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Existence of positive solutions for a nonlinear fourth order
boundary value problem

by Ruyun Ma (Gansu)

Abstract. We study the existence of positive solutions of the nonlinear fourth order
problem

u(4)(x) = λa(x)f(u(x)),

u(0) = u′(0) = u′′(1) = u′′′(1) = 0,

where a : [0, 1] → R may change sign, f(0) > 0, and λ > 0 is sufficiently small. Our
approach is based on the Leray–Schauder fixed point theorem.

1. Introduction. The deformations of an elastic beam are described
by a fourth order two-point boundary value problem [5]. The boundary
conditions are given according to the controls at the ends of the beam. For
example, the nonlinear fourth order problem

(1.1)λ
u(4)(x) = λa(x)f(u(x)),

u(0) = u′(0) = u′′(1) = u′′′(1) = 0,

describes the deformations of an elastic beam with one end fixed and the
other end free.

The existence of solutions of (1.1)λ has been studied by Gupta [5]. But
to the best of our knowledge, there are no results concerning the existence
of positive solutions of (1.1)λ. In this paper, we will study this problem.

We make the following assumptions:

(A1) f : R+ → R is continuous and f(0) > 0.
(A2) a is continuous on [0, 1], a ≡ 0 does not hold on [0, 1] and there
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exists a number k > 1 such that

(1.2)
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(a+(t)− ka−(t)) dt
]
ds
)
dr
)
dτ ≥ 0, x ∈ [0, 1],

where a+ is the positive part of a and a− is the negative part of a.

Our main result is

Theorem 1. Let (A1) and (A2) hold. Then there exists a positive num-
ber λ∗ such that (1.1)λ has at least one positive solution for 0 < λ < λ∗.

Remark. We note that condition (A2) is meaningful. Take

b(x) =

{ 9/10− x, x ∈ [0, 9/10],
9− 10x

10k
, x ∈ [9/10, 1],

where k ∈ (1,∞) is a constant. It is easy to check that b+(x) − kb−(x) =
9/10− x for x ∈ [0, 1]. Moreover
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for x ∈ [0, 1] and k ∈ (1,∞). This means that b satisfies (A2).

The proof of our Theorem 1 is based upon the Leray–Schauder fixed
point theorem and motivated by [6]. In [6], Hai studied the existence of
positive solutions for the elliptic equation

∆u+ λa(t)g(u) = 0,

u|∂Ω = 0,

where a may change sign. In [1], Castaneda and Ma proved an analogous
result for a second order three-point boundary value problem. For other
results on the existence and multiplicity of positive solutions of fourth order
ordinary differential equations with other boundary conditions, one may
refer, with further references therein, to Dunninger [3], Graef and Yong [4],
Ma and Wang [7], Del Pino and Manásevich [2] and Zhang and Kong [8].

2. Preliminary lemmas. To prove Theorem 1, we need the following
preliminary results.
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Lemma 1. For y ∈ C[0, 1], the problem

(2.1)
u(4)(x) = y(x), x ∈ (0, 1),

u(0) = u′(0) = u′′(1) = u′′′(1) = 0,

is equivalent to the integral equation

(2.2) u(x) =
x�

0

( τ�

0

( 1�

r

[ 1�

s

y(t) dt
]
ds
)
dr
)
dτ.

Moreover , if y ≥ 0 on [0, 1], then

(2.3) u ≥ 0, t ∈ [0, 1].

Proof. It is easy to check that (2.1) is equivalent to (2.2). (2.3) is an
immediate consequence of (2.2) and the condition that y ≥ 0 on [0, 1].

Lemma 2. Let (A1) and (A2) hold. Then for every 0 < δ < 1, there
exists a positive number λ such that , for 0 < λ < λ, the problem

(2.4)
u(4)(x) = λa+(x)f(u(x)), x ∈ (0, 1),

u(0) = u′(0) = u′′(1) = u′′′(1) = 0,

has a positive solution ũλ with |ũλ|0 → 0 as λ→ 0, and

(2.5) ũλ(x) ≥ λδf(0)p(x), x ∈ [0, 1],

where

p(x) =
x�

0

( τ�

0

( 1�

r

[ 1�

s

a+(t) dt
]
ds
)
dr
)
dτ.

Proof. We know that p(x) ≥ 0 for x ∈ [0, 1]. By Lemma 1, (2.4) is
equivalent to the integral equation

(2.6) u(x) = λ

x�
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( τ�

0

( 1�

r
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s

a+(t)f(u(t)) dt
]
ds
)
dr
)
dτ =: Au(x)

where u ∈ C[0, 1]. Then A : C[0, 1]→ C[0, 1] is completely continuous, and
fixed points of A are solutions of (2.4). We shall apply the Leray–Schauder
fixed point theorem to prove that A has a fixed point for λ small.

Let ε > 0 be such that

(2.7) f(t) ≥ δf(0) for 0 ≤ t ≤ ε.
Suppose that

λ <
ε

2|p|0f̃(ε)
=: λ
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where f̃(t) = max0≤s≤t f(s). Since limt→0+ f̃(t)/t =∞ it follows that there
exists rλ ∈ (0, ε) such that

f̃(rλ)
rλ

=
1

2λ|p|0
.

We note that this implies rλ → 0 as λ→ 0.
Now, we consider the homotopy equations

u = θAu, θ ∈ (0, 1).

Let u ∈ C[0, 1] and θ ∈ (0, 1) be such that u = θAu. We claim that
|u|0 6= rλ. In fact

u(x) = θλ

x�

0

( τ�

0

( 1�

r
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s

a+(t)f(u(t)) dt
]
ds
)
dr
)
dτ

so we have |u|0 ≤ λ|p|0f̃(|u|0), or

f̃(|u|0)
|u|0

≥ 1
λ|p|0

,

which implies that |u|0 6= rλ. Thus by the Leray–Schauder fixed point the-
orem, A has a fixed point ũλ with

(2.8) |ũλ|0 ≤ rλ < ε.

Moreover, combining (2.6)–(2.8) and Lemma 1, we obtain (2.5).

3. Proof of Theorem 1. Let

(3.1) q(x) =
x�

0

( τ�

0

( 1�

r
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s

a−(t)f(u(t)) dt
]
ds
)
dr
)
dτ.

Then q(x) ≥ 0 on [0, 1]. By (A2), there exist c, d ∈ (0, 1) such that

(3.2) q(x)|f(y)| ≤ dp(x)f(0)

for y ∈ [0, c] and x ∈ [0, 1]. Fix δ ∈ (d, 1) and let λ∗ > 0 be such that

(3.3) |ũλ|0 + λδf(0)|p|0 ≤ c
for λ < λ∗, where ũλ is given by Lemma 2, and

(3.4) |f(α)− f(β)| ≤ f(0)
δ − d

2

for α, β ∈ [−c, c] with |α− β| ≤ λ∗δf(0)|p|0.
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Let λ < λ∗. We look for a solution uλ of the form ũλ+vλ. Here vλ solves

(3.5)

v(4)(x) = λa+(x)(f(ũλ + v)− f(ũλ))

− λa−(x)f(ũλ + v), x ∈ (0, 1),

v(0) = v′(0) = v′′(1) = v′′′(1) = 0.

For each w ∈ C[0, 1], let v = T (w) be the solution of

v(4)(x) = λa+(x)(f(ũλ + w)− f(ũλ))− λa−(x)f(ũλ + w), x ∈ (0, 1),

v(0) = v′(0) = v′′(1) = v′′′(1) = 0.

Then T : C[0, 1]→ C[0, 1] is completely continuous.
Let v ∈ C[0, 1] and θ ∈ (0, 1) be such that v = θTv. Then we have

v(4)(x) = θλa+(x)(f(ũλ + v)− f(ũλ))− θλa−(x)f(ũλ + v), x ∈ (0, 1),

v(0) = v′(0) = v′′(1) = v′′′(1) = 0.

We claim that |v|0 6= λδf(0)|p|0. Suppose to the contrary that |v|0 =
λδf(0)|p|0. Then by (3.3) and (3.4), we obtain

(3.6) |ũλ + v|0 ≤ |ũλ|0 + |v|0 ≤ c
and

(3.7) |f(ũλ + v)− f(ũλ)|0 ≤ f(0)
(
δ − d

2

)
.

Using (3.2) and (3.5)–(3.7) and applying Lemma 1, we have

|v(x)| ≤ λ δ − d
2

f(0)p(x) + λf(|ũλ + v|0)q(x)(3.8)

≤ λ δ − d
2

f(0)p(x) + λdf(0)p(x)

= λ
δ + d

2
f(0)p(x), x ∈ (0, 1).

In particular

|v|0 ≤ λ
δ + d

2
f(0)|p|0 < λδf(0)|p|0,

a contradiction, and the claim is proved. Thus by the Leray–Schauder fixed
point theorem, T has a fixed point vλ with |vλ|0 ≤ λδf(0)|p|0. Using (2.5)
and (3.8), we obtain

uλ(x) ≥ ũλ(x)− |vλ(x)| ≥ λδf(0)p(x)− λ δ + d

2
f(0)p(x)

= λ
δ − d

2
f(0)p(x).

Thus, uλ is a positive solution of (1.1)λ.
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Reçu par la Rédaction le 13.5.2002 (1340)


