly continuous. It suffices to observe that the operator
Q: ue HX(R?) — u? e LY5(R%) N L*(R?)
is compact; in fact, by the compact embeddings of H}(R3) (see [8, Theo-
rem A.I'], [16]) the operator
HY(R?) — L'?/5(R%) n L4(R?) - L8/5(R?) N L2(R?)
is compact, and by Lemma 2 the operator
A~ LA (R®) N L*(R%) — DV (R?)

is continuous.

Next, we prove that the functional

u € HYR?) — S V(z)u? dz
R3
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is weakly continuous. Let {u,} C H}(R3) and v € H}(R3) such that ux — u
weakly in H!(R?). Since up — u weakly in L?(R3), there exists C' > 0 such
that
urll> <C, ullz < C.
By (V3) for all € > 0 there exists R > 0 such that
2| <R = 0<V(x) <e/C>
Then
(3) S V(z)ui dx < ¢, S V(z)u?dx < e.
{lz|>R} {lz|>R}
By the Sobolev inequality, clearly u; — u? weakly in L3(R?®), and by (V1)
and (V3),
S V(z)u? dr — S V(z)u? da.
{lz|<R} {lz|<R}
Therefore (3) yields
‘ S V(z)ui dx — S V(z)u? daz‘
R3 R3
<2+ ’ S V(x)uj dx — S V(2z)u? dx|,
{lz|>R} {lz|>R}
SO

m‘ S V(z)ui do — S V(z)u? daz‘ < 2,
¥ g R3
and we conclude that
S V(z)ui dr — S V(z)u? dx.
R3 R3
So the proof of the weak lower semicontinuity is complete. =
REMARK 5. Observe that only for 3 < n < 6 are we able to prove that
the functional
u€ HYR™) — X VA~ 2|2 do
Rn
is weakly continuous by using the compact embedding results for radial
solutions (see [8, Theorem A.I'], [16]) and Lemma 2.
LEMMA 6. Let V satisfy (V1)—(V3). Then for all w < 0 the functional J,,
is coercive in H!(R3), i.e. for every sequence {up} C H}(R3) such that
llug| g2 — 400 we have limy, J,, (uy) = +o0.

Proof. Let w < 0. Define
B' = {ue H; (R%) | |ullm = 1}.
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Let {ur} € HI(R?) be such that |Jug||z: — +oo. Write up = Ay with
M € R and @ € B’. We have
Jo(ur) = apAi + bl — cpdi + dphi
with

1 . -
ar = 7 | IVi?do € [0,1/4], be =7 | |VAT'@|?dx > 0,

R3 R3
1 " ~
Ck:§ S V(x)uid:UZO, dk:—g S uidme[o,—w/Q].
R3 R?

Observe that by the Sobolev inequality and (V;)—(V3),
2ck, = S V(z)uz dr + X V(z)tu; dx
{lz<1} {lz>1}

<Vl psre(gaj<ay lll7e + |SI‘1>Pl V()|t|7 2

< (ClIVIgsra(qiai<1yy) + ISI|1>I>1V(5U))WI<H%11
= (CIVlLsr2((ja<1y) + |81|1>pl V(z)),
where C' > 0 is the Sobolev embedding constant. Since
u € HYR?) — S VA w2 da
R3
is weakly continuous and B’ is bounded in H!(R3) there exists o > 0 such

that by > a > 0. Hence we conclude that limy J,(ug) = +00. =

Using a well-known argument based on Lemmas 4 and 6 we immediately
obtain the following result.

LEMMA 7. Let V satisfy (V1)—(V3). Then for all w < 0 the functional J,,
is bounded from below in H!(R?).

LEMMA 8. Let V satisfy (V1)—(V3). Then for all w < 0 the functional
Julm1(rsy satisfies the Palais-Smale condition, i.e. any sequence {uy} C
H!(R3) such that {J,(ux)} is bounded and (Jo,(ur)|m (rs))’ — 0 contains
a converging subsequence.

Proof. Let w < 0 and {ug} C H(R?) be such that {J,,(ux)} is bounded
and (Jo,(ur)| g1 (r3))" — 0. First of all observe that, by Lemma 3(iii),

(Jw‘Hrl(R3))/('UJ) =0 & J;(u) = 0,

hence we can suppose J/ (ur) — 0. By Lemma 6, the sequence {u} is
bounded in H!(R?); consequently, passing to a subsequence there exists
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u € H(R3) such that

(4) up — v weakly in H!(R?).
Clearly then
(5) J(u) = 0.

We prove that ux, — u in H!(R?). By Lemma 4 and (4),
S |Vug|? de — 2w S uy dz
R3 R3
= 2(J/ (ug),u) — 87 S VA 2 |? do + 2 S V(z)ui dx
R3 R3
— — 87 S VA 2|2 da + 2 S V(z)u? dx
R3 R3
= S \Vul|? dz — 2w S w? dx — 2(J (u), u).
R3 R3
By (5) and since w < 0, our claim is proved. m
REMARK 9. Since for all w < 0 the functional J, is bounded from be-
low and satisfies the Palais—Smale condition there exists at least one critical

point, namely the minimum. Assumption (V}) is needed to prove the exis-
tence of other critical points.

LEMMA 10. Let V satisfy (V1)—(V4). Then for all k € N\{0}, there exist
a subspace Vi, C HY(R3) of dimension k and v > 0 such that

S (%|VU|2 — V(x)u2) dr < —v  forall u € VyN B,
R3
where B = {u € H}(R?) | {55 [u|* dx = 1}.
Proof. Let u be a smooth map with compact support such that

| [u?dz =1, supp(u) C By(0)\ B1(0),

R3
where By(z) = {y € R? | |z — y| < o}, # € R?, p > 0. Setting

ux(z) = X3 2u(Az), A>0, zeR3
and
Ax = By/x(0) \ By/a(0), A >0,

we obtain

S |u|? dx = S lua|?>dr =1, supp(uy) C Aj.
R3 R3
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By (V1) we have

| (%]Vu;f - V(x)u‘i) de = | <)\2%|Vu]2 - V(%)ﬁ) da

R3 R3
1 1
<M\ S |VuPdr— inf V<X | |VuPde—infV
2 (1/X) supp u 2 Ax
R3 R3
2 (1 2
= X §]Vu| dx — V(xy),
R3

where x belongs to the closure of Ay, V(zy) =inf4, V and (1/)\)suppu =
{(z/N\) | x € suppu}. By (V3) and (V}) there exists A\g > 0 such that

1
| (§|vmo|2 - V(m)u?\()) dz < 0.
R3

Let k € N\ {0} and uy, ..., ur be smooth maps with compact supports such
that

| Jusl?dz =1, supp(u;) C By(0)\ Bi(0), i=1,....k

R3
Using an analogous argument we find Aq,..., Ar > 0 such that
1
S <§|VUZ>\ 2 V(m)uf/\) de <0, i=1,...,k;
R3

here u;x = (u;)x. Let
0<X<min{\i,..., \x}

and V}, be the subspace spanned by u,5, ..., u;5. Since the supports of these
maps are pairwise disjoint, V; has dimension k. Since for all i = 1,...,k and
A < \; we have

1
S <§]Vui,\|2 — V(:v)uf/\> dr <0
R3

and Vi N B is compact, the lemma is proved. m

LEMMA 11. Let V satisfy (V1)-(Va). Then for all w < 0 the func-
tional J,, has infinitely many critical points {ug}ren C HL(R?) such that
Jo(ug) < —w/2.

Proof. Let w < 0 and define
cp = inf{supJ,(A) | Ac A, v(A) >k}, keN\{0},
with
A={AcC H'R3?) | A closed, symmetric and 0 ¢ A}
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and 7 is the genus (cf. e.g. [1, Definition 1.1]). We have to prove that
¢ < —w/2 for all k € N. Let k € N\ {0} and v > 0. By Lemma 10, there
exists a subspace Vj, C H}(R?) of dimension k such that for all u € V}, N B,

1
S <—|Vu|2 - V(:c)u2> dr < —v.
R3 2
Let A > 0 and define

hy:ViNB — HYR?),  hy(u) = A2

FixueV,NnBand 0 < X< 1. Then
v
2’
where ¢ is a positive constant. Then there exists 0 < A < 1 such that

Ju(hx(u)) < —w/2 for all u € Vi N B. Since hy is continuous, odd and
0 ¢ Vi N B we have

(7) h5x (Vi N B) € A.
Since V, N B is compact, by (6) and (7) we have
inf J, < ¢ <supJ,(h5x(VixNB)) < —w/2.

By Lemma 8 combined with [15, Theorem 9.1], [4] there exists a sequence
{ur} C B of critical points of J, such that J,(ux) = ¢f < —w/2. So,
Lemma 11 is proved. m

A A
(6) Jw(hA(u))§—§V+c)\2—g)\§—§l/+c)\2—

Proof of Theorem 1. The proof is an immediate consequence of Lem-
mas 3 and 11, since
F,(u, 4r A" ?) = J,,(u)

forallw € R and u € H'(R?). m
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