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The natural operators lifting projectable vector fields
to some fiber product preserving bundles

by W. M. MikuLsk1 (Krakéw)

Abstract. Admissible fiber product preserving bundle functors F' on F My, are de-
fined. For every admissible fiber product preserving bundle functor F' on F M, all natural
operators B : Ty,.o5 7 M,, ,, — T'F lifting projectable vector fields to F' are classified.

Introduction. In [4], the authors classified all fiber product preserving
bundle functors F : FM,, — FM from the category F.M,, of fibered
manifolds with m-dimensional bases and fiber preserving maps with local
diffeomorphisms as base maps into the category FM of fibered manifolds
and fibered maps. All such functors of order r are in bijection with triples
(A, H,t), where A is a Weil algebra of order r, H is a group homomorphism
from the rth jet group GI, into the group Aut(A) of all automorphisms
of A, and t is a G}, -invariant algebra homomorphism from the algebra D], =
J5(R™,R) of all r-jets of R™ into R with source 0 R™ into A. The natural
transformations F; — F5 of two fiber product preserving bundle functors Fj
and Fy on FM,, are in bijection with the morphisms between corresponding
triples.

The most importrant example of such a functor F' is the r-jet prolon-
gation functor J" : FM,, — FM. The corresponding triple (A, H,t) is
(D},,idgr ,idpr ), where H : G}, — G, = Aut(Dj,) is the identity group
homomorphism. Another example is the vertical Weil functor VA : FM,,, —
F M corresponding to a Weil algebra A. The corresponding triple (A, H,t)
is (A,id4,€), where € : D], — A is the trivial algebra homomorphism and
id4 : G, — Aut(A) is the trivial group homomorphism. The functors J" and
VA are admissible in the following sense: for every derivation D € Der(A),

if H(j{(7idgm))o Do H(j5(7  idgm)) — 0 as 7 — 0 then D = 0.
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Another example of an admissible fiber product preserving bundle functor
is the non-holonomic r-jet prolongation bundle functor J" : FM,, — FM
in the sense of C. Ehresmann [1]. All extensions of J” and J” in the sense
of I. Kolér [2] are also admissible.

Let F My, n C FM,y, be the subcategory of all fibered manifolds with m-
dimensional basis and n-dimensional fibers and local FM,,-isomorphisms.
In [5], Kolaf and Slovék studied the problem of how a projectable vector field
on an FM,, ,-object Y induces a vector field B(X) on J"Y. This problem
is reflected in the notion of natural operators B : Tpo57Mm,,, ~ TJ".
They proved that every such B is a constant multiple of the flow operator
J". The similar problem with V4 playing the role of J” has also been
studied. Every natural operator B : TyojFM,,., ~ TVA is a constant
multiple of the flow operator V4 plus an absolute operator op(D) for some
D € Lie(Aut(A)) = Der(A).

In the present paper we generalize the above results to a (large) class
of admissible fiber product preserving bundle functors on FM,,. The main
result of this paper is that for an admissible fiber product preserving bundle
functor F': F M., — FM every natural operator B : Tj,oj|FM,, ,, ~> TF is
of the form

B = \F +op(D)

for some A € R and D € Lie(Aut(A, H,t)), where F is the flow operator
of F. For F = J" and F = VA we recover the above-mentioned results of
[5], [3].

We also present a conterexample showing that the assumption of admis-
sibility of F'is essential.

All manifolds are assumed to be without boundary, finite-dimensional
and smooth, i.e. of class C>°. Maps between manifolds are assumed to be
smooth.

1. Fiber product preserving bundle functors. Suppose F : FM,,
— FM is a bundle functor. We say that F' is fiber product preserving if
F(Y1 xp Ya), =& F(Y1), x F(Y2), for any FM,,-objects Y1 — M and
Yo — M and every x € M.

The most important example of a fiber product preserving bundle functor
F on FM,, is the r-jet prolongation functor J" : FM,, — FM. Another
example is the vertical Weil functor V4 : FM,,, — FM corresponding to a
Weil algebra A. One more example is the non-holonomic 7-jet prolongation
bundle functor J" : FM,, — FM in the sense of C. Ehresmann [1]. The
extensions of J” and J" in the sense of . KoldF [2] are also fiber product
preserving bundle functors on FM,,.
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A complete description of the fiber product preserving bundle functors
on FM,, has been given in [4]. We will recall it in Sections 2, 3 and 4.

2. Fiber product preserving bundle functors and induced triples.
Suppose F' is a fiber product preserving bundle functor on FM,, of finite
order r. The functor F' induces both a product preserving bundle functor
GF on the category M f of manifolds by

GI'N = Fo(R™ x N), G f= Fy(idgm x f): GFN — GF'P,

for every manifold N and every smooth map f : N — P, and a group
homomorphism HY : GT, — Aut(GF) by

HY (&)n = Folp xidy) : GFN — GFN

for every ¢ = jip € GT, and every manifold N, where Aut(GF) is the
group of natural automorphisms (equivalences) of G¥' into itself and G, =
inv J§(R™,R™)¢ is the r-jet group. By the general theory of product pre-
serving bundle functors on Mf (see [3]), we obtain a Weil algebra A by
setting
AF = (GFR, GF(+)7 GF()7 GF(O)v GF(l))a
and a group homomorphism H* : G — Aut(A) by defining
HE(§) = H' (§)r : A" — AT
for every € € G},,. Moreover the functor F' defines an algebra homomorphism
th . Dr — AF by
{t"(&)} = im(Fo(idgr, )

for every & = j§ f € D}, = J§(R™, R).

Thus every fiber product preserving bundle functor F' on F.M,, of order
r determines a triple (A", H¥ t"), where AF is a Weil algebra of order r, H¥'
is a group homomorphism from G”, into Aut(A%), and ¢! is a G7 -invariant
algebra homomorphism from Dy, into AF,

If F' is another fiber product preserving bundle functor on 7M., of order
r and n : I — F is a natural transformation, then we have a morphism
o' (AF,HF tF) — (A", H" t") of triples, where 0" : AF — AF is the
restriction and corestriction of ngmxg : F(R™ x R) — F(R™ x R).

3. Triples and induced fiber product preserving bundle func-
tors. Conversely, suppose we have a triple (A, H,t), where A is a Weil
algebra of order r, H is a group homomorphism from G}, into Aut(A), and
t is a G7,-invariant algebra homomorphism from D], into A. By the general
theory of product preserving bundle functors on M f, A determines the Weil
functor T4 : Mf — FM which is product preserving, H determines the
group homomorphism H : G7, — Aut(T4) from G, into the group Aut(74)
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of all natural automorphisms of 74 into itself, and ¢ determines the natural
transformation ¢ : 77, — T4, where 17, = TPm = JI(R™,.) : Mf — FM
is the Weil functor (corresponding to D) ) of (m,r)-velocities. For every
FM,,-object p:Y — M we have the bundle

FAIDY = ({u, X} € P"M[TAY, H] | tar(u) = TAp(X)}

over Y, where P"M = inv J§(R™, M) C T M is the principal fiber bundle
with structure group G7,, acting on P"M by jet composition, T’ AY is the left
G" -space by means of H, and P" M[TAY, H] is the associated fiber bundle.
For every FM,-map f : Y7 — Y5 covering ¢ : My — My we have the
induced map P"o[TAf, H] : P"M,[TAY1,H] — P"M,[TAY>, H] sending
FAHDY into FAHDY, and (by restriction and corestriction) we have
the fibered map FA-HY) f . pAHDY,  pAHDY, covering f.

Thus every triple (A, H,t), where A is a Weil algebra of order r, H is a
group homomorphism from G}, into Aut(A), and ¢ is a G, -invariant algebra
homomorphism from D], into A, induces a fiber product preserving bundle
functor FAHY - FM, — FM of order r.

If (A, H,1) is another triple of order r and o : (A, H,t) — (A, H,t) is a
morphism of triples then we have a natural transformation 7 : F (4,Ht) _,
FARD where ng : FAHDY — pAHDY i the restriction and corestric-
tion of idprpr[oy] : PPM[TAY,H] — P"M[TAY, H| for any FM,,-object
Y - M.

4. Classification of fiber product preserving bundle functors.
The main result of [4] is the following classification theorem.

THEOREM 1 ([4]). (i) Every fiber product preserving bundle functor F
on FM,, is of some finite order r.

(ii) The correspondence F s (AY, HY t¥) induces a bijection between
the equivalence classes of fiber product preserving bundle functors on F.M,,
of order r and the equivalence classes of triples of order r. The inverse
bijection is determined by (A, H,t) — F(AH),

(iii) The natural transformations Fy — Fy of two fiber product preserving
bundle functors Fi and Fs on FM,, of order r are in bijection with the
morphisms between corresponding triples. An example of such a bijection is
n— ol

5. The Lie algebra of Aut(A, H,t). Consider a triple (A, H,t), where
A is a Weil algebra of order r, H is a group homomorphism from G7, into
Aut(A), and t is a G} -invariant algebra homomorphism from D], into A.
We note that Aut(A, H,t) is a closed (and hence Lie) subgroup in GL(A).

PRrROPOSITION 1. Lie(Aut(A, H,t)) ={D € Der(A) | Dot=0, H(&) o D
=DoH(E) foral £ € G}
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Proof. By [3], Lie(Aut(A)) = Der(A). Clearly, o € Aut(A, H,t) iff 0 €
Aut(A) and oot =t and H(§) oo = oo H(§) for any £ € GJ,. Analysing
1-parameter subgroups in Aut(A, H,t) we end the proof. m

6. Natural transformations of F|r g, , into itself. In this section
we prove the following theorem.

THEOREM 2. Let F : FM,, — FM be a fiber product preserving
bundle functor and (A, H,t) be its triple. Every natural transformation n

of Flrm,,, into itself can be extended to a unique natural transformation
of F into itself. In particular, Aut(F|raq,, ) = Aut(A, H,1).

Proof. Let x',..., 2™ y',...,y™ be the coordinates on the FM,, ,-
object R™ x R™ — R™, the trivial bundle.

Consider a natural transformation 7 of F|z,, , into itself. Since F is
fiber product preserving, Fp(R™ xR™) = A™. Thus 7 is uniquely determined
by the restriction and corestriction n : A" — A™. Write n(ay,...,a,) =
(nt(a1,...,an),...,n"(a1,...,a,)) for ay,...,a, € A.

By the invariance of 7 with respect to the F.M,, ,-morphisms (z1,...,
™ myl, oo Ty") for 71, ..., 7, € Ry we get the homogeneity conditions
(a1, ... an) = p(T1a1,...,7Tnay) for j = 1,...,n and any ay,...,a,
€ A and any 7,...,7, € Ry. This type of homogeneity implies that 7
depends linearly on a; by the homogeneous function theorem [3].

Using permutations of fibered coordinates we deduce that n = o x...x0o
foro=mn:4— A

We prove that o € Morph(A, H, t).

STEP 1. o is an algebra homomorphism.

We know that o is R-linear. Using the invariance of 1 with respect to
the local FM,, ,-morphism (x!,..., 2™, y' + (y1)% 42, ...,y") we derive
that o(a + a?) = o(a) + (0(a))?, i.e. 0(a®) = (0(a))? for any a € A. Then
o((a1 + a2)?) = (o(a1 + az))?, ie. o(araz) = o(ay)o(az) for any ay,as € A.
So, o is multiplicative.

Using the invariance of n with respect to the 7 M,, ,-map (..., 2™,
yt + 1,92, ...,y") we derive that o(a + 1) = o(a) + 1, i.e. o(1) = 1.

These facts show that ¢ is an algebra homomorphism.

STEP 2. o is G, -equivariant.

Using the invariance of n with respect to the FM,, ,-maps ¢ X idg~ for
¢ € Diff(R™,R™) with ¢(0) = 0 we obtain H({) oo = o o H(£) for any
£ =jpp € Gr,. So, o is G}, -equivariant.

STEP 3. cot=t.
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By the invariance of 7 with respect to the F.M,, ,-morphisms (z1,...,
o™, f(xl,. .., 2™) +ryt, ..., my") for any 7 € Ry and any f: R® — R and
next letting 7 — 0 we get o o t(ji f) = t(jio f). Hence oot =t.

We have proved that o € Morph(A, H,t). By Theorem 1 we have the
natural transformation n° : F — F corresponding to o. Clearly, n is the
restriction of n?.

If 7: F — F is another such transformation, then 77 = 1 because 7
coincides with n” on A= A x {0} C A". =

7. Absolute operators. Let F : FM,, — FM be a fiber product pre-
serving bundle functor and let (A, H,t) be its triple. We have the following
example of absolute natural operators T,o57M,,.,, ~ TF.

EXAMPLE 1 (The operators op(D)). Let D € Lie(Aut(A, H,t)). Let o,
be the 1-parameter subgroup in Aut(A, H,t) corresponding to D. By The-
orem 1 we have the corresponding 1-parameter subgroup n°" of natural
equivalences of F'. So, for every FM,, ,-object ¥ we have a flow n° on
FY. This flow defines a vector field op(D) on FY. The correspondence
op(D) : Throj|F M, ~» TF is an absolute (i.e. constant) natural operator.

We have the following classification of absolute operators.

PROPOSITION 2. Let F : FM,, — FM be a fiber product preserving
bundle functor and (A, H,t) be its triple. Fvery absolute natural operator
B Toroj|F My, ~ TF is op(D) for some D € Lie(Aut(4, H,t)).

Proof. Consider an absolute natural operator B : Tyoj1FM,,,, ~ TF.
For every F.M,, n-object Y we have a vector field B on F'Y invariant with
respect to FM,, ,-maps. The flow Flf_3 of B is FM,, p-invariant. Using
Theorem 1 we can easily show that there exists v € FY such that FY is
the orbit of U with respect to F.M,, ,-maps for any open neighbourhood
U C FY of v. This implies that B is complete, i.e. the flow Flj_9 is global.
Hence the flow corresponds to some 1-parameter subgroup in Aut(F|r a4, ,.)-

By Theorem 2, we have the corresponding 1-parameter subgroup o7 in

Aut(A, H,t). This subgroup corresponds to some D € Lie(Aut(A, H,t)).
Thus B =op(D). m

The triple corresponding to J" is (D;,,idgr ,idpr ), where idg: : G}, —
G}, = Aut(Dy,) is the identity. By Proposition 1, Lie(Aut(Dy,,,idgr ,idpr ))
= {0}. Therefore we have the following corollary.

COROLLARY 1. Fwvery absolute operator on J‘TfM 15 0.

m,n

Let J] : FM,, — FM be the vertical extension of J" (see [2]). We
recall that J7 (Y) = U,cps J5(M,Y,) for every F M, -object Y — M. The
triple of Jj is (D;,,idgr ,€), where ¢ : D), — Dy, is the trivial algebra
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homomorphism (equal to 0 on the nilpotent ideal; see [4]). By Proposition 1
we have Lie(Aut(Dy,,,idgr ,€)) = {D € Der(D;,) | oD = Do§ for all £ €
G7.}. As an easy exercise one can compute that {D € Der(D;,) | {oD = Dof
for all ¢ € G7,} = {0} if r > 2. For r = 1 we have {D € Der(D}) | £o D =
Do forall € € GL,} = RD],, where D}, € Der(D],) is the unique derivation
such that D} (ji(z%)) = ji(z*) for i = 1,...,m. (Here z,...,2™ are the
usual coordinates on R™.) Therefore we have the following corollary.

COROLLARY 2. (i) Every absolute operator on J&IFMm,n 1s a constant
multiple of op(DL)).
(ii) Forr > 2 every absolute operator on J|rpm,, , is 0.

m,n

REMARK 1. We have the following geometrical interpretation of op(Dy).
For every FM,, ,-object p: Y — M, JY = UwGY(T;:(w)M ® TwYp(w)) 18
a vector bundle over Y. The Liouville vector field L on the vector bundle
JY is op(D}).

The triple corresponding to VA is (A, id4, ), where id4 : GT, — Aut(A)
is the trivial group homomorphism and ¢ : D] — A is the trivial al-
gebra homomorphism. By Proposition 1 we obtain Lie(Aut(A4,ida,¢e)) =
Lie(Aut(A)) = Der(A). So, we have the following corollary.

COROLLARY 3. FEwvery absolute operator on ‘/léMm s op(D) for some
D € Der(D) = Lie(Aut(A)) = Lie(Aut(A4,id 4,¢)).

Since every natural transformation of J? = J'o J! into itself is the iden-
tity (see [3]), then Lie(Aut(A7", H”* t7°)) = {0}. So, we have the following
corollary.

COROLLARY 4. FEvery absolute operator on J|2me L, 1s0.

8. Admissible fiber product preserving bundle functors. Suppose
that F' : FM,, — FM is a fiber product preserving bundle functor of order
r and (A, H,t) is its corresponding triple. We say that F' is admissible if the
following condition is satisfied: for every derivation D € Der(A),

if H(j5(Tidgm)) o Do H(j5(t  idgm)) — 0 as 7 — 0 then D = 0.

LEMMA 1. (i) The functors J" and J" and their extensions in the sense
of [2] are admissible.
(i) All vertical Weil functors VA are admissible.

Proof. The triple corresponding to J" is (Dy,,idgr ,idp; ). Consider
D € Der(Dr,) such that ji(ridgm) o D o j5(77tidgm) — 0 as 7 — 0. Let

xb, ..., 2™ be the usual coordinates on R™. For i = 1,..., m we can write

D(jsxt) =3 al jb(x®) for some real numbers a!,, where the sum is over all
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a € (NU{0})™ with 0 < |a| < r. We have
s e —1 s T % 1 e
Jo(7idrm) o D o jg (T ! idrm)(jo(2")) = Z% m]o(fﬁ ).

Then from the assumption on D it follows that a, = 0 for all & € (NU{0})™
with 1 < |a| < r, ie. D(jia?) = afo)jgl for i = 1,...,m. Then (since
Jo((x")rt1) =0 € DI, and D is a differentiation) we have
0= D(j5((z")")) = D((jga")" ™) = (r + 1) (joz")" D (jgz")
= (r+ agg)jo((z")").

Then aéo) =0 as j5((z")") # 0 € DI,. Then D(jyz') =0 fori = 1,...,m.
Then D = 0 because the jjz' for ¢ = 1,...,m generate the algebra D], .
Hence J" is admissible. B

The proof of the admissibility of J" is left to the reader. First observe
that the triple (A, H,t) of J" has the following properties: (1) A = ®" D},
(see [2]); (2) H(E) = Q"€ for £ = ji(ridgm) € GL, C GT,. Then the proof
is similar to that for J".

Every extension F of J” is admissible because (A", HY) = (A7, H'")
and J" is admissible. By the same argument every extension of J" is admis-
sible.

The admissibility of V4 is a consequence of the fact that the triple of
VAlis (A,idy,¢). m

In Section 11 we will exhibit a non-admissible fiber product preserving
bundle functor.

9. The main result

ExXAMPLE 2 (The flow operator). In general, if E : FM,, , — FM is
a bundle functor then we have the flow operator & : Tyro57Mm,,, ~ TE
lifting projectable vector fields to E. More precisely, if X is a projectable
vector field on an FM,, ,,-object Y then its flow Flf_( is formed by F M., -
morphisms. The flow E(F1X) on EY generates £(X).

The main result of this paper is the following classification theorem.

THEOREM 3. Let F : FM,, — FM be an admissible fiber product pre-
serving bundle functor and let (A, H,t) be its triple. Every natural operator
B : Throj|F M., ~ TF is of the form

B = \F +op(D)
for some A € R and D € Lie(Aut(A, H,t)), where F is the flow operator.

Proof. We assume F' = F(AH0 We have R™ x TAR" = F(R™ x R"),
where R™ xR is the standard F.M,, ,-object. The identification is given by
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(z, X) =2 {joTs, (trm (55 (12)), X)} € FAHO(R™ xR 2 € R™, X € TAR",
where 7, : R™ — R™ is the translation by x. The homothety 7idgm X idgn
for 7 # 0 sends (x, X) into (7z, H(j§(7idrm))(X)). An FM,, ,,-morphism
of the form idgm= xv) with 1 € Diff(R", R") sends (z, X) into (z, T4y (X)).

Let 2t,...,2™, y',...,y"™ be the usual coordinates on R™ x R™. The
operator B is determined by B(9/dx!). We can write

0 = 0
B(M agjl)(xvx) ;a (1,2, X) 55 ot E(p,z, X),
where E,, , = E(u,z, ) is a vector field on TAR™ for any p € R and z € R™.
The functions a’ and E are smooth.

Using the invariance of B(ud/0z') with respect to the F.M,, ,-mor-
phisms of the form idgm x ¢ with ¢ € Diff(R",R") we see that E, , is
T44-invariant. So, E,, . corresponds to some absolute operator on Tf;‘vt o
By the result of [3|, E, , = op(D,, ) for some D, , € Der(A). The family
D, . depends smoothly on p and x.

Using the invariance of B(ud/0x!') with respect to the fiber homoth-
eties idgm X7 idgn for 7 # 0 we deduce that a'(y,z, X) = a*(u, z,7X), i.e.
a'(p,r,X) =a'(p,x) fori=1,...,m.

Using the invariance of B(ud/0z!) with respect to the base homotheties
7idgm X idgn for 7 # 0 we deduce that a'(7u,72) = 70’ (0, ), i.e. a*(u, )
depends linearly on p and x by the homogeneous function theorem.

Clearly, B(0) is an absolute operator. So, B(0) = op(D) for D €
Lie(Aut(A, H,t)) by Proposition 2.

Now, replacing B by B — B(0) we can write

B(N %)( . = Z a'p aaxl @ + Op(Du,x)X7
T, =1
where a’ € R and D, , € Der(A) is a smoothly parametrized family of
derivations with Dg o = 0.
Using the invariance of B(ud/0x') with respect to the F.M,, ,-mor-
phisms (z!,72%, ..., 7™ y',...,y") for 7 # 0 we get a® = ... = a™ = 0.
So replacing B by B — a'F we can write

0
B{gur) =P OuI

where D,, , € Der(A) is a smoothly parametrized family of derivations with
Do = 0.

Using the invariance of B(ud/dx') with respect to the base homotheties
Tidgm X idgn we get op(Drp r2)x = (H(j§(7idrm))« 0p(Dy2)) x, i€

Dy pre = H(j5(Tidgm)) 0 D,y 0 H(jo (77 idgm))

for any 7 # 0.
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If  — 0, then D, 7, — 0 because Dyo = 0. Thus D, , = 0 for all
x € R™ and i € R because F' is admissible. m

REMARK 2. Observe that from Theorem 3 it follows that under the as-
sumption of the theorem any natural operator B : Tj,.o1FMm,,,, ~» TF has
order less than or equal to the order of F'. This order estimation also follows
by the general method from [6].

10. Corollaries. We have the following immediate corollaries of Theo-
rem 3, Corollaries 1-4 and Lemma 1.

COROLLARY 5 ([5]). Ewvery natural operator B : Tpo55Mm,,., ~ TJ" is
a constant multiple of the flow operator J".

COROLLARY 6. (i) Every natural operator B : Tphoj|rm,,., ~ TJ! is
a linear combination of the flow operator J,! and op(D},) with real coeffi-
ctents.

(ii) For r > 2 every natural operator B : Tywojirm,,,, ~ TJy is a
constant multiple of the flow operator J, .

COROLLARY 7. Ewery natural operator B : Tpoj| 7M., ~ TVA, where
A is a Weil algebra, is of the form B = A\V4 + op(D) for some A € R and
D € Der(D) = Lie(Aut(A)) = Lie(Aut(A,id 4,0)).

COROLLARY 8. Every natural operator B : Thro517M,, ., ~ TJ? is a

constant multiple of the flow operator J2.

11. A counterexample. We show that the assumption of admissibility
of F' in Theorem 3 is essential.

ExXAMPLE 3. Given a fibered manifold p : Y — M from FM,, we define
a vector bundle
Fy — U {j;(y)a |o: M — Tpr(y)}
yey
over Y. For every F M,-map f : Y1 — Ya covering f: My — M we define
the induced vector bundle map F{ f : F("Y; — F{MY, covering f by

F f(jp)0) = ity T fooo [

for any o : M — T,Y1,(,), y € Y1. Then F") : FM,, — FM is a fiber
product preserving bundle functor with values in the category VB of vector
bundles.

Let s =0,...,r. Given a projectable vector field X on an FM,, ,,-object
Y covering a vector field X on M we define a vertical vector field V() (X)
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on F{MY as follows. Let j;"(y)a € F;”Y, o: M —T,Y,,y €Y. We put

(y
VEX)() = (5, 15y (X o p)) € {y} x FIY = V,FNY,

where X(®) = X o...0 X (s times) and X®o(p(y)) : M — T,Y, ) is the
constant map.
The correspondence Vvis) . Din| F Mo ™~ TF() is a natural operator.

Of course if s = 1,...,r then V{* is not of the form as in Theorem 3,
for V{(0) = 0 and V{*) is not absolute.
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