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On the Euler characteristic of the real Milnor
fibres of an analytic function

by P1oTrR DupzINsKI (Gdansk)

Abstract. The paper is concerned with the relations between real and complex topo-
logical invariants of germs of real-analytic functions. We give a formula for the Euler char-
acteristic of the real Milnor fibres of a real-analytic germ in terms of the Milnor numbers
of appropriate functions.

Introduction. In [3], McCrory and Parusinski proved that if f : R™,0
— R,0 is a germ of an analytic function, then the difference (and sum) of
the Euler characteristics mod 4 of the real Milnor fibres of f over + and —¢
can be expressed in terms of the dimensions of the generalized eigenspaces
of the algebraic monodromy.

In this paper we shall prove an analogous formula for Agz-germs. The
notion of an Ag4-germ was introduced by Szafraniec in [5] as a generalization
of a germ defined by a weighted homogeneous polynomial (the papers [2, 5]
are concerned with topological invariants of A;-germs and generalize Wall’s
result [7]). In the case of Ag4-germs, we obtain another description of the real
Milnor fibres, without using the complex monodromy. Instead we prove that
the sum of the Euler characteristics mod 4 of the real Milnor fibres over +6
can be expressed in terms of the Euler characteristics of the Milnor fibres
of appropriate restrictions of fc, where fc denotes the complexification of f
(Theorem 2). These characteristics, in turn, can be effectively calculated if
0 is an isolated critical point of f¢, although the formula also holds in the
non-isolated case.

In the first section we study the action of the dihedral group on the Mil-
nor fibre of an analytic function. Theorem 1 describes the relation between
the real and complex invariants of a real-analytic germ and it is the main
tool we use in the proof of Theorem 2.
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1. Action of the dihedral group on the Milnor fibre of an an-
alytic function. Let d,wi,...,w, be positive integers. For every A € C
and z = (z1,...,2n) € C" we shall write \.z = (A"'zy,...,A""2,). Write
d = p"v, where p, u, v are positive integers such that p is prime, v is odd and
prime to p. We may assume that wy = 0 mod p if and only if £ < m = m(p)
for some integer m < n.

Assume that m < n, i.e. some wy, is not divisible by p. Set n = exp(mi/p")
and € = . For j = 0,1,...,p%* — 1 and z € C" we define j(z) = &/.2 =
(e9Wizq,. .., e0%nz,).

If f:R"0 — R,0is a germ of a real-analytic function, denote by
fc : C",0 — C,0 its complexification, by F(f) the Milnor fibre of fc,
and by Fgr(f) the real Milnor fibre of f, i.e. F(f) = f(gl(f) N B?" and
Fr(f) = f1€) N B, where 0 < £ < 7 < 1 and B?" (resp. B") denotes
the ball of radius 7 centred at the origin in R?" (resp. R™). Let fdenote the
restriction of f to R™ x {0} C R™. Recall that we do not assume that f and
g have an isolated singularity at the origin.

THEOREM 1. If f,g:R"™ 0 — R,0 are analytic such that

(1) feldz) = fe(z),  ge(e.2) = ge(2)
forze C™ j€Z, and

.| fx) if jis even,
(2) f(C(n]“T) - {g(il?) Zf j is odd,

for x € R"™ and j € Z, then
X(F(f)) = X(F()) = apx(Fa(f)) + a-x(Fr(9))

— p(@+X(Fa(f)) +a-x(Fr(g))) mod 2p"
where ay /a_ (resp. at/a—) denote the number of even/odd integers j such
that 0 < j <p*—1 (resp. 0 < j <pv ! —1).

Set a = p". Condition (1) implies that the group Z, acts on F'(f) (and on
F(g)). Since f is real-analytic, the complex conjugation also acts on F(f).
Let G be the dihedral group of order 2a, i.e. the group generated by elements
7, B with the relations 42 = 1, 8% = 1, 3 = 77, j € Z. From the above,
there is an action of G on F(f) given by v(z) =Z, B(2) = ¢.%.

Define A; = {z € F(f) | /.2 = 2} for j = 0,...,a — 1. Observe that
if j = a/p = p*~!, then e/ z, = 2z, exp(2mwyi/p); if k > m, that is, wy, is
not divisible by p, then exp(2wwyi/p) # 1, and consequently A,,, = {z €
F(f) |z =0 for k > m}.

LEMMA 1.

a—1

U Aj = Ayype
j=1
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Proof. Assume that 2z € F'(f) and 2 = e’z for some 1 < j < a— 1. This
means that zp = e7% 2z for k = 1,...,n. Assume that z; # 0 for some k, i.e.
Jjwy is divisible by a = p*“. Since j is not divisible by a, it follows that wy, is

divisible by p. Hence 2, =0 for k > m and A; C A,/ for 1 <j<a—1.m

Lewnaa 2. () x(8) = { ) 420 e

(i) If 0<j<j <a-1, then

Bj N Bj/ = Aa/p ﬂBj ﬂBj/.

(i) If 0<j<a/p—1,0<s<p-—1and j'=j+ sa/p, then

a/p a/p*

Proof. (i) Suppose that 7.z = z for some 0 < j < a — 1. This means
that zp = ez, 1 < k < n, hence 27 = &%k z.Z), = (n?|2;])%. It follows
that zx = "k ay, z, € R. Set x = (x1,...,x,). Then, from condition (2),

| f(x) if j is even,
felz) = {g(x) if j is odd,

and consequently

(Fr(f)) if j is even,
X(B;j) = {iﬁ(Fi(g)) it 7 s odd.

(ii) Assume that z € B; N Bjs and k < m. Then zj, = n/Wkzy, = et
for some xy, z}, € R. Clearly |xy| = |z}|. If z, # 0, then wy(j’ —7) is divisible
by a = p“. Since wy, is not divisible by p for k > m, it follows that j' — j is
divisible by a, which contradicts the assumption that 0 < j < j' <a — 1.

(iii) Suppose that z € By N Ay p.
divisible by p for k < m. Hence z, = nUTsa/PWhy; — 4pitkg, so z €
Bj NA

Then zp = 0 for £ > m and wy is

a/p' ]

Proof of Theorem 1. The dihedral group G of order 2a acts freely on
F(f) = UL} (4; U By), hence

—

a—

X(F(f)) = x< (A;U Bj)) mod 2a.
j=0

According to Lemma 1, U?;ll A=A
instead of A Thus,

a/p- For simplicity we will write B,

a/p

A(F() = x( | B;) mod 2a.

§=0

a
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Clearly,
a a+1
(UB)=> (- ts,
7=0 q=1

where Sy =% Ty, J = (j1,...,7¢9), 0<j1 < ... <jg<aand T; = x(Bj; N
..N Bj,). We may write Sy = > 5Ty + > ; Ty, where H = (hy, ..., hy),
0<hi <...<hg=a,1="(i1,...,i9),0< i1 <...<iyg<a.

Thus, we have Sy11=>"; Tr, + > 5 T1, where I, = (i1,...,iq,a) and
I'= (i1, ... igyq), 0 <) <. <y <a

If ¢ = a, then

.

Sg+1 = Sa41 = X( Bj)-
j

Due to Lemma 2(ii), > ;77 = > _; Ti, and consequently

0

a—1

(U Bi) =D x(B) = Y x(Bin Ba).
3=0 j=0 h=0

Applying Lemma 2(i), (iii) we obtain

a a—1
¥ Us j) = ax(Fe(f)) + a-x(Fi(9)) + x(Ba) = >_ x(Bj N Ba)
j=0 =0
a/p—

1
= ayX(Fe(f)) + a-x(Fr(9)) + x(Ba) —=p ), Xx(B;j N Ba).
j=0
By the definition f: R™ — R. For 2/ = (21,...,2m) € C™and j =0,
,a/p — 1 we define j(2') = (e9%12q,...,e/%mzy,), B; = {2’ € F(f) |
i(#) =7} C;={ € F(g)|iF) =7}
Using the same arguments as above one can prove that
B.) — X(Fr(f)) if jis even,
x(B;) {X(FR@) if 7 is odd.
Clearly, x(B,) = X(F(]?)), and X(Ej) =x(B;jNB,) for j=0,1,...,a/p—1.
Thus ~
X(E(f)) = apx(Fe(f)) + a-x(Fr(9)) + x(F(f))

— p(arx(Fe(f)) + @ x(Fe())) mod 2a. =
2. Aj-germs. Let f : R", 0 — R, 0 be a germ of a real-analytic function.

DEFINITION. Let d > 2 be an integer. We shall say that f is an Ag4-germ
if there are positive integers wy, ..., w, such that if f =" _ a,2z® and an # 0
then aqwy + ... 4+ aw, = d mod 2d.
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ExAaMPLES. (i) Each germ defined by a weighted homogeneous polyno-
mial of degree d is an Ay-germ.

(ii) The germ f(x,y,z2,t) = z* + 22 + y? + 23t + 2** is an Ag-germ,
where wy = 2, wo =4, wy =1, wy = 5.

Let F. and F_ denote the positive and negative real Milnor fibres of f,
that is, F, = f~1(6) N Br, F_ = f~1(-d6) N B!, where 0 < § < r < 1.
Clearly, I, = Fg(f) and F_ = Fr(—f). Let Fy (resp. F_) denote the
positive (resp. negative) real Milnor fibre of f (of course f is an Ag-germ).

THEOREM 2. If f is an Ag4-germ, then

((F) + X(F-)) — () + x(F2)) = 20(F()) = x(F(F)) Ja mod 4.

Proof. We have fc(e/.2) = fc(z) for z € C*, j € Z. Moreover, v is odd,
hence if x € R™, j € Z, then fc(p’.z) = (—1)7 f(x). This means that the
germs f and — f satisfy conditions (1) and (2) of Theorem 1. Thus,

X(F () =x(F(f)) = axx(Fy) +ax(F-) =p(ay x(Fy) +a-x(F-)) mod 2a.

If d is even then p = 2 and ay = a— = a/2. If d is odd then the
map (21,...,2,) — ((=1)"zq,...,(=1)""x,) maps Fy homeomorphically
onto F_. Then ax(F.) = ax(F-) = a(x(Fy) + x(F-))/2 (similarly for F).
Hence in both cases we obtain

a(x(Fy) + x(F-))/2 = a(x(Fy) + Xx(F-))/2 = X(F(f)) = x(F(f))) mod 2a.
It follows that

(X(F4) + X(FL)) = (x(Fy) + x(F-)) = 2(x(F(f)) = x(F(f))) /a mod 4. =

As mentioned above, f is an Ag-germ, so Theorem 2 may be applied
to f, and so on. Repeated application of Theorem 2 enables us to express
the number x(F4)+ x(F-) mod 4 only in terms of the Euler characteristics
of the Milnor fibres of appropriate restrictions (given by the weights w;)
of fc. In the case of an algebraically isolated singularity of f, i.e., when
0 € C" is isolated in the set of critical points of fc, those characteristics
can be calculated effectively from the Milnor numbers of f¢, fc, etc. Recall
that the Milnor number of fc equals the dimension of an appropriate local
algebra ([4]). Moreover, if fc has an isolated singularity, then also fc has
one ([2]). When 0 is not an isolated critical point of f¢, then one can use
Varchenko’s method ([6]), although it is less effective.
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