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An extension theorem for separately holomorphic
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by MAREK JARNICKI (Krakéw) and PETER PrLUG (Oldenburg)

Dedicated to Professor Jozef Siciak in honour of his T0th birthday

Abstract. Let D; C C* be a pseudoconvex domain and let A; C D; be a locally
pluriregular set, j = 1,..., N. Put

N
X = U Ay X ... ><Aj_1 ><Dj XAj+1 X...X AN C(Ckl—,—m—‘rkN.

=1
Let U be an open connected neighborhood of X and let M & U be an analytic subset.
Then there exists an analytic subset M of the “envelope of holomorphy” X of X with
M N X C M such that for every function f separately holomorphic on X \ M there exists
an f holomorphic on X \ M with jA’\ x\m = f. The result generalizes special cases which
were studied in [Okt 1998], [Okt 1999], [Sic 2001], and [Jar-Pfl 2001].

1. Introduction. Main theorem. Let N € N, N > 2, and let
0+ A; Cc D; CCH,
where D; is a domain, j =1,..., N. We define an N-fold cross
(1) X :=X(Ay,...,AN;Dy,...,Dn)

N
= U Ay x .o xAj 1 xDjxAjpq x ... x An C Chkit-tky
=1

Observe that X is connected.
Let £2 C C™ be an open set and let A C 2. Put

haqo:=sup{u:uec PSH({2),u<1lon 2, u<0on A},
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where PSH(S2) denotes the set of all functions plurisubharmonic on 2.
Define

Pyp— 3 *
WA,Q = khjgo hano,. 2

where (£2,)72; is a sequence of relatively compact open sets 2, C {241 CC {2
with Uzozl 2, = {2, and h* denotes the upper semicontinuous regularization
of h. Observe that the definition is independent of the exhausting sequence
(25)72, chosen. Moreover, wa o € PSH(12).

For an N-fold cross X = X(Ay,...,An;D1,...,Dy) put

~

N
X = {(zl,...,zN) €Dy x...xDpn: ZwAJ"DJ'(Zj) < 1};
j=1

notice that X may be empty. Observe that X is pseudoconvex if Dy,..., Dy
are pseudoconvex domains.

We say that a subset () # A C C" is locally pluriregular if by, (a) =0
for any a € A and for any open neighborhood (2 of a (in particulér, AN
is non-pluripolar).

Note that if Ay,..., Ay are locally pluriregular, then X C X and, more-
over, X is connected (Lemma 4).

Let U be a connected neighborhood of X and let M & U be an analytic
subset (M may be empty). We say that a function f: X\M — Cis separately
holomorphic (f € Os(X \ M)) if for any (a1,...,an) € A1 X ... x Ay and
j € {1,...,N} the function f(ai,...,aj—1,",aj41,...,an) is holomorphic
in the domain {z; € D; : (a1,...,a;-1,2j,0j41,...,an) € M}.

The main result of our paper is the following extension theorem for
separately holomorphic functions (1).

MAIN THEOREM. Let D; C Cki be a pseudoconvexr domain and let
Aj; C Dj be a locally pluriregular set, j = 1,...,N. Let M & U be an an-
alytic subset of an open connected neighborhood U of X = X(A1,...,AnN;
Dy,...,Dy) (M may be empty). Then there exists a pure one-codimensional

analytzc subset M C X such that:

o« MnN Up C M for an open neighborhood Uy of X, Uy C U,
o for every f € Os(X \ M) there exists exactly one f € O(X \ M) with

flxvar = f-
Moreover, if U = X’, then we can take M := the union of all one-

codimensional irreducible components of M.

The proof will be given in Sections 3 (the case U = X) and 4 (the general
case).

(1) We thank Professor Jézef Siciak for turning our attention to this problem.
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REMARK. Notice that the Main Theorem may be generalized to the case
where D; is a Riemann-Stein domain over Cki,j=1,...,N.

Observe that in the case M = (), N = 2, the Main Theorem is nothing
else than the following cross theorem.

THEOREM 1 (cf. [Ale-Zer 2001]). Let D C CP, G C C? be pseudocon—
vex domains and let A C D, B C G be locally pluriregular. Put X :
X(A,B; D, Q). Then for any f € O4(X) there exists exactly one f € 0O(X )
with f: fon X.

REMARK. (a) Let M = (). There is a long list of papers discussing the
case N = 2 (under various assumptions): [Sic 1969], [Zah 1976], [Sic 1981],
[Shi 1989], [Ngu-Zer 1991], [Ngu 1997], [Ale-Zer 2001]. The case N > 2,
k1 = ... = kn = 1 can be found in [Sic 1981]. The general case N > 2,
k1,...,kn > 1 was solved in [Ngu-Zer 1995] (?).

(b) Let M # (). J. Siciak [Sic 2001] solved the case: N > 2, k; = ... =
kn =1, D = = Dy = C, M = P~1(0), where P is a non-zero polyno-
mial of N complex variables. The special subcase N = 2, P(z,w) := z — w
had been studied in [Okt 1998]. The general case for N = 2, k; = ky = 1
was solved in [Jar-Pfl 2001]; see also [Okt 1999] for a partial discussion of
the case N =2, k1, ko > 1.

The case where the singular set M is a pluripolar relatively closed subset
of U is studied in [Jar-Pfl 2003].

2. Auxiliary results. The following lemma gathers a few standard
results, which will be frequently used in what follows.

LEMMA 2 (cf. [Kli 1991], [Jar-Pfl 2000, §3.5]). (a) Let 2 C C™ be a
bounded open set and let A C 2. Then:

o If P C C" is pluripolar, then hZ\P’Q =hj o

® Ninanon N Mg (pointwise on §2) for any sequence of open sets
Qr /" 2 and any sequence Ay, /" A.

® WA R = hA -

o The followmg conditions are equivalent: for any connected compo-
nent S of {2 the set AN S is non-pluripolar, and hA’Q(z) < 1 for any
z € 2.

o If A is non-pluripolar, 0 < a < 1, and 2, :={z € 2:h} 5(2) < a},
then for any connected component S of (2, the set ANS is noh—plum’polar
(in particular, ANS #0).

o If A is locally pluriregular, 0 < o < 1, and {2, is as above, then
hyo=ahly o on 2.

(2) We thank Professor Nguyen Thanh Van for calling our attention to that paper.
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(b) Let £2 C C™ be an open set and let A C (2. Then:

o wp € PSH(.Q)

o If A is locally pluriregular, then wa q(a) =0 for any a € A.

o If P C C" is pluripolar, then wa\p,o = wa 0.

o If A is locally pluriregular and P C C™ is pluripolar, then A\ P is
locally pluriregular.

Moreover, we get:

LEMMA 3. (a) Let A; C C*i be locally pluriregular, j =1,...,N. Then
Ay X ... x Ay is locally pluriregular.

(b) Let A; C ©; € CF, 2 a domain, A; locally pluriregular, j =
1,...,N, N >2. Put

N
2 := {(Zl,...,ZN)E.Ql X ... X QN:ZhZ]‘,Qj(Zj)< 1}

j=1
(observe that Ay x ... x Anx C £2). Then

N
* *
Paix..xan,0 = E hAj,Qj on 2.
=

Proof. (a) is an immediate consequence of the product property for the
relatively extremal function

*Bl><...><BN7(21><...><QN = maX{h*Bj,Qj cg=1,... 7N}§
cf. [Ngu-Sic 1991].
(b) First observe that

N
thj,.oj < hax..xan,0 on L2
j=1
To get the opposite inequality we proceed by induction on N > 2.
Let N = 2. The proof of this step is taken from [Sic 1981]. For the
reader’s convenience we repeat the details.
Put u:=h} 4, o € PSH({2) and fix a point (a1,az) € 2. If a; € A
(thus h%, o, (a1) = 0), then u(ay,:) € PSH(S22) with u(ai,-) < 1 and
u(aq,-) <0 on As. Therefore,

ular, ) < ha, 0, =ha, o, (a1) +hh, o, on .

In particular, u(a1,az) < hiy, o (a1) + R, o,(a2).
Observe that the same argument shows that if as € Ay, then u(-, a2) <
Ry, o, on {21
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If ap ¢ Ay, then R}, o (a1) + R}, o,(a2) < 1 and therefore o := 1 —
h:zhgl (al) S (0, 1] Put
(Qg)a = {22 € 2 : hik42792(22) < Oé}.
It is clear that As C (£22)q 3 az. Put
(u(ar,-) = hia, o, (a1)) € PSH((22)a)-

Then v < 1 and v < 0 on Ay. Therefore, by Lemma 2(a),

* 1 *
v < hAQ,(_Qz)a(a2) T o W, 0. (a2)  on (£22)a.

v =

QI

Consequently, u(a1,a2) < h}, o (a1) + R}, o, (a2), which finishes the proof
for N = 2.
Now, assume that the formula is true for N — 1 > 2. Put

N N-1

Q= {(21,...,ZN_1) €D X x Qy_1: Y B g (2) < 1}
j=1
and fix an arbitrary z = (z,zy) € 2. Obviously, z € 2. By the inductive
hypothesis, we conclude that
N—1

(2) hzlx...XAN,1,§<z) = h*AJ,QJ(Z])
j=1

J
Now we apply the case N = 2 to the following situation:
._(2/ = {(’[E,’UJN) E Q X ._(ZN : h;leXAN717§(w) +hf4NaQN(wN) < 1}
So
hle...XAN_l,é(w) + hZNygN (wN)
= hzlx...xAN,Q’(w7wN)a (wﬂqu) e .

Note that 2/ = 2. Hence

N
" ~ * ~ (2) *
Wayx..xan,0(Zan)=hy 4 5E) Fhay.oy(an)= > hho,(z) .
j=1
LEMMA 4. Let X = X(A1,...,AN;D1,...,Dy) be an N-fold cross as

~

in (1). If Ay,..., AN are locally pluriregular, then X is a domain.

Proof. Using exhaustion by bounded domains we may assume that the
Dj’s are bounded.

We know that X C X. Let 2° = (29,...,2%) € X be an arbitrary point.

If Z;VZZ A;.D; (29) = 0, then Dy x{(29,...,2%)} C X. Therefore, 2° can
be joined inside Dy x {(23,...,2%)} to (a1, 23,...,2%) for some a; € A;.
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It Z;‘Vﬂ hj:xj,Dj(Z?) =:e >0, put
(Dl)l—g = {Zl S Dl : hzl,Dl (21) <1-— 6}.

Then, by Lemma 2(a), the connected component S of (D1);_. that contains
29 intersects A;. Therefore, z° can be joined inside S x {(29,...,2%)} C X
to (a1,29,...,2%) for some a; € A;.

Now we repeat the above argument for the second component of the point
(a1,29,...,2%). Finally, the point z° can be joined inside X to (a1,...,an)
€ A1 x...x Ay C X. Since X is connected, the proof is complete. m

LEMMA 5 (Identity theorems). (a) Let 2 C C™ be a domain and let
A C 2 be non-pluripolar. Then any f € O(2) with fla = 0 vanishes
identically on {2.

(b) Let D c CP,G C CY be domains, let A C D, B C G be locally
plurireqular sets, and let X := X(A, B;D,G). Let M & U be an analytic
subset of an open connected neighborhood U of X. Assume that A’ C A,
B’ C B are such that:

e A\ A" and B\ B’ are pluripolar (in particular, A’, B" are also locally
pluriregular),

e M, ={weG:(z,w) € M} # G for any z € A’,

e MV :={zeD:(z,w) € M} # D for any w € B'.

Then:

(b1) If f € Os(X\ M) and f =0 on A’ x B'\ M (3), then f =0 on
X\ M.
(be) If ge O(U\ M) and g =0 on A’ x B'\ M, then g =0 on U \ M.

Proof. (a) is obvious.

(by) Take a point (ag,bp) € X \ M. We may assume that ag € A.
Since A \ A’ is pluripolar, there exists a sequence (ay)72,; C A’ such that
ap — ag. The set Q :=J,—y Ma, is pluripolar. Consequently, the set B” :=
B’ \ @ is non-pluripolar. We have f(ax,w) =0, w € B”, k=1,2,... Hence
f(ap, w) =0 for any w € B”. Finally, f(ap,w) =0 on G\ Mg, > b.

(bg) Take an ag € A’. Since M,, # G, there exists a by € B’ \ M,,.
Let P = Ay, (1) X Ap,(r) CU\ M (A, (r) C CP denotes the polydisc with
center zg € CP and radius > 0). Then ¢(-,w) = 0 on A’ N A,,(r) for any
w € B' N Ap,(r). The set A’ N A, (r) is non-pluripolar. Hence g(-,w) = 0
on A, (r) for any w € B’ N Ay, (r). By the same argument for the second
variable we get g = 0 on P and, consequently, on U \ M. m

() Here and below, to simplify notation we write P x Q \ M instead of (P x Q) \ M.
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3. Proof of the Main Theorem in the case where U = X. We
proceed by several reduction steps. First observe that, by Lemma 5(a), the

function fis uniquely determined (if it exists).

STEP 1. To prove the Main Theorem for M # () it suffices to consider
the case where M is pure one-codimensional.

Proof. Since X is pseudoconvex, the arbitrary analytic set M C X can
be written as

M={z€X :gi(z)=...=g(z) = 0},
where g; € O()?), 9; #0,j =1,...,k. Then M; := gj_l(O) is pure one-
codimensional.

Take an f € Os(X \ M). Observe that f; := f|x\a; € Os(X \ M;). B
the reduction assumption there exists an f] € O()? \ M;) such that ]/"’; =f
on X \ M;. In view of Lemma 5(a), gluing the functions (]?])é“:1 leads to an
fe O()?\M) with f = J/"; on )?\Mj, j =1,...,k. Therefore, f = f on
X\ M.

Finally, since codim (M \]\/4\ ) > 2, the function J?extends holomorphically
across M\ M. u

From now on we assume that M is empty or pure one-codimensional.

STEP 2. To prove the Main Theorem it suffices to consider the case

where M is empty or pure one-codimensional and D1, ..., Dy are bounded
pseudoconver.
Proof. Let D1,...,Dxn be arbitrary pseudoconvex domains, and let

Djw /" Dj, Dj € Dj, where Djj, are pseudoconvex domains with A; ; :=
A;NDj # 0. Observe that all the A; ;’s are locally pluriregular. Put

Xk = X(Al,k, .. .,ANJQ;DLk, .. ,Dva) C X;

note that )?k ya X.

Let f € Os(X \ M) be given. By the reduction assumption, for each k
there exists an fr € O(X; \ M) with fj, = f on Xj \ M. By Lemma 5(a),
fk+1 fk on Xk\M Therefore, gluing the fk s, we obtain an f € O(X\M)
Withf—fonX\M. "

From now on we assume that M is empty or pure one-codimensional and
Dy, ..., DN are bounded pseudoconvez.

STEP 3. To prove the Main Theorem it suffices to consider the case
N =2.

REMARK. By Theorem 1, Step 3 finishes the proof of the Main Theorem
for M = 0.
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Proof of Step 8. We proceed by induction on N > 2. Suppose that the
Main Theorem is true for N — 1 > 2. We have to discuss the case of an N-
fold cross X = X(A41,...,An;D1,...,Dy), where D1, ..., Dy are bounded
pseudoconvex. Let M C X be empty or pure one-codimensional.

Let f € Oy(X \ M). Observe that

X =(Y x Ay)U (A x Dy),
where
Y = X(Al, ce ,ANfl;Dl, e ,DNfl), A\ = Al X ... X ANfl.
We also mention that for any ay € Ay we have

{(2’1,...,2’]\[,1) € (Ckl X ... X CkN*l : (2’1,.. . ,zN,l,aN) S X} = i}

Now fix an ay € Axn such that

MCLN = {(Zla"'7ZN—1) € ?:(217"'7ZN—17(1N) € M} g ?a

in particular, M,, is empty or one-codimensional (in 17) Recall that Aq,
..., An_1 are locally pluriregular. By the inductive assumption there exists
an fay € O(Y \ My, with fay = f(-,an) on Y \ M,,,.

To continue define the following 2-fold cross:

Z:=X(A,An;Y,Dy).

Notice that Z satisfies all the properties for the case N = 2 }A/,DN are
bounded pseudoconvex domains, A C Y, Ay C Dy are locally pluriregular.
By Lemma 3, we have

Z={(G2n) €Y x Dy 1 hy ¢(3) + Wy py(an) <1} = X.
DeﬁnejT:Z\M—mey
FA_Fm ..l [ Fn(®) itz EY x Ay,
T = JG ) {f(z) if z€ Ax Dy.

Obviously, f is well defined and therefore f € Oy(Z \ M).
Using the case N = 2, we find another function f € O(Z \ M) with
f=fon Z\ M. Recall that Z = X. Hence f=fon X\ M. u

What remains is to prove the case N = 2 and M # (0. From now on we
simplify our notation and consider the following configuration:

Let ACc D eCP, BC G eC4 where D, G are bounded pseudoconvez
domains, A, B are locally plurireqular. Put, as always,

X :=X(A,B;D,G), X :={(z,w) €D xG:hp(z)+hjeaw) <1},

Moreover, let M be a pure one-codimensional analytic subset of X.



An extension theorem 151

We want to show that any f € Os(X \ M) extends holomorphically to
X\ M.

STEP 4. Let X, M, and f be as above. Let (D;)52,, (G;)52, be sequences
of pseudoconvex domains, D; € D, G; € G, with D; / D, G; / G.
Moreover, let A” C A, B’ C B be such that A\ A’, B\ B’ are pluripolar,
and AN D; # 0, BNG; #0, j € N. For each j € N assume that for
any (a,b) € (A" N D;) x (B"'NG;) there exist polydiscs Ay(rq,;) C Dj,
Ap(sp,;) C G with (Ag(re;) X G) U (Dj x Ap(sp;)) C X, and functions
fa; € O(Au(ray) x Gj\ M), f*9 € O(D; x Ap(sp,j) \ M) such that

o foi=Ffon (A NA(r.;)) xGj\ M,

o f2 = f onD;x (B'NAy(sp;))\ M.

Then there exists an f € O(X \ M) with f = f on X \ M.
Proof. Fix a j € N. Put

U= |J (Au(ray)x Gj)U(D; x Ay(si;)),

(ZEA,QD]‘
beB'NGy

Xj = ((A N D]) X GJ) U (DJ X (B N GJ))
Note that
X} = ((A'ND;) x G;) U(D; x (B'NG;)) C T,
We wish to glue the functions (fa,jZszA’ﬁDj and (fb’j)bGB/mGj to obtain a
global holomorphic function f; on U; \ M. Let a € A’ N D;, b € B'NGj.
Observe that
fa,j = f on (A/ N AQ(T‘QJ)) X Gj \ M,
I =f on D; x (B"'NAp(sp;)) \ M.

Thus fo; = 9 on (AN Au(ra;)) X (B' N Ap(sp;)) \ M. Applying Lemma
5(a), we conclude that
fag = " on (Au(ray) x Ay(se,;)) \ M.

Now let a/,a” € A’N D, be such that Ag/ (e ;) N Ay (rar ;) # 0. Fix a
be B/ﬂGj. ‘We know that fa/J‘ = fb’j = fa”,j on (Aa/(T‘a/J)ﬂAau (ra//J)) X
Ay(rp,5) \ M. Hence, by the identity principle, we conclude that fo/ ; = fo ;
on (Ag(rer ;) N Agr(rer ;) x G \ M. The same argument works for v/, 6" €
B’ N G,. Consequently, we obtain a function f; € O(U; \ M) with f; = f
on X7\ M.

Let U; be the connected component of ﬁj N X'J/ with X% C U;. Thus we
have f; € O(U; \ M) with f; = f on X} \ M.
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Recall that X C U; C X . We claim that the envelope of holomorphy
of U; coincides with X}. In fact, let h € O(U;); then h|x; € Os(X}). So,
by Theorem 1, there exists an h € (9()?]’) with 7 = h on X;. Lemma 5(bs)
implies that h = h on Uj.

Applying the Grauert-Remmert theorem (cf. [Jar-Pfl 2000, Th. 3.4.7]),
we find a function f; € O(X}\ M) with f; = f; on U; \ M. In particular,

~

fi=fon X{\ M.
Since A\ A’, B\ B’ are pluripolar, we get

X} ={(z,w) € Dj x G; : hiynp, p,(2) + Bping, .q, (W) < 1}
={(2,w) € Dj X G; : Wanp, p, (2) + hpng, ., (w) < 1} = X
So, in fact, f] € O()A(j \ M). Using Lemma 5(b;), we even see that f] =f
on X; \ M.
Observe that |J;2, X; = X, )?j C )?jH, and |J72, )?j =

Lemma 5(a), by gluing the ]/”;’s, we get a function f € (’)()?\M) with f = f
on X\ M. m

Using again

To apply Step 4 we introduce the following condition (x). Let o > 0,
0<r <R. Put

Q= Auy(0) X Ap,(R) CCP x C,  2:= Agy(0) x Ay, (r) C CP x CI.

Let A C A, (0) C CP be locally pluriregular, ag € A, and let M be a pure
one-codimensional analytic subset of £2 with M N 2 = . Put M, := {w e
Apy(R) : (a,w) € M}, a € A. Condition (x) reads:

(¥)  For any R’ € (r, R) there exists ¢’ € (0, ¢) such that for any function
f e 0(R) with f(a,-) € O(Ap,(R)\ M), a € A, there exists an
extension f € O(Aq,(0') x Ay, (R')\ M) with f = f on Ag,(¢') x
Ay, (7).

STEP 5. If condition (x) holds, then the assumptions of Step 4 are sat-
isfied.

Proof. Take X, M, f € O5(X \ M) as is in Step 4. Define
A:={acA:M,#+G}, B :={acB:M"+D},

where M, = {w € G : (a,w) € M}, M := {2z € D: (z,b) € M}. It is clear
that A\ A’, B\ B’ are pluripolar.

Let (D;)52;, (G4)52, be approximation sequences: D; € Dji1 € D,
Gj€eGjy1€G,D; /D,G; /G, AND;#0,and BNG; #0,jeN.
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Fix j € N,a € A'/ND; and let £2; be the set of all b € G 11 such that there
exist a polydisc A4 ) (rp) C DjxGj41 and a function fr € O(A(a,p)(rp)\ M)
with f, = f on (AN Ag(rp)) x Ap(rp) \ M.

It is clear that (2, is open. Observe that £2; # (). Indeed, as BN G, \ M,

# (), we can choose a point b € BN G, \ M,. Therefore there is a polydisc
A(mb)(r) C D] X G] \M Put

Y :=X(ANA.(r), BN Ap(r); Au(r), Ap(r)).
By Theorem 1, we find r, € (0,7) and f, € O(A(ap)(rp)) with fy = f on
Awap)(16) NY D (AN Ay(ry)) x Ap(rp). Consequently, b € (2;.

Moreover, {2; is relatively closed in Gj;1. Indeed, let ¢ be an accu-
mulation point of 2; in G4 and let A.(3R) C Gj41. Take a point b €
2;NA(R)\ M, and let r € (0, 73], r < 2R, be such that A, y)(r) "M = 0.
Observe that fi, € O(A(qp)(r)) and fi(2,-) = f(z,-) € O(Ap(2R) \ M) for
any z € AN A,(r). Hence, by (x) (with R’ := R), there exists an extension
fo € O(Aa(0) x Ap(R) \ M) (¢' € (0,7)) such that f, = fi on Ay (r).

Take an 7. > 0 so small that A, ¢)(rc) C Aa(0") x Ap(R) and put fei= 1o
on Ay (re) \ M. Obviously f. = fo = f on (AN Au(re)) x Aclre) \ M.
Hence c € £2;.
Thus §2; = G;41. There exists a finite set T C G, such that
éj C U Ab(rb).
beT

Define rq j := min{ry, : b € T'}. Take b', 0" € T with Ay (ry) N Ay (ryr) # 0.
Then fy = f = fpr on (A'N AG(T’a,j)) X (Ay (7“1,/) N Ay (Tb//)) \ M. Conse-
quently, by Lemma 5(a), fir = fyr on Ag(rq,5) X (Ap (1) N Ay (140)) \ M.

In particular, by gluing the functions (fy)ser, we get a function f,; €
O(Au(re;) x Gj \ M) such that f, ; = f on (A'NA,(rq,;)) X G; \ M.
Changing the roles of z and w, we get f*, b€ B'NG,.
Thus the assumptions of Step 4 are satisfied. m
It remains to check (x).

STEP 6. Condition (x) is always satisfied, i.e. the Main Theorem is true.

Proof. Fix a function f € O(§2) such that f(a,-) € O(Ap,(R) \ M,) for
any a € A with M, # Ay, (R). Define
(3) Rp:=sup{R €[rR): 3ore,0 ElfeO(AaO(g’)xAbO(R/)\M) 5
J=1 on Aoy (@) x By (1)}
It suffices to show that Rj = R.
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Suppose that Ri < R. Fix R < R}y < Ry < R and choose R/, ¢/, |
as in (3) with R’ € [r, R}), ¢/ R"""'R} > Rj. Write w = (w',w,) € CI =
CI 1 xC.Put A:= AN Ay (0). B

Let A’ denote the set of all (a,b") € A x Ay (R') which satisfy the

following condition:

(¥)  There exist R” € (Ry,R), 6 >0, mEN, ¢1,...,¢m € Ay, ,(R"), £>0,
and holomorphic functions ¢,: A (0) — Ae,(€), p = 1,...,m,
such that:

] A(a’b,)(cS) (@ AaO(Q,) X A%(R/),

o ACH(E) € Abqu(R/,)a w = 1a <M,

o Aoy (e) N Ay (&) = 0 for pr £ vy v =1,...m,

o« H:= Ay ,(R)NH # 0, where H := Aboq(RH)\UM 1 A, (e),
o (Awp)(9) x Ay, (R)) N M = U, {(z,w, gulz,w)) : (z,w’) €
A(a,b’)(é)}‘

For any (a,b’) € A’ define a new cross
Y = X((AN Ag(8)) x Ay (8), H; Ay (8), H).

Notice that Y does not intersect M. In particular, f ]y € Os(Y). Hence,

by Theorem 1, there exists an f; € (9( ) with fi = fon Y. Take R €
(Ro, R") and 8// > ¢’ > ¢ (¢ ~ ¢) such that

o A, (€") € Ay (R"), p=1,...,m,

e A, (e"NA, () =0for p#v, prv=1,...,m
Then there exists 0’ € (0, §] such that

o Ay (0') x H' CY, where H' := 4, (R")\ U, Ac, (')

In particular, f; € O(Aa,py(0") x H').

Fix g € {1,...,m}. Then f; € O(A(p(8") X (Ac, (") \ A, (¢'))) and
ﬁ(z, w', ) € O(Ac, (€")\{ou(z,w")}) for any (z,w') € (ANAL(S)) x Ay (6').
Using the biholomorphic mapping

@M: A(a,b’)(él) xC— A(ajb/)(d’) X (C,

Qp#(szlawq) = (Z,U}/,’U)q - ¢#(sz/))a

we see that the function g := fl o @;1 is holomorphic in A, 4y (8"”) x
(Ao(n") \ Ao(n)) for some 6” € (0,6'] and &’ < 1’ < 0" < €. Moreover,
g(z,w',-) € O(Ao(n") \{0}) for any (z,w’) € (AN Aa(6")) x Ay (6"). Using
Theorem 1 for the cross

X((ANAa(8")) x Ay (87), Ao(n") \ Ao(n'); Aga,pry(8”), Do(1) \ {0})
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shows that g extends holomorphically to A, 4y (0”) x (Ao(n”)\{0}) (because
P a0 (0) 20N Fo(ry = O

Translating the above information back via @, for all i, we conclude that
the function f; extends holomorphically to A, ) (6") x Ay, ,(R")\M for
some ¢ € (0,0"”]; in particular, fl extends holomorphically to A, 4 (0")
X Abqu(Ro) \ M.

Now we prove that (A x Ay (R'))\ A’ is pluripolar. Write

Mn (Aao(Ql) X Abg (R,) X Abo,q<R)) = U {C S QV(C) = 0}7

where P, € Ay, (0') x Ay (R') x Ay, ,(R) is a polydisc and g; € O(F;) is a
defining function for M N Pj; cf. [Chi 1989, §2.9]. Define

_ 09,
5= {e= G € P = 5220 =0}

and observe that, by the implicit function theorem, any point from
(Ax Ay (RN [ pre(Sy)
v=1

satisfies (%). It is enough to show that each set prs(Sy) is pluripolar. Fix v.
Let S be an irreducible component of S,,. We have to show that prE(S) is
pluripolar. If S has codimension > 2, then prg(S ) is contained in a countable
union of proper analytic sets (cf. [Chi 1989, §3.8]). Consequently, prg(S) is
pluripolar. Thus we may assume that S is pure one-codimensional. The
same argument as above shows that prg(Sing(S)) is pluripolar. It remains
to prove that prg(Reg(S)) is pluripolar. Since g, is a defining function, for
any ¢ € Reg(S) there exists a k € {1,...,p+ ¢ — 1} such that

gy
Thus
p+q—1
Reg(S) = U Tkv
k=1
where
_ .99y
T = {c e Reg(5): 520 # o}.

We only need to prove that each set prg(Tk) is pluripolar, k = 1,...,p+q—1.
Fix k. To simplify notation, assume that k = 1. Observe that, by the implicit
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function theorem, we can write

Ti=J{CeQi: G =vilG i)}
=1

where Q; C P, is a polydisc, Q; = Q) x Q) C Cx CPT2~! "and ¢;: Q] — Q]
is holomorphic, I € N. It suffices to prove that the projection of each set
T :=4{C€Qr:¢ =vUi(Ca-..,Cpt+q)} is pluripolar. Fix [. Since

Qu(wl(@’ ceey Cp+q)7 C27 R Cerq) = 07 (427 ey Cp+q) € Q??
we conclude that 0v;/9(p+4 = 0 and consequently v; is independent of (p4,.
Thus prg(Tu) = {¢1 = Yi(C2,...,(ptq—1)} and therefore the projection is

pluripolar. The proof that (Z x Ay (R')) \ A" is pluripolar is complete.

__ Using Step 4, we conclude that fextends holomorphically to the domain
Y \ M, where

Y o= {(z 0, wy) € Ay (o) x Ay (R') % Ay, (Ro)
th,AaO(g/)xA%(Rf)(Zvw,) + h*AbO.q(R’),AbO.q(RO)(wQ) <1}
= {(z,w',wq) € Agy(0') X Ay (R') x Ay, ,(Ro) :
N 2y (o)) T 1y (R, 24, (50) (W) < 1}
(here we have used the product property of the relative extremal function).

Since R{ < Ry, we find a g, € (0,¢'] and a function fq € O(Aq,(0q) %
Ay (R') x Ay, ,(Rp) \ M) such that

Jo= T on Au(eg) x Ay, (R)\ M.
If ¢ = 1 we get a contradiction (because Rj, > R{).

Let ¢ > 2. Repeating the above argument for the coordinates w,, v =
1,...,q—1, we find a gg € (0, ¢'] and a function f holomorphic in

q
AGO(QU) X ( U A(bo,l,..-,bo,ufl)(R/) X Abo,u(RE)) X A(bO,U+17~--7bO,q)(R/)> \M

v=1

such that f = f on Ay (00) X Ap,(R') \ M. Let 'H denote the envelope of
holomorphy of the domain

q
U A(b0717~--7b07u—1)<R/) X Abo,u(R(/J) X A(bo,u+17--~7bo,q)(R/)'

v=1
Applying the Grauert—-Remmert theorem, we can extend fholomorphically
to Agy(00) X H \ M, ie. there exists an f € O(Aq,(00) x H \ M) with
f=fon Ag,(00) x Ap, (r). Observe that Ay, ({/ R'"'Rl) C 'H. Recall that

{/R'R. > RE; a contradiction. m
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REMARK. Notice that the proof of Step 6 shows that the following
stronger version of (k) is true: Let o > 0, 0 < r < R, 2, 2, A, and a
be as in (). Let M be a pure one-codimensional analytic subset of {2 (we
do not assume that M N 2 = @). Then:

For any R' € (r, R) there exists o' € (0, ) such that for any function f €
O(2\M) with f(a,-) € O(Ap,(R)\M,), a € A, there exists an extension
f€e€O(Au (o) x Apy(R')\ M) with f=f on Ay, (o) X Apy(r)\ M.

4. Proof of the Main Theorem in the general case. First observe
that the function f is uniquely determined (cf. §3).

We proceed by induction on N. Let D;; /" Dj, Dj €@ Djry1 € Dy,
where D j, are pseudoconvex domains with A; ; := A; N D; # (0. Put

X 3:X(Alk,n-,ANk;le,---,DNk) Cc X.
It suffices to show that for each k € N the following condition (*¥) holds:
(%*)  There exists a domain Uy, X}, C Uy C UﬂXk, such that for any f €
O4(X \ M) there exists an f € O(Uy, \ M) with ﬁ\Xk\M = flx\M-

Indeed, fix k € N and observe that X & is the envelope of holomorphy of
Uy, (cf. the proof of Step 4). Hence, by the Dloussky theorem (cf. [Jar-Pfl

2000, Th. 3.4.8], see also [Por 2002]), there exists an analytic subset M, of
Xk, MkﬂUk C M, such that Xk\Mk is the envelope of holomorphy of U\ M.
In particular, for each f € Os(X \ M) there exists an fr € (’)(Xk \ M) with
fk|Uk\M fk Let Fy := {fk feOs(X\ M)} cC O(Xk\Mk) It is known
(cf. [Jar-Pfl 2000, Prop 3.4. 5]) that there exists a pure one-codimensional

analytic subset M, r C X ks Mk C M, &, such that any point of Mk is singular
with respect to Fy, i.e.

e any function fk extends to a function f;, € O()?k \ ]\/Zk) and

e for any a € Mk and an open neighborhood V of a, V' C Xk, there exists
an f € Og(X \ M) such that fk|V\ a7, cannot be holomorphically extended
to the whole V.

In particular, M\k+1 N X, = Mj,. Consequently, M := Ure; M, is a pure
one-codimensional analytic subset of X , MnN UZO:;L U, C M, and for each
f € Os(X \ M), the function f= Unes f is holomorphic on X \ M with
ﬂX\M =/

It remains to prove (*¥). Fix k € N. For any a = (a1,...,an) € A1 X

. X AN let 0 = pi(a) be such that Ay(0) C Dy g X ... X Dy . If N >4,
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then we additionally define (N — 2)-fold crosses
Yiuw = XAk, Apie, Ayt Atk Avit ks - ANk
Dl,k)'"aDufl,ka/uH’l,ka"'7DV717]€7DV+1,]€5"'7-DN,]<:)7 1 S M <v S N’
and we assume that p is so small that
A(al,...,ap_l,aH_H,...,ay_l,a,,_'.l,...,aN)(Q) C Yk:,,u,lu 1< w<v < N.
Since {(a1,...,a;-1)} Xﬁj’k+1 x{(ajt+1,-..,an)} € U, we may assume that
(4)  Aar,a;_)(@) X D1 X Aayran)(@) CU,  j=1,...,N.
We define N-fold crosses
Zk,a,j = X(Al N Aal (Q), ey Aj,1 N Aaj_l (Q), Aj,k+17
A]+1 m Aaj+1 (Q)) R AN m AGN(Q)’
Aa1 (Q)a ) Aaj—l (9)7 Dj7k+17 Aaj+1 (Q)a EERE) AaN(Q))

for j = 1,...,N. Note that Zk,a,j C U. Since {(a1,...,aj-1)} x Djx X
{(ajs1,...,an)} € Z,q,;, there exists an 7 = r4(a), 0 < 7 < o, so small
that

Vk,a,j = A(al,‘..,a]’_l)(r) X Dj,k X A(aj+1,...,aN)(r) C Zk,a,jv ] = 17 s 7N'
Put

Vk = U Vk,a,j'
Q€AY X ... X ANk
je{17“'ﬂN}

Note that X C Vj. Let Uy be the connected component of Vi N )?k that
contains Xj,.

In view of (4), the Main Theorem with U = X (which is already proved
in §3) implies that for any f € Og(X \ M) there exists an extension J?k,a,j €
O(flw,j \ M) of f|z,. \am- It remains to glue the functions

fra,i = Tha,

then the function

Vie,a,i \M> aEALkX...XAN’k’ ]:177N’

fii= ( U fk’a’j) ‘Uk\M

aeAl,k><-~~><AN,k
j€{1,....N}
gives the required extension of f|x,\as-

To check that the gluing process is possible, let a,b € A1, X< ... X Ay
and 7,5 € {1,..., N} be such that Vo, NV, # 0. We have the following

two cases:
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(a) i # j: We may assume that i = N — 1, j = N. Write w = (v, w") €
Chitethn—z y Chy-1+kN  Observe that

Vian—1NVipn = (Aw (re(a)) N Ay (15(0))) X Apy_, (ri(b)) X Ay (Ti(a)).
For ¢ = (¢, "), let
My = {w” € Ckv—1TFy . (¢ ') € MY,
M = {w e Chtthn—z . (") e M};
M, and M<" are analytic subsets of
Uo = {w" € Chv=1thy - (¢ w') e U},
U = {w' e Chrtth-z . (") e U},

respectively.
We consider the following three subcases:

(a1) N = 2: Then Vi.a1NVip2 = Ap, (re(b)) X Ag, (r(a)). Since fr a1 =
ﬁ,bg on the non-pluripolar set (A; N Ay, (1%(b))) X (A2 N Ay, (rr(a))) \ M,
by the identity principle, ﬁﬂ,l = ﬁg’b,g on Vi a1 NVipo \ M.

(a2) N =3: Then Vi, o 2oNVip3 = (Aal (rk(a))ﬂAbl (Tk(b))) X Ap, (Tk(b))
X Agy(ri(a)). Let C” denote the set of all points " e (As N Ay, (rk(b))) x
(As N Ay, (rr(a))) such that the set M¢ has codimension > 1 (i.e. for any
w' € M the codimension of M€ at w’ is > 1). Note that C” is non-
pluripolar. We have fkﬂ,g(-,c”) = f(,d") = ]7]{’@3(',0//) on Ag, (rg(a)) N
Ay, (ri(0) \ M.

Now, let ¢ € A, (rx(a)) N Ay, (15 (b)) be such that the set M. has codi-
mension > 1. Then fiq.2(c,-) = feps(c,-) on C”\ M. Hence, by the iden-
tity principle, fﬁ,aﬁ(clv ) = frpa(c,-) on Ay, (r5(b)) x Agy(rx(a)) \ M. Fi-
nally, fra,2 = frp3 o0 Via2 N Vips \ M.

If N € {2,3}, then we jump directly to (b) and we conclude that the
Main Theorem is true for N € {2, 3}.

(ag) N > 4: Here is the only place where the induction over N is used.
We assume that the Main Theorem is true for N — 1 > 3.

Similarly to the case N = 3, let C” denote the set of all points ¢’ €
(An_1 N Apy_, (1e(b)) x (Ay N Agy (ri(a))) such that the set M<" has
codimension > 1; C” is non-pluripolar. The function f.» := f(-,¢”) is sep-
arately holomorphic on Y, n_1,nv \ M . By the inductive assumption, f.»
extends to a function f.r € (9(17;@71\;,1,]\[ \ ]/\4\(6”)), where M(c”) is an an-

alytic subset of XA’;@,N_LN with ]/\4\(0”) c M¢" in an open neighborhood of



160 M. Jarnicki and P. Pflug

Y v—1,~. Recall that

Aur (ri(a)) U Ay (rx (b)) € Vi n—1.n-
Since fk,a,N—l('a ") = feron Ay (Tk(a))myk,Nfl,N\MCN and ]?lc,bw(', ") =
feorr on Ay (rk(b))ﬂYhN_LN\MC”, we conclude that J?k,a,N—l('a A = J?c" =
Fron (") on Ay (r(a)) N Ay (1 (b)) \ M.

Let ¢ € Ag(rg(a)) N Ay (r(b)) be such that the set M has codimen-
sion > 1. Then fy o n-1(¢,:) = frp,n(c,-) on C” \ M. Consequently,
by the identity principle, ﬁ,a,N_l(c’,-) = ﬁ’b7N(CI,') on Ap,_,(re(b)) x
Ay (ri(a)) \ Mo and, finally, J?k,cthl = J?k,b,N on Vian-1NVipn \ M.

(b) i = j: We may assume that i = j = N. Observe that

Viea.N VWVip N = (Aay,.coan—) (T6(@) N Ay on 1) (T8(D))) X DN k-
By (a) we know that

Fran = fran-1  on Vian NVian—1\M,
]?k,a,N—l = ﬁc,b,N on Vian—1NVipn \ M.
Hence fkﬂ,N = fhb,N on
Via.N N Vian—1NVipn \ M
= (Adar,an— 1) (T(@) MA@y, by ) (T8(0))) X Aay (T(a)) \ M,
and finally, by the identity principle,
fran = fopn  on Vian N Vipn \ M.
The proof of the Main Theorem is complete.
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