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Jung constants of Orlicz sequence spaces

by Tao Zhang (Shanghai)

Abstract. Estimation of the Jung constants of Orlicz sequence spaces equipped with
either the Luxemburg norm or the Orlicz norm is given. The exact values of the Jung
constants of a class of reflexive Orlicz sequence spaces are found by using new quantitative
indices for N -functions.

1. Preliminaries. Let X be a normed linear space and A ⊂ X be a
bounded set. The diameter of A is d(A) = sup{‖x−y‖ : x, y ∈ A}. If z ∈ X,
we set r(A, z) = sup{‖x−z‖ : x ∈ A}. For A,B ⊂ X, r(A,B) = inf{r(A, z) :
z ∈ B} is the relative Chebyshev radius of A (with respect to B), and the
Chebyshev center of A with respect to B is defined by z(A,B) = {y ∈ B :
sup{‖x− y‖ : x ∈ A} = r(A,B)}. Clearly, r(A, z) = r(co(A), z), r(A,B) =
r(co(A), B) and r(A,X) = r(co(A),X).

Definition 1.1 (Jung [7]). The Jung constant JC(X) of a normed linear
space X is defined to be

(1) JC(X) = sup
{
r(A,X)
d(A)

: A ⊂ X bounded, d(A) > 0
}
.

Clearly, always 1/2 ≤ JC(X) ≤ 1. Pichugov [12] computed JC(lp) (see
also Corollary 3.4 in Section 3). Amir [1] proved that if X is a dual space,
then

(2) JC(X) = sup
{
r(A,X)
d(A)

: A ⊂ X finite, d(A) > 0
}
.

By using (2), Amir obtained the following.

Lemma 1.2 (see [1, Proposition 2.5(b)]). Let (Xα)α∈D be a net of linear
subspaces of the Banach space X, directed by inclusion, such that

⋃
α∈DXα

= X. If X is a dual space and each Xα admits a norm-1 linear projection
Pα, then JC(X) = supα∈D JC(Xα) = limα∈D JC(Xα).
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Lemma 1.3 (Pichugov [12]). Let Xn be a real n-dimensional normed
space and let A be a bounded closed convex set in Xn with r(A,Xn) be-
ing its Chebyshev radius. Then the point x is the Chebyshev center of A if
and only if there exists an integer N ≤ n+ 1 for which

(a) there are xi ∈ A, i ≤ N , such that ‖xi−x‖ = r(A,Xn) for all i ≤ N ;
(b) there are fi ∈ X∗n, the dual space of Xn, i ≤ N , such that ‖fi‖ = 1

and 〈xi − x, fi〉 = ‖xi − x‖ for all i ≤ N ;
(c) there are ci ≥ 0, i ≤ N , such that

∑N
i=1 ci = 1 and

∑N
i=1 cifi = 0.

In this case,
∑N
i=1

∑N
j=1 cicj〈xi − xj , fi − fj〉 = 2r(A,Xn). If 1 ≤ λ ≤ 2

and

Λ =
N∑

i=1

N∑

j=1

cicj{〈xi − xj , fi − fj〉}λ,

then

(3)
2λ[r(A,Xn)]λ
(

n
n+1

)λ−1 ≤ Λ ≤ [d(A)]λ
N∑

i=1

N∑

j=1

cicj‖fi − fj‖λ.

Lemma 1.4 (Pichugov [12]). Let X be a separable and dual space. If
{x1, x2, . . .} is a dense set in X and Xn = span{xi : 1 ≤ i ≤ n}, then

(4) JC(X) ≤ lim inf
n→∞

JC(Xn).

Recall that Bynum [2] defined the normal structure coefficient N(X) of
a Banach space X by

N(X) = inf
{

d(A)
r(A,A)

: A ⊂ X closed bounded convex, d(A) > 0
}
.

Maluta [11] denoted [N(X)]−1 by Ñ(X) and proved that 2−1/2 ≤ Ñ(X) for
every infinite-dimensional Banach space X. Amir [1] pointed out that for
every Banach space X,

(5) 1/2 ≤ JC(X) ≤ Ñ(X) ≤ 1.

Next we introduce some basic facts on Orlicz spaces. Let

Φ(u) =
|u|�

0

φ(t) dt and Ψ(v) =
|v|�

0

ψ(s) ds

be a pair of complementary N -functions. The Orlicz sequence space lΦ is
defined to be the set

lΦ =
{
x = (x(1), x(2), . . .) : %Φ(λx) =

∞∑

i=1

Φ(λ|x(i)|) <∞ for some λ > 0
}
.
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The Luxemburg norm and the Orlicz norm are defined respectively by

‖x‖(Φ) = inf{c > 0 : %Φ(x/c) ≤ 1}
and

‖x‖Φ = sup
{ ∞∑

i=1

|x(i)y(i)| : %Ψ (y) =
∞∑

i=1

Ψ(|y(i)|) ≤ 1
}

= inf
k>0

1
k

[1 + %Φ(kx)].

The norms are equivalent: ‖x‖(Φ) ≤ ‖x‖Φ ≤ 2‖x‖(Φ). The closed separable
subspace hΦ of lΦ is defined to be the set

hΦ =
{
x ∈ lΦ : %Φ(λx) =

∞∑

i=1

Φ(λ|x(i)|) <∞ for any λ > 0
}
.

An important parameter for analysis in an Orlicz space is the rate of
growth of the underlying N -function. An N -function Φ(u) is said to satisfy
the ∆2-condition for large u (resp. for small u, for all u ≥ 0), in symbols
Φ ∈ ∆2(∞) (resp. Φ ∈ ∆2(0), Φ ∈ ∆2), if there exist u0 > 0 and K > 2
such that Φ(2u) ≤ KΦ(u) for u ≥ u0 (resp. for 0 < u ≤ u0, for u ≥ 0). An
N -function Φ(u) is said to satisfy the ∇2-condition for large u, in symbols
Φ ∈ ∇2(∞), if there exist u0 > 0 and a > 1 such that Φ(u) ≤ 1

2aΦ(au)
for u ≥ u0. Similarly we define Φ ∈ ∇2(0) and Φ ∈ ∇2. The basic facts on
Orlicz spaces can be found in [9], [10] and [13]. For instance, lΦ is separable
if and only if Φ ∈ ∆2(0); lΦ is reflexive if and only if Φ ∈ ∆2(0) ∩ ∇2(0).

New quantitative indices of Φ(u) are provided by the following six con-
stants:

(6) αΦ = lim inf
u→∞

Φ−1(u)
Φ−1(2u)

, βΦ = lim sup
u→∞

Φ−1(u)
Φ−1(2u)

,

(7) α0
Φ = lim inf

u→0

Φ−1(u)
Φ−1(2u)

, β0
Φ = lim sup

u→0

Φ−1(u)
Φ−1(2u)

,

and

(8)
αΦ = inf

{
Φ−1(u)
Φ−1(2u)

: 0 < u <∞
}
,

βΦ = sup
{
Φ−1(u)
Φ−1(2u)

: 0 < u <∞
}
.

The following result will play a leading role in this paper.

Theorem 1.5. (i) Φ 6∈ ∆2(∞)⇔ βΦ = 1; Φ 6∈ ∇2(∞)⇔ αΦ = 1/2;
(ii) Φ 6∈ ∆2(0)⇔ β0

Φ = 1; Φ 6∈ ∇2(0)⇔ α0
Φ = 1/2;

(iii) Φ 6∈ ∆2 ⇔ βΦ = 1; Φ 6∈ ∇2(∞)⇔ αΦ = 1/2.

The proof of Theorem 1.5 can be found in [13, p. 23].
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Other well known quantitative indices of Φ are provided by the following
six constants:

(9) AΦ = lim inf
t→∞

tφ(t)
Φ(t)

, BΦ = lim sup
t→0

tφ(t)
Φ(t)

,

(10) A0
Φ = lim inf

t→0

tφ(t)
Φ(t)

, B0
Φ = lim sup

t→0

tφ(t)
Φ(t)

,

(11) AΦ = inf
{
tφ(t)
Φ(t)

: 0 < t <∞
}
, BΦ = sup

{
tφ(t)
Φ(t)

: 0 < t <∞
}
.

It is also known that Φ 6∈ ∆2(∞) ⇔ BΦ = ∞; Φ 6∈ ∇2(∞) ⇔ AΦ = 1;
Φ 6∈ ∆2(0) ⇔ A0

Φ = 1; Φ 6∈ ∆2 ⇐ BΦ = ∞; and Φ 6∈ ∇2 ⇐ AΦ = 1.
Furthermore, we have the following.

Proposition 1.6. Let Φ and Ψ be a pair of complementary N -functions.
Then

(12)
1
AΦ

+
1
BΨ

=
1
A0
Φ

+
1
B0
Ψ

=
1

AΦ
+

1

BΨ
= 1.

Proposition 1.7. Let Φ(u) be an N -function. Then

2−1/AΦ ≤ αΦ ≤ βΦ ≤ 2−1/BΦ ,(13)

2−1/A0
Φ ≤ α0

Φ ≤ β0
Φ ≤ 2−1/B0

Φ ,(14)

2−1/AΦ ≤ αΦ ≤ βΦ ≤ 2−1/BΦ .(15)

The proofs of Propositions 1.6 and 1.7 can be found in [13, p. 27].
Finally, we need some properties of Hadamard matrices, which can found

in [12], [6] and [5]. The Hadamard matrix H(n+1)×(n+1) of order n + 1 is
defined to be a square matrix with entries ±1 and with pairwise orthogonal
rows. H(n+1)×(n+1) is said to be in normalized form if its first column and
row consist only of ones. Removing the first column of H(n+1)×(n+1), we
obtain the matrix Hn×(n+1), which is used in [12] and [6, Lemma 2].

Theorem 1.8. Let Φ and Ψ be a pair of complementary N -functions.
Then

2α0
Φβ

0
Ψ = 1 = 2α0

Ψβ
0
Φ.

Example 1.9. If n+ 1 = 4, then

H4×4 =




1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1


 and H3×4 =




1 1 −1 −1
1 −1 1 −1
1 −1 −1 1


 .

Let Φ, Ψ be a pair of complementary N -functions. Then l(Φ)(3) =

span{ei : 1 ≤ i ≤ 3} is a subspace of l(Φ), where ei = (

i︷ ︸︸ ︷
0, 0, . . . , 1, 0, . . .).



Jung constants 29

We denote by

[x1, x2, x3, x4] = Φ−1(1/3)(e1, e2, e3)H3×4

the fact that

x1 = Φ−1(1/3)(e1 + e2 + e3) = Φ−1(1/3)(1, 1, 1, 0, 0, . . .),

x2 = Φ−1(1/3)(e1 − e2 − e3) = Φ−1(1/3)(1,−1,−1, 0, 0, . . .),

x3 = Φ−1(1/3)(−e1 + e2 − e3) = Φ−1(1/3)(−1,−1, 1, 0, 0, . . .),

x4 = Φ−1(1/3)(−e1 − e2 + e3) = Φ−1(1/3)(−1,−1, 1, 0, 0, . . .).

Then
‖xi‖(Φ) = Φ−1(1/3)‖ ±e1 ± e2 ± e3‖(Φ) = 1,

where 1 ≤ i ≤ 4 and for i 6= j,

‖xi − xj‖(Φ) =
2Φ−1(1/3)
Φ−1(1/2)

.

Hence

d(A4) =
2Φ−1(1/3)
Φ−1(1/2)

.

Put
yi =

xi
3[Φ−1(1/3)]2

, 1 ≤ i ≤ 4.

Then ‖yi‖Ψ = 1, yi ∈ lΨ (3) = (l(Φ))∗. Since ‖±e1±e2±e3‖Ψ = 3Ψ−1(1/3), if
we put ci = 1/4 then

∑4
i=1 ciyi = 0 and

∑4
i=1 ci = 1. Therefore, by Lemma

1.3, the set A4 has zero as its Chebyshev center in l(Φ)(3) = span{ei : 1 ≤
i ≤ 3} ⊂ l(Φ) (see also [4, Lemma 2]). It follows from (1) that

JC(l(Φ)(3)) ≥ r(A4, l
(Φ)(3))

d(A4)
=

Φ−1(1/2)
2Φ−1(1/3)

.

In general, if for some n0,

n0 + 1 ∈ D = {n+ 1 ∈ N : the Hadamard matrix H(n+1)×(n+1) exists},
then put

An0+1 = {xi : 1 ≤ i ≤ n0 + 1}, l(Φ)(n0) = span{ei : 1 ≤ i ≤ n0},
where

[x1, . . . , xn0 , xn0+1] = Φ−1(1/n0)[e1, . . . , en0 ]Hn0×(n0+1).

Then ‖xi‖(Φ) = 1, i ≤ n0 + 1. For i 6∈ j,

d(An0+1) = ‖xi − xj‖(Φ) =
2Φ−1

(
1
n0

)

Φ−1
(

2
n0+1

) .
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Finally, it follows from Lemma 1.3 that

JC(l(Φ)(n0)) ≥ r(An0+1, l
(Φ)(n0))

d(An0+1)
=
Φ−1

(
2

n0+1

)

2Φ−1
(

1
n0

) .

Lemma 1.10. For an N -function Φ ∈ ∆2(0) ∩∇2(0), we have

Ñ(l(Φ)) < 1 and Ñ(lΦ) < 1.

Corollary 1.11. If an N -function Φ is in ∆2(0) ∩ ∇2(0) then

max{JC(l(Φ)), JC(lΦ)} < 1.

2. Lower bounds of JC(l(Φ))

Theorem 2.1. For any N -function Φ, we have

β0
Φ ≤ JC(h(Φ)),(16)

β0
Φ ≤ JC(l(Φ)).(17)

Proof. Since β0
Φ = lim supu→0

Φ−1(u)
Φ−1(2u) , there exist 1/2 > uk ↘ 0 such

that

lim
k→∞

Φ−1(uk)
Φ−1(2uk)

= β0
Φ.

For any given 0 < ε < 1/2, there is a u0 ∈ {uk : k ≥ 1} such that

(18) u0 < ε/4

and

(19)
Φ−1(u0)
Φ−1(2u0)

> β0
Φ − ε.

Put k0 = [1/(2u0)]. Then k0 ≤ 1/(2u0) < k0 + 1, and thus

(20) u0 ≤
1

2k0
and

1
k0

<
2u0

1− 2u0
.

By (18) we have 2u0 < ε/2 < ε/(1 + ε), and so

(21) 1− 2u0 > 1− ε

1 + ε
=

1
1 + ε

.

We first show (16). Put

(22) C0 = Φ−1(1/k0).

Put X0 = (

k0︷ ︸︸ ︷
C0, . . . , C0), Y0 = (

k0︷ ︸︸ ︷
0, . . . , 0), where dimX0 = dimY0 = k0. Set

x1 =(X0, Y0, Y0, . . .), x2 =(

2︷ ︸︸ ︷
Y0,X0, Y0, . . .) , . . . , xi=(

i︷ ︸︸ ︷
Y0, . . . , Y0,X0, 0, 0, . . .),
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i.e.,

xi = C0χ[1 + (i− 1)k0, ik0].

For n < m, we define

χ[n,m] = (

m︷ ︸︸ ︷
n︷ ︸︸ ︷

0, . . . , 0, 1, 1, . . . , 1, 0, 0, . . .).

For any z = (z(1), z(2), . . .) ∈ h(Φ), we define

zχ[n,m] = {0, . . . , 0, z(n), z(n+ 1), . . . , z(m), 0, . . .}.

We have A = {xi : i ≥ 1} ⊂ S(h(Φ)), since

‖xi‖(Φ) =
C0

Φ−1
(

1
k0

) = 1, i ≥ 1.

For i 6= j, by (19)–(21), we have

‖xi − xj‖(Φ) =
Φ−1

(
1
k0

)

Φ−1
(

1
2k0

) <
Φ−1

( 2u0
1−2u0

)

Φ−1(u0)
<
Φ−1((1 + ε)2u0)

Φ−1(u0)

<
(1 + ε)Φ−1(2u0)

Φ−1(u0)
<

1 + ε

β0
Φ − ε

.

Hence

(23) d(A) <
1 + ε

β0
Φ − ε

.

For any z = (z(1), z(2), . . .) ∈ h(Φ), put

Pnz = (z(1), . . . , z(n), 0, 0, . . .).

Then

‖z − Pnz‖(Φ) → 0 as n→∞.

Since

‖Pmz − Pnz‖(Φ) ≤ ‖Pmz − z‖(Φ) + ‖z − Pnz‖(Φ)

we get

lim
n,m→∞

‖Pmz − Pnz‖(Φ) = 0.

Hence

‖zχ[1 + (i− 1)k0, ik0]‖(Φ) = ‖Pik0z − P(i−1)k0z‖(Φ) → 0 (i→∞).
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Then

r(A, z) = sup
i≥1
‖xi − z‖(Φ) ≥ lim sup

i→∞
‖xi − z‖(Φ)

≥ lim sup
i→∞

‖(xi − z)χ[1 + (i− 1)k0, ik0]‖(Φ)

= lim sup
i→∞

‖xi − zχ[1 + (i− 1)k0, ik0]‖(Φ)

≥ lim sup
i→∞

{‖xi‖(Φ) − ‖zχ[1 + (i− 1)k0, ik0]‖(Φ)} = 1.

We see that r(A, h(Φ)) = inf{r(A, z) : z ∈ h(Φ)} ≥ 1. Since z ∈ h(Φ) is
arbitrary, by (23) and the definition of JC(X) we have

JC(h(Φ)) ≥ r(A, h(Φ))
d(A)

>
β0
Φ − ε
1 + ε

.

We have thus proved (16) since ε is arbitrary.
Next we show (17). For any z= {z(j)} ∈ l(Φ), we have limi→∞ supj>i z(j)

= 0. Since l(Φ) ⊂ c0 (Chen [3, p. 169]), it follows that

r(A, z) = sup
i≥1
‖xi − z‖(Φ) ≥ lim sup

i→∞
‖xi − z‖(Φ)

≥ lim sup
i→∞

‖(xi − z)χ[1 + (i− 1)k0, ik0]‖(Φ)

≥ lim sup
i→∞

{‖xi‖(Φ) − sup
1+(i−1)k0≤j≤ik0

|z(j)| ‖χ[1 + (i− 1)k0, ik0]‖(Φ)}

= 1− 1
Φ−1(1/k0)

lim
i→∞

sup
1+(i−1)k0≤j

|z(j)| = 1,

proving (17).

Corollary 2.2. (i) For any N -function Φ 6∈ ∆2(0), we have

JC(l(Φ)) = JC(h(Φ)) = 1.

(ii) For any N -function Φ, we have JC(l(Φ)) = JC(h(Φ)).

Proof. (i) If Φ 6∈ ∆2(0), then β0
Φ = 1. By Theorem 2.1 we have 1 ≤

JC(l(Φ)), 1 ≤ JC(h(Φ)). For any Banach space X, we have 1/2 ≤ JC(X) ≤ 1.
Hence (i) always holds.

(ii) For any N -function Φ, either Φ 6∈ ∆2(0), or Φ ∈ ∆2(0). If Φ 6∈ ∆2(0)
then by (i) we have (ii); if Φ ∈ ∆2(0) we get h(Φ) = l(Φ), hence JC(l(Φ)) =
JC(h(Φ)).

Theorem 2.3. If Φ ∈ ∆2(0), then

(24)
1

2α0
Φ

≤ JC(l(Φ)).
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Proof. By definition of α0
Φ, for any n ∈ N and n ≥ 2, there are 0 < un <

1/(n2n) such that

(25)
Φ−1(un)
Φ−1(2un)

< α0
Φ +

1
n
.

Let kn = [1/(2nun)]. Then kn ≤ 1/(2nun) < kn + 1. Since 2nun < 1/n, we
have

(26) 1− 1/n < 1− 2nun < kn2nun ≤ 1.

Define A = {xi : 1 ≤ i ≤ 2n}, where

[x1, . . . , x2n ] = an[e1, . . . , ekn(2n−1)]



H(2n−1)×2n

...
H(2n−1)×2n







kn

with

an = Φ−1
(

1
kn(2n − 1)

)
.

For n = 2, kn = 3, kn(2n − 1) = 9, we have

[x1, x2, x3, x4] = a2[e1, . . . , e9]




1 1 −1 −1
1 −1 1 −1
1 −1 −1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1




,

i.e.,
x1 = a2( 1, 1, 1; 1, 1, 1; 1, 1, 1; 0, . . .),

x2 = a2( 1,−1,−1; 1,−1,−1; 1,−1,−1; 0, . . .),

x3 = a2(−1, 1,−1; −1, 1,−1; −1, 1,−1; 0, . . .),

x4 = a2(−1,−1, 1; −1,−1, 1; −1,−1, 1; 0, . . .).

Hence ‖xi‖(Φ) = 1, 1 ≤ i ≤ 2n. Let Ψ be the complementary N -function to
Φ and

yi =
xi

a2
nkn(2n − 1)

, ci =
1
2n
, 1 ≤ i ≤ 2n.

Then ‖yi‖Ψ = 1,
∑2n

i=1 ciyi = 0, 〈xi, yj〉 = 0 (i 6= j) and 〈xi, yi〉 = 1 =
‖xi‖(Φ). Let

l(Φ)(kn(2n − 1)) = span{ei : 1 ≤ i ≤ kn(2n − 1)}.
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By Lemma 1.3, 0 is the Chebyshev center of A and

(27) r(A, l(Φ)(kn(2n − 1))) = 1.

We will prove that

(28) ‖xi − xj‖(Φ) =
2an

Φ−1
(

2
kn2n

) , i 6= j.

By (26) we have

(29) kn(2n − 1)un > 1− 1
n
− knun ≥ 1− 1

n
− 1

2n

and

(30) 2an = 2Φ−1
(

un
kn(2n − 1)un

)
< 2Φ−1

(
un

1− 1
n − 1

2n

)
<

2Φ−1(un)
1− 1

n − 1
2n
.

On the other hand, by (26),

(31) Φ−1
(

2
kn2n

)
= Φ−1

(
2un

kn2nun

)
≥ Φ−1(2un).

By (28), (30), (31) and (25) we have

(32) d(A) <
2
(
α0
Φ + 1

n

)

1− 1
n − 1

2n
.

By (27), (32) and the definition of JC(X) we get

(33) JC(l(Φ)(kn(2n − 1))) ≥ r(A, l(Φ)(kn(2n − 1)))
d(A)

>
1− 1

n − 1
2n

2
(
α0
Φ + 1

n

) .

Since km(2m−1) ≥ kn(2n−1) we have l(Φ)(kn(2n−1)) ⊂ l(Φ)(km(2m−1)).
As Φ ∈ ∆2(0), it follows that

⋃

n≥2

l(Φ)(kn(2n − 1)) = l(Φ).

Define Pkn(2n−1) : l(Φ) → l(Φ)(kn(2n − 1)) for x = (x(1), x(2), . . .) ∈ l(Φ) by

Pkn(2n−1)x = (x(1), . . . , x(kn(2n − 1)), 0, 0, . . .).

Then ‖Pkn(2n−1)‖ = 1. Moreover, l(Φ) = (hΨ )∗. Hence, by Theorem 1.3 and
(33) we get (24):

JC(l(Φ)) = sup
n≥2

JC(l(Φ)(kn(2n − 1)))

≥ sup
n≥2

1− 1
n − 1

2n

2
(
α0
Φ + 1

n

) =
1

2α0
Φ

.
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Corollary 2.4. (i) l(Φ) is not reflexive if and only if JC(l(Φ)) = 1.
(ii) If Φ ∈ ∆2(0) ∩ ∇2(0), then

(34)
1√
2
≤ max

(
β0
Φ,

1
2α0

Φ

)
≤ JC(l(Φ)).

Proof. (i) If l(Φ) is not reflexive, then either Φ 6∈∆2(0) or Φ∈∆2(0)\∇2(0).
ForΦ 6∈∆2(0), the conclusion follows from Corollary 2.2. ForΦ∈∆2(0)\∇2(0),
by Theorem 1.5(ii) we get α0

Φ = 1/2.By (24), 1 = 1/(2α0
Φ) ≤ JC(l(Φ)) ≤ 1.

i.e., JC(l(Φ)) = 1. If l(Φ) is reflexive, by Corollary 1.10 we have JC(l(Φ)) < 1.
(ii) If Φ ∈ ∆2(0) ∩ ∇2(0), it is sufficient to show that 1/

√
2 ≤

max(β0
Φ, 1/(2α

0
Φ)).

Indeed, otherwise 1/
√

2 > β0
Φ and 1/

√
2 > 1/(2α0

Φ). Hence α0
Φ > 1/

√
2

> β0
Φ, a contradiction, since α0

Φ ≤ β0
Φ always holds.

Now let us turn to Orlicz sequence spaces equipped with the Orlicz norm.
If Ψ is the complementary N -function to Φ, then

(35) α0
Ψ = lim inf

v→0

Ψ−1(v)
Ψ−1(2v)

.

Theorem 2.5. For any N -function Φ, we have

1
2α0

Ψ

≤ JC(hΦ),(36)

1
2α0

Ψ

≤ JC(lΦ).(37)

Proof. By (35) there exist 1/4 > vk ↘ 0 such that

lim
k→∞

Ψ−1(vk)
Ψ−1(2vk)

= α0
Ψ .

For any 0 < ε < 1, exist some v0 ∈ {vk : k ≥ 1} such that v0 < ε/4 and

(38)
Ψ−1(v0)
Ψ−1(2v0)

< α0
Ψ + ε.

Put k0 = [1/(2v0)]. Then k0 ≤ 1/(2v0) < k0 + 1, hence

(39)
1

k0 + 1
< 2v0 ≤

1
k0

and

(40)
1
k0

<
2v0

1− 2v0
< 4v0 < ε.

Put

(41) C0 =
1

k0Ψ−1(1/k0)
.
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We first show (36). Define A = {xi : i ≥ 1}, where

x1 = C0(

k0︷ ︸︸ ︷
1, . . . , 1, 0, 0, . . .),

x2 = C0(

k0︷ ︸︸ ︷
0, . . . , 0,

k0︷ ︸︸ ︷
1, . . . , 1, 0, 0, . . .), . . . ,

i.e., xi = C0χ[1 + (i − 1)k0, ik0]. By (41) we have ‖xi‖Φ = 1 (i ≥ 1). For
0 < u1 ≤ u2,

Ψ−1(u2)
u2

≤ Ψ−1(u1)
u1

.

By (38)–(40), for i 6= j we have

‖xi − xj‖Φ = C02k0Ψ
−1
(

1
2k0

)
≤ C0

Ψ−1(v0)
v0

< 2(α0
Ψ + ε)C0

Ψ−1(2v0)
2v0

< 2(α0
Ψ + ε)C0(k0 + 1)Ψ−1

(
1

k0 + 1

)

< 2(α0
Ψ + ε)C0(k0 + 1)Ψ−1

(
1
k0

)

= 2(α0
Ψ + ε)

(
1 +

1
k0

)
< 2(1 + ε)(α0

Ψ + ε),

i.e.,

(42) d(A) < 2(1 + ε)(α0
Ψ + ε).

For any z = (z(1), z(2), . . .) ∈ hΦ, put

Pnz = (z(1), . . . , z(n), 0, 0, . . .).

Then

‖zχ[1 + (i− 1)k0, ik0]‖Φ = ‖Pik0z − P(i−1)k0z‖Φ → 0, i→∞.
Hence

r(A, z) = sup
i≥1
‖xi − z‖Φ ≥ lim sup

i→∞
‖xi − z‖Φ

≥ lim sup
i→∞

‖(xi − z)χ[1 + (i− 1)k0, ik0]‖Φ

= lim sup
i→∞

‖xi − zχ[1 + (i− 1)k0, ik0]‖Φ

≥ lim sup
i→∞

{‖xi‖Φ − ‖zχ[1 + (i− 1)k0, ik0]‖Φ} = 1.
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Since z ∈ hΦ is arbitrary, we have r(A, hΦ) = inf{r(A, z) : z ∈ hΦ} ≥ 1.
By (42),

JC(hΦ) ≥ r(A, hΦ)
d(A)

>
1

2(α0
Ψ + ε)(1 + ε)

.

As ε is arbitrary we get (36).
Next we show (37). If z = (z(1), z(2), . . .) ∈ lΦ, then

‖zχ[1 + (i− 1)k0, ik0]‖Φ
≤ sup{|z(j)| : 1 + (i− 1)k0 ≤ j ≤ ik0}‖χ[1 + (i− 1)k0, ik0]‖Φ

≤ k0Ψ
−1
(

1
k0

)
sup{|z(j)| : j ≥ 1 + (i− 1)k0} → 0 (i→∞).

Hence r(A, lΦ) ≥ 1 and so

JC(lΦ) ≥ 1
2(1 + ε)(α0

Ψ + ε)
.

Since ε is arbitrary we get (37).

Corollary 2.6. (i) If Φ 6∈ ∆2(0), then JC(lΦ) = JC(hΦ) = 1.
(ii) For any N -function Φ we have JC(lΦ) = JC(hΦ).

Proof. (i) If Φ 6∈ ∆2(0), then Ψ 6∈ ∇2(0). Hence α0
Ψ = 1/2, which implies

(i) by Theorem 2.5.
(ii) For Φ 6∈ ∆2(0) see (i). For Φ ∈ ∆2(0) we have hΦ = lΦ. The result

follows from the proof of Theorem 2.5.

Theorem 2.7. If Φ ∈ ∆2(0), then

(43) β0
Ψ ≤ JC(lΦ),

where Ψ is the complementary N -function to Φ and

β0
Ψ = lim sup

v→0

Ψ−1(v)
Ψ−1(2v)

.

Proof. By definition of β0
Ψ , for any n ∈ N and n ≥ 2, there exist 0 <

vn < 1/(n2n) such that

(44)
Ψ−1(vn)
Ψ−1(2vn)

> β0
Ψ −

1
n
.

Let kn = [1/(2nvn)]. Then kn ≤ 1/(2nvn) < kn + 1, hence

(45) 1− 1/n < 1− 2nvn < kn2nvn ≤ 1.
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Define B = {xi : 1 ≤ i ≤ 2n}, where

[x1, . . . , x2n ] = bn[e1, . . . , ekn(2n−1)]



H(2n−1)×2n

...
H(2n−1)×2n







kn

and

bn =
1

kn(2n − 1)Ψ−1
(

1
kn(2n−1)

) .

Hence ‖xi‖Φ = 1, 1 ≤ i ≤ 2n. We have

(46) r(B, lΦ(kn(2n − 1))) = 1.

We will prove that

(47) ‖xi − xj‖Φ = 2bn

[
kn2n

2
Ψ−1

(
2

kn2n

)]
.

By (45) we have

Ψ−1
(

2
kn2n

)
= Ψ−1

(
2vn

kn2nvn

)
< Ψ−1

(
2vn

1− 1/n

)
<

1
1− 1/n

Ψ−1(2vn).

By (45) we also have

kn(2n − 1)vn = kn2nvn − knvn ≤ 1− knvn < 1− 1
2n

(
1− 1

n

)
< 1.

Hence

Ψ−1
(

1
kn(2n − 1)

)
= Ψ−1

(
vn

kn(2n − 1)vn

)
> Ψ−1(vn)

and

d(B) <
kn2nΨ−1(2vn)

kn(2n − 1)(1− 1/n)Ψ−1(vn)

<
1

(1− 1/2n)(1− 1/n)(β0
Ψ − 1/n)

.

Hence

J(lΦ(kn(2n − 1))) ≥ r(B, lΦ(kn(2n − 1)))
d(B)

(48)

≥
(

1− 1
2n

)(
1− 1

n

)(
β0
Ψ −

1
n

)
.

Since Φ ∈ ∆2(0) we get
⋃

n≥2

lΦ(kn(2n − 1)) = lΦ.
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By Lemma 1.2 and (48) we get (43):

JC(lΦ) = sup
n≥2

JC(lΦ(kn(2n − 1)))

≥ sup
n≥2

(
1− 1

2n

)(
1− 1

n

)(
β0
Ψ −

1
n

)
= β0

Ψ .

Corollary 2.8. (i) lΦ is not reflexive if and only if JC(lΦ) = 1.
(ii) If Φ ∈ ∆2(0) ∩ ∇2(0), then

(49)
1√
2
≤ max

(
1

2α0
Ψ

, β0
Ψ

)
≤ JC(lΦ).

Proof. (i) If lΦ is not reflexive, then either Φ 6∈∆2(0) or Φ∈∆2(0)\∇2(0).
If Φ 6∈ ∆2(0), the argument is similar to that of Corollary 2.6(i). If Φ ∈
∆2(0)\∇2(0), then Ψ 6∈ ∆2(0), hence β0

Ψ = 1. By (43) we get JC(lΦ) = 1.
(ii) If lΦ is reflexive, (49) follows from the proof of Theorems 2.5 and 2.7

and Corollary 2.4.

Theorem 2.9. Let Φ, Ψ be a pair of complementary N -functions. If Φ ∈
∆2(0) ∩∇2(0), then

(50) max
(
β0
Φ,

1
2α0

Φ

)
≤ min{JC(l(Φ)), JC(lΨ ), JC(lΦ), JC(l(Ψ))}.

Proof. By Corollaries 2.4(ii) and 2.8(ii), if Φ ∈ ∆2(0) ∩∇2(0), then

max
(
β0
Φ,

1
2α0

Φ

)
≤ min{JC(l(Φ)), JC(lΨ )},(51)

max
(

1
2α0

Ψ

, β0
Ψ

)
≤ min{JC(lΦ), JC(l(Ψ))}.(52)

By Theorem 1.8, β0
Φ = 1/(2α0

Ψ ), 1/(2α0
Φ) = β0

Ψ . Hence we get (50).

Example 2.10. Let 1 < p <∞ and 1/p+ 1/q = 1. Then

(53) max(2−1/p, 21/p−1) ≤ {JC(lp), JC(lq)}.
In fact, let Φp(u) = |u|p. Then l(Φp) = lp, Φp ∈ ∆2(0)∩∇2(0). For u > 0,

Φ−1
p (u)

Φ−1
p (2u)

=
u1/p

(2u)1/p
= 2−1/p.

Hence α0
Φp

= β0
Φp

= 2−1/p and we get (53) by (51).

Example 2.11. Let Φr(u) = e|u|
r − 1, 1 < r < ∞ and let Ψr be the

complementary N -function to Φr. Then

(54) max(2−1/r, 21/r−1) ≤ min{JC(l(Φr)), JC(lΦr), JC(lΨr ), JC(l(Ψr))}.
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In fact, Φ−1
r (u) = [ln(1 + u)]1/r. Hence

α0
Φr = β0

Φr = γ0
Φr = lim

u→0

Φ−1
r (u)

Φ−1
r (2u)

= 2−1/r.

Hence Φr ∈ ∆2(0) ∩ ∇2(0) and we get (54) by (50).

Example 2.12. Let Φ(u) = e|u|−|u|−1, Ψ(v) = (1+ |v|) ln(1+ |v|)−|v|.
Since

C0
Φ = lim

t→0

tφ(t)
Φ(t)

= lim
t→0

t(et − 1)
et − t− 1

= 2

we get Φ, Ψ ∈ ∆2(0) ∩ ∇2(0) and α0
Φ = β0

Φ = 2−1/2. By (50) we have

1√
2
≤ min{JC(l(Φ)), JC(lΦ), JC(l(Ψ)), JC(lΨ )}.

Example 2.13. Let

Φ(u) = (1 + |u|)
√

ln(1+|u|) − 1.

Then

C0
Φ = lim

t→0

tφ(t)
Φ(t)

=
3
2
.

Hence Φ ∈ ∆2(0) ∩∇2(0), α0
Φ = β0

Φ = γ0
Φ = 2−1/C0

Φ = 2−2/3. By (50),

1
3
√

2
= max

(
γ0
Φ,

1
2γ0
Φ

)
≤ min{JC(l(Φ)), JC(lΦ), JC(l(Ψ)), JC(lΨ )}.

3. JC(l(Φs)) and JC(lΦs)

Definition 3.1. Let Φ be an N -function. Let Φ0(u) = u2, 0 < s ≤ 1,
and let Φs be the inverse of

(55) Φ−1
s (u) = [Φ−1(u)]1−s[Φ−1

0 (u)]s (u ≥ 0).

Lemma 3.2. Let Φ be an N -function.

(i) For any 0 < s ≤ 1, Φs ∈ ∆2(0) ∩∇2(0).
(ii) Let N(l(Φs)) and N(lΦs) be the normal structure coefficients of l(Φs)

and lΦs . Then

2s/2 ≤ N(l(Φs)),(56)

2s/2 ≤ N(lΦs).(57)

Theorem 3.3. Let Φ be an N -function. Let Ψ+
s be the complementary

N -function to Φs. Then

max{JC(l(Φs)), JC(lΦs)} ≤ 2−s/2,(58)

max{JC(l(Ψ
+
s )), JC(lΨ

+
s )} ≤ 2−s/2.(59)
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Proof. We get (58) from (56), (57) and JC(X) ≤ Ñ(X) = 1/N(X). We
now prove (59). We first show

(60) JC(lΨ
+
s ) ≤ 2−s/2.

By Lemma 3.2, lΨ
+
s is reflexive, and of course it is a separable dual space. Let

{zi : i ≥ 1} be a dense set in lΨ
+
s , and Xn = span{zi : 1 ≤ i ≤ n}. For any

given bounded closed convex set A ⊂ Xn with Chebyshev radius r(A,Xn),
there always exists a Chebyshev center x of A. In view of Lemma 1.3, there
exist an integer N ≤ n, {xi : i ≤ N} ⊂ lΨ

+
s , {yi : i ≤ N} ⊂ S((lΨ

+
s )∗) =

S(l(Φs)) and {ci ≥ 0 : i ≤ N} and
∑N
i=1 ci = 1, which satisfy conditions

(a)–(c) of Lemma 1.3. Putting λ = 2/(2− s) in (3), we have

2
2

2−s [r(A,Xn)]
2

2−s

(
n
n+1

) 2
2−s−1

≤ [d(A)]
2

2−s

N∑

i=1

N∑

j=1

cicj‖yi − yj‖
2

2−s
(Φs)

≤ [d(A)]
2

2−s 2
N∑

i=1

ci‖yi‖
2

2−s
(Φs)

= 2[d(A)]
2

2−s .

Hence
r(A,Xn)
d(A)

≤ 2−s/2
(

n

n+ 1

)s/2
.

Since A is arbitrary, we obtain

JC(Xn) ≤ 2−s/2
(

n

n+ 1

)s/2
.

Hence, by using Lemmas 1.4 and 3.2(i) we can prove (60):

JC(lΨ
+
s ) ≤ lim inf

n→∞
2−s/2

(
n

n+ 1

)s/2
= 2−s/2.

Corollary 3.4 (Ivanov and Pichugov [6]). Let 1 < p < ∞ and 1/p +
1/q = 1. Then

(61) JC(lp) = JC(lq) = max(21/p−1, 2−1/p).

Proof. In fact, putting Φ(u) = |u|p, we have l(Φ) = lp, ‖ · ‖(Φ) = ‖ · ‖p,
lΨ = lq and ‖ · ‖Ψ = ‖ · ‖q, where

Ψ(v) =
(q − 1)q−1

qq
|v|q

is the complementary N -function to Φ(u). By Example 2.10, we need only
prove

(62) max{JC(lp), JC(lq)} ≤ max(21/p−1, 2−1/p).
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If 1 < p ≤ 2, we choose 1 < a < p ≤ 2. Put Φ(u) = |u|a, Φ0(u) = u2 and
s = 2(p− a)/(p(2− a)). We have 0 < s ≤ 1 and for u ≥ 0,

Φ−1
s (u) = u(1−s)/a+s/2 = u1/p,

i.e., Φs(u) = |u|p. Since l(Φs) = lp, lΨ
+
s = lq and lima↘1(−s/2) = 1/p− 1 we

get

(63) max{JC(lp), JC(lq)} ≤ 21/p−1, 1 < p ≤ 2.

If 2 ≤ p < ∞, we choose 2 ≤ p < b < ∞. Let Φ(u) = |u|b and s =
2(b− p)/(p(b− 2)). Again we have 0 < s ≤ 1 and Φs(u) = |u|p. Noting that
limb↗∞(−s/2) = −1/p, we get

(64) max{JC(lp), JC(lq)} ≤ 2−1/p, 2 ≤ p <∞.
Finally, (62) follows from (63) and (64).

Corollary 3.5. Let Φs, Ψ+
s be as in Theorem 3.3 with 0 < s ≤ 1.

Then

(65) max
(
β0
Φs ,

1
2α0

Φs

)
≤{JC(l(Φs)), JC(lΦs), JC(lΨ

+
s ), JC(l(Ψ

+
s ))}≤2−s/2,

where

α0
Φs = lim inf

u→0

Φ−1
s (u)

Φ−1
s (2u)

= (α0
Φ)1−s

(
1
2

)s/2
,

β0
Φs = lim sup

u→0

Φ−1
s (u)

Φ−1
s (2u)

= (β0
Φ)1−s

(
1
2

)s/2
.

Example 3.6. Let Φr(u) = e|u|
r − 1 (1 < r <∞). For u ≥ 0, Φ−1

r (u) =
[ln(1 + u)]1/r. If 0 < s ≤ 1, then

Φ−1
s (u, r) = [ln(1 + u)](1−s)/rus/2 (u ≥ 0).

Note that C0
Φ = limt→0

tΦ′r(t)
Φr(t) = r and γ0

Φ = 2−1/C0
Φr = 2−1/r. Hence

α0
Φs = β0

Φs = γ0
Φs = lim

u→0

Φ−1
s (u, r)

Φ−1
s (2u, r)

= (γ0
Φ)1−s

(
1
2

)s/2
= 2−(1−s)/r−s/2.

By (65) we get

2−s/2 ≥ {JC(l(Φs)), JC(lΦs), JC(l(Ψ
+
s )), JC(lΨ

+
s )}

≥
{

2(1−s)/r+s/2−1, 1 < r ≤ 2,
2−(1−s)/r−s/2, 2 ≤ r <∞.

Since
lim
r↘1

JC(l(Φs)) = lim
r↗∞

JC(lΦs) = 2−s/2,

for s = 1 we get JC(l2) = 1/
√

2.



Jung constants 43

Example 3.7. Let 1 < p < ∞ and Φ(u) = |u|2p + 2|u|p. Then Φ ∈
∆2(0) ∩∇2(0) and C0

Φ = limt→0
tΦ′(t)
Φ(t) = p. For u ≥ 0,

Φ−1(u) = (
√

1 + u− 1)1/p.

For 0 < s ≤ 1,

Φ−1
s (u) = (

√
1 + u− 1)(1−s)/pus/2 (u ≥ 0).

Hence

γ0
Φs = (γ0

Φ)1−s
(

1
2

)s/2
=
(

1
2

)(1−s)/p+s/2
.

By (65) we get

2−s/2 ≥ {JC(l(Φs)), JC(lΦs), JC(l(Ψ
+
s )), JC(lΨ

+
s )}

≥
{

2(1−s)/p+s/2−1, 1 < p ≤ 2,
2−(1−s)/p−s/2, 2 ≤ p <∞.

Theorem 3.8. Let Φ be an N -function, 0 < s ≤ 1, and let Ψ+
s be the

complementary N -function to Φs. If Φ 6∈ ∆2(0) ∩ ∇2(0), then

(66) JC(l(Φs)) = JC(lΨ
+
s ) = JC(lΦs) = JC(l(Ψ

+
s )) = 2−s/2.

Proof. By Corollary 3.5 we only have to prove that for Φ 6∈ ∆2(0)
∩ ∇2(0),

(67) max
(
β0
Φs ,

1
2α0

Φs

)
= 2−s/2,

where

(68) β0
Φs = (β0

Φ)1−s
(

1√
2

)s
, α0

Φs = (α0
Φ)1−s

(
1√
2

)s
.

Since Φ 6∈ ∆2(0) ∩ ∇2(0), we have either Φ 6∈ ∆2(0), or Φ 6∈ ∇2(0).
(i) If Φ 6∈ ∆2(0), then β0

Φ = 1 and 1/2 ≤ α0
Φ. By (),

β0
Φs = 2−s/2, 2α0

Φs ≥ 2
(

1
2

)1−s( 1√
2

)s
= 2s/2.

Hence

(69) max
(

1
2α0

Φs

, β0
Φs

)
= β0

Φ = 2−s/2.

(ii) If Φ 6∈ ∇2(0), then α0
Φ = 1/2 and β0

Φ ≤ 1. By (),

β0
Φs ≤ 2−s/2, 2α0

Φs = 2
(

1
2

)1−s( 1√
2

)s
= 2s/2.
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Hence

(70) max
(
β0
Φs ,

1
2α0

Φs

)
=

1
2α0

Φs

= 2−s/2.

Now (67) follows from () and (). Finally, (66) follows from (65) and (67).

Example 3.9. Let

M−1(u) =





0, u = 0,
(− lnu)−1/2u1/4, 0 < u ≤ e−2,

(e/2)1/2u1/2, e−2 ≤ u <∞.
Then

(71) JC(l(M)) = JC(lM ) = JC(l(N)) = JC(lN ) =
1
4
√

2
.

In fact (see Kamińska [8, p. 304]), define the N -function

Φ(u) =





0, u = 0,
e−1/|u|, |u| ∈ (0, 1/2],
4e−2u2, |u| ∈ [1/2,∞).

Since

C0
Φ = lim

t→0

tφ(t)
Φ(t)

= lim
t→0

1
t

=∞,

we have Φ 6∈ ∆2(0). For u ≥ 0,

Φ−1(u) =





0, u = 0,
(− lnu)−1, 0 < u ≤ e−2,

(e/2)u1/2, e−2 ≤ u <∞.
We get M−1(u) = [Φ−1

s (u)]s=1/2. By Theorem 3.8 we get ().

Example 3.10. Rao and Ren [13] define an N -function Φ to be the
inverse of

Φ−1(u) =





0, u = 0,
u ln(1/u), 0 < u ≤ e−2,

(2/e)u1/2, e−2 ≤ u <∞.

Since γ0
Φ = limu→0

Φ−1(u)
Φ−1(2u) = 1

2 , by Theorem 1.5 we have Φ 6∈ ∇2(0). For
0 < s ≤ 1,

Φ−1
s (u) = [Φ−1(u)]1−s

[
1√
2u

]s
=





0, u = 0,
(u lnu)1−sus/2, 0 < u ≤ e−2,

(2/e)1−su1/2, e−2 ≤ u <∞.
If Ψ+

s is the complementary N -function to Φs, then by Theorem 3.8 we get

JC(l(Φs)) = JC(lΨ
+
s ) = JC(lΦs) = JC(l(Ψ

+
s )) = 2−s/2.
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