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On roots of polynomials with power series coefficients

by RAFAL PIERZCHALA (Krakow)

Abstract. We give a deepened version of a lemma of Gabrielov and then use it to
prove the following fact: if A € K[[X]] (K = R or C) is a root of a non-zero polynomial
with convergent power series coefficients, then h is convergent.

This article is inspired by Lemma 1.2 of Gabrielov [2]. Roughly speak-
ing, it states the following: if A is an integral domain, P(Z,T) = TP +
al(2)TP Y+ .. +a,(Z2) € A[[Z)|[T), =Y 0’0 fuZ" € A[Z]] is a formal
power series for which P(Z, f(Z)) = 0 and (0P/0T)(Z, f(Z)) # 0, then
there exists a non-negative integer vy such that for v > vg, f, has a polyno-
mial expresion in the coefficients of a;,1 < i < p, and fi, k < 19, and some
constant g € A depending on f and P. Moreover some good estimates hold
for the degrees of these polynomials. However, nothing is said about esti-
mates of the coefficients, except that they are integers, and unfortunately
no reasonable conclusions about these coefficients can be easily derived from
the proof. That is the reason why we formulate and prove a deepened version
of Gabrielov’s result (Theorem 1).

Throughout this paper K denotes either the field R of real numbers or
the field C of complex numbers. Fix m € N. We will denote (X71,...,X)
by X, and Y, Z, T will always signify single indeterminates. Take a multi-

index o = (ou,...,,) € N™. We will write X* instead of the formal
monomial X7 ... X% Moreover || signifies the sum a3 + ... + . In
K™ we will consider the Euclidean norm || - ||. Recall that a formal power

series ) cnym o X%, aq € K, is called convergent if it is convergent in some
neighbourhood of the origin. This is the case if and only if there are some
constants M, R > 0 such that |a| < MRI®l. The ring of convergent power
series will be denoted by K{X}. Finally, for p € N we put I, := {n € N :

n < p}.
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THEOREM 1. Let A be an integral domain and p a positive integer. Sup-
pose P(Z,T) = ?:0 cp—i(Z)T7 € A[[Z]][T) is a polynomial of degree p,
cj(Z) = Y2y 2t j € Iy Let f(Z) = >0, f.2% € A[[Z]] be a for-
mal series such that P(Z, f(Z)) = 0 and (OP/0T)(Z, f(Z)) # 0 (). Put
(OP/OT)(Z, f(2)) = Yoo @ Z! and let lg == inf{l : g # 0}, g == —g,.
Then for each 1 > ly we have

g = Gil{ei 3 € Dy, G € 1), {f,} (v € Ly), g,
where Gy is a polynomial with non-negative integral coefficients such that

(i) the degree of G| with respect to g is not greater than 2(1 — ly) — 2;
(i) the degree of G| with respect to the group of indeterminates f, is
not greater than 2p(l — ly) — p;
(iii) if we introduce a new indeterminate Y and replace each c; ; by Y?,
then the degree of Gy with respect to Y is not greater than (2lo + 1)(I — ly);
(iv) there ezists a constant R > 0 such that the sum of the coefficients
of Gy is not greater than R'.

Proof. The proof of (i)—(iii) is exactly as in [2]. We recall it for the
convenience of the reader.
The equality P(Z, f(Z)) = 0 implies that for each [ € N,

L p
cl,p"‘ZZ Z ful'-‘fysclfj,pfszo‘

7=0s=1vi+...4+vs=3
Take [ > [y. We have
I+lo p

Cltlo,p T Z Z Z fur - fvoCitio—jp—s = 0.

5=0 s=1 v1+...Fve=j

A simple calculation gives

l+l0 p lO
Clatop+ DD ) for oo FosCivtg—jp—s + Y Gifivig—i = 0.
=0 s=1 vi+...4vs=j =0

V1, Vs <I—1
Hence ¢2(:=t)~1f, ig equal to
g q

l+lo p

(1) .92(l7l0)72cl+lo,17 + Z Z Z gz(lilo)izful oo fllscl—f—lo—j,p—s-

7=0 s=1 v1+...4+vs=3
Vi, Vs<I—1

(1) By the classical Newton-Puiseux theorem (cf. [1]) all roots of the polynomial P are
of the form (1/Z™/™)u(Z'/™), where m,n € N, n > 0 and u(Z) = Sl owz” € Bl[Z]]
is a power series with coefficients in some integral domain B D A.



Polynomials with power series coefficients 213

We put

2lp+1 p

Glo+1 = C2ly+1,p T § § § fu1 .- -fusc2lo+1*ja10*$'

j=0 s=1 vi+...4vs=j
Vi,..,Vs <lo

Suppose that we have defined Gy, for each k such that [ +1 < k <[ —1.
We obtain G by replacing in (1) each g2(“i~l0)=1f, with G,, whenever
lo+1 <wv; <l—1. One only needs to note that for r € I,, \ {0} we have

2(l - lo) -2 2 ip(ljl - lo) - 1],

where vy + ...+ v, <l+lpand lp+1<v; <l—1, i € I, \ {0}.

Now we will prove (i)—(iii) by induction on I > Iy + 1. The case l = [y +1
is clear. Suppose that [ > [+ 1 and the given estimates of the degrees of Gy,
are true for lp + 1 < k <[ — 1. Let @ denote one of the summands of the
sum in (1).

CASE 1: @ = gQ(l*lo)*chHmP. Clearly, the polynomial @) satisfies the
degree estimates in (i)—(iii).

CAsE 2: Q = gZ(l*lo)*Qf,,1 o fu.Citig—j,p—s, Where vy + ...+ v = 7,
vi,...,vs <lo, s € I, \ {0}, j € I;44,. In this case the estimates are trivial
as well.

CASE 3: Q = g2(l_lo)_2f,,1 o fu.Cltig—jp—s, Where vy + ...+ vy = 7,
vi...,vs <l—1, s € I,\{0}, j € L1}, and v; < for exactly s —r indices
i € I5\ {0}, where r € I\ {0}. We may assume that v; <l for i > r + 1.
Note that Q = ¢°G,,...G,,Q', where Q' = fri1... fsCitig—jp—s, O =
2(l—1p) —2—-3_;[2(v; — lp) — 1]. As noticed before, & > 0. Now we apply
the induction hypothesis to the polynomials G,,,...,G,, and easily obtain
the required estimates for Q).

Now we will prove (iv). Denote by b; the sum of the coefficients of the
polynomial G;, where | > [y + 1. Put additionally b, := 1 for i € I;,. By (1)
we get

I+lo p

=1+> Y > by...b,

7=0s=1 vi+...4vs=j
V1., Vs <I—1

whenever [ > [y + 1. Note that for [ > [y + 2,

p
bl:abl,1+z Z bl/l"'bI/S’

s=1 v1+...+vs=Il+lo
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where a is some constant. One easily verifies that

bl—abll—i—Zaszlol—Z > by by,

s=1vi+...fvs=l+lo
where ag = Zg;o(s + 1)b§, and for i > 1,

:pz_: D (s+ Dby, .. by,

s=1vi+...4vs=1
Let f denote the formal power series Z;io bjt1,+127 and let F :=
220:0 b;Z*. Define also polynomials H(Z) and G(Z,T) as follows:

2lo+1 p
j i+j+lo+1
H(Z):= Y>> > by b, 27— D aibjgyqa 270
7=0 s=1lvi+...4vs=j i+7i<lo

lo
G(Z,T) = (T = byy1) 2% — aTZ?0F? 4 " a,TZ o,
i=0
Then

)= [F(2)+ FZo+Y + H(Z) = 0.
j=1
Note first that f is the only formal series which satisfies the identity above.
One checks next that
p ) lo
SN IF(2)+ T2 =Y a,TZ M + H(Z) + 2°TP(Z,T),
=1 i=0
where P(Z,T) is a polynomial. Hence W(Z, f(Z)) = 0, where
W(Z,T):=T—by,4+1 —alTZ - P(Z,T)Z.
Since W (0, b;,+1) = 0 and (0W/0T)(0, by,+1) # 0, it follows that there is a
convergent power series h such that W(Z,h(Z)) = 0. On the other hand, as
mentioned before, the coefficients of h are uniquely determined, so f = h
as formal power series. Therefore f is convergent and there is a positive
constant R such that b; < R for [ > Iy + 1. The proof of the theorem is now
complete.

REMARK 1. It follows from the proof that g is a polynomial in ¢; ; and
fv (iely, jel,, vel,) with integral coefficients.

LEMMA 1. Consider a formal series A = >~ A, Y™ € K[ X]|[[Y]].
Then A is convergent if and only if there are constants r, R, M > 0 such that
the series A, is convergent in the open ball {||z|| < 2r} and sup{|A, ()| :
lz|| < r} < MR™ for each n € N.
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Proof. Write Ap, =) cxm A&”)Xa, A(") € K, and suppose A is conver-

gent. There are positive constants C, R such that \A&n)| < CRI®H7, Take
r:= (4R)~!. Clearly, each A,, is convergent in {||z| < 2r} and for ||z| < r
we have |A,(z)] < > cnm CR™4~lel = MR". The reverse implication fol-
lows from the Weierstrass criterion of convergence.

For m > 2 let ¢,,, denote the following map:
Om K™ 3 (21, . ) = (1T, - ooy T 1T, Try) € K™

LEMMA 2. A power series A € K[[X,Y]] is convergent if and only if
A(pm(X),Y) is convergent.

Proof. Suppose the power series A(¢.,,(X),Y) is convergent. Since
A(cpm Z aaqu “X%mX%1+~--+amleam+l7

aeNm+1
where a, € K are the coefficients of A, then there are positive constants
M, R such that |a,| < MRI*terttam—1 We may assume that R > 1
and then |a,| < MR?®l. This implies the convergence of A. The reverse
implication is trivial.

LEMMA 3. Suppose that a non-zero formal power series G € K[[X]] and
a formal power series H(X,Y) = > 2 Fo(X)G™(X)Y™ are convergent,
where F,(X) € K[[X]]. Then F(X,Y) =3 7" F,(X)Y™ is convergent as
well.

Proof. We may assume that m > 2, because any power series in one vari-
able can be treated as a power series in two variables. Write G = Y2 o G
as the sum of homogeneous polynomials of degree v, where G,, # 0. Take
a € K™\ {0} such that Gyo(a) 7é 0. There is a linear automorphism

L : K™ — K™ such that L((O 0,...,1)) = a. Then
(GoLopy)(X Z G, (L(X1,...,Xm_1,1) X% = X P(X),

where P(X) is an invertible convergent power series. Since L is an auto-
morphism, it is enough to show that F(L(¢,(X)),Y) is convergent (cf.

Lemma 2). Write Fy(L(@m (X)) = 3 cnm b5V X, 05" € K. We need to

show that there are some constants M, R > 0 such that |b((1n)| < MRlel+n,
where o € N, n € N. Clearly, the formal power series

H(L(pn(X)), PTHX)Y) = 30| 30 smxe]xpemye

is convergent. Therefore there are positive constants M, C such that |bg¢n)] <
MClel+von+n We may assume that C > 1 and then |b"”| < MRlel+n,
where R := CVot1,
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We have the following consequence of Lemma 3:

COROLLARY. Suppose A(X)B(X) = C(X), where A, B,C € K[[X]] and
B, C are convergent. Then A is convergent.

Proof. We apply Lemma 3 to H(X,Y) = A(X)B(X)Y, G(X) = B(X)
and F(X,Y)=AX)Y.

Though we will not apply this corollary in our paper, we have stated it
to show that the idea of using the map ¢,, gives a very short and elementary
proof of it.

Now we will give a new elementary proof of a certain theorem, proved
in [3] as a consequence of Artin’s Approximation Theorem:

THEOREM 2. Let m and p be positive integers. Suppose that S(X,T) =
?:o ap—;(X)T7 € K{X}[T] is a non-zero polynomial. Assume as well that
h € K[[X]] satisfies the identity S(X,h(X)) = 0. Then h is convergent.

Proof. We may assume that S is of the lowest possible degree. Hence
(0S/0T)(X,h(X)) # 0. Moreover we may assume that m > 2. Write
h =377 h, as the sum of homogeneous polynomials h,, of degree v. It fol-
lows from Lemma 2 that it suffices to prove that the power series f = hoy,,
is convergent. Put f,(X1,...,Xm-1) = hu(pm(X1,..., X;m-1,1)). Obvi-
ously, £(X) = S50 fol(Xi, .. Xy )XY, Tet P(X,T) = S(pm(X).T)
and ¢; := ajop,, for j € I,. Clearly, P(X, f(X)) = 0and (0P/0T)(X, f(X))
# 0. Write ¢;(X) = Yooy ¢ij (X1, ..., Xpn_1) X}, There is a neighbourhood
of the origin in K™~! in which each ¢;; is convergent; we may assume
that |cg j(x)] < 1 for each x in that neighbourhood. Now we apply The-
orem 1 to f and the polynomial P putting A := K[[X4,..., X;,—1]]. We
obtain a convergent power series g (cf. Remark 1), an integer Iy and poly-
nomials Gy, | > Iy + 1. It follows from Theorem 1 and Lemma 1 that
Z;’il(ﬁ_l g2(l_lo)_1lefﬂ is convergent, and so is the formal power series
> oiio41 J19?' X, Therefore by Lemma 3, f is convergent.

Acknowledgements. I would like to thank Professor Wiestaw Paw-
tucki for suggesting the problem and for his help during the preparation of
this paper. I am also indebted to my friend Marcin Skrzynski who helped
me to correct the text.

References

[1] E. Brieskorn and H. Knorrer, Ebene algebraische Kurven, Birkhauser, Basel, 1981.
[2] A. M. Gabrielov, Formal relations among analytic functions, Izv. Akad. Nauk SSSR
37 (1973), 1056-1090 (in Russian).



Polynomials with power series coefficients 217

[3] J. M. Ruiz, The Basic Theory of Power Series, Adv. Lectures in Math., Vieweg,
Braunschweig, 1993.

Institute of Mathematics
Jagiellonian University
Reymonta 4

30-059 Krakéw, Poland
E-mail: pierzcha@im.uj.edu.pl

Recu par la Rédaction le 15.2.2002 (1391)



