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3-K-contact Wolf spaces

by WrODZIMIERZ JELONEK (Krakéw)

Abstract. The aim of this paper is to give an easy explicit description of 3-K-contact
structures on SO(3)-principal fibre bundles over Wolf quaternionic Kahler manifolds.

1. Introduction. In 1965 Wolf constructed examples of symmetric
quaternionic Kéhler manifolds W (G), W (G)* associated with every simple
Lie group G (except SU(2)). This construction is based on the properties of
the highest roots in a compact, simple Lie algebra. Every space W(G) is a
compact symmetric space and W (G)* is its non-compact dual space. It has
been known since 1975 [K] that any quaternionic Ké&hler manifold (M, go)
of positive scalar curvature admits a natural SO(3)-principal fibre bundle
p: P — M such that (P, g) is a 3-Sasakian manifold and p is a Riemannian
submersion. However, for a long time the analogous construction for quater-
nionic Kéhler manifolds of negative scalar curvature was not given. Recently
S. Tanno [T] proved that also in the case of negative scalar curvature the
natural SO(3)-principal bundle admits a structure similar to a 3-Sasakian
structure, called by him the nS-structure (compare also [J-1]).

In this paper we give an elementary description of the positive and neg-
ative 3-K-contact structures related to Wolf quaternionic Kéhler spaces. We
show that 3-K-contact structures are related to the real form so(3), of the
Lie algebra sl(2,C),, C g* generated by the highest root o of g. We also give
an alternative proof of the result of Bielawski [Bi] who, using Kronheimer’s
ideas, first explicitly described the metric of 3-Sasakian Wolf spaces (see [B-
GJ). We also remove a (slight) incorrectness of Bielawski’s result (Bielawski
gave the metric which is only homothetic to a 3-Sasakian metric) and give
the description of negative 3-K-contact Wolf structures not considered by
Bielawski. Our method is more elementary and in the spirit of Wolf’s paper.
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2. Preliminaries. For the general facts concerning 3-K-contact and
3-Sasakian structures and quaternionic Kéhler geometry we refer to [S], [B-
Gl, K], [Ku], [Sw], [T], [J-1], [J-2], [B]. We shall recall several facts proved
by Wolf in [W]. Let g be a compact, simple real Lie algebra and g€ its com-
plexification. By (-, -)x we denote the Killing form on g© and let o be a real
structure giving a compact real form g of g€. Let § be a Cartan subalgebra
of g*. Fix a system of roots A with positive roots A ;. We write gg for the
root space of 3 € A, i.e. gg = {E € ¢©: [H,E] = 3(H)E for all H € h}. Let
a € AL be a highest root; it is characterized by the condition [E,, Eg] =0
for all 5 € Ay. The following characterization of a highest root was given
by Wolf [W]:

PROPOSITION 1. Let a be a root of a complex simple Lie algebra g©
relative to a Cartan subalgebra by. Then « is the mazimal root for some
choice of Ay if and only if the eigenvalues of ad(Ha) are —3|af?,0, 3|of?
off 9o ® g—a. In that case the centralizer of H. in g% is a direct sum
31 @ {H,} of ideals, where 31 centralizes go ® g—q-

The centralizer 3 of H, in g© is

3=ho Z 93
ped
where @ = {f € A: (o, B) = 0}.

A quaternionic Kdhler structure on a 4n-dimensional manifold M, n > 1,
consists of a metric g and a real rank-three subbundle G of End(T'M) pre-
served by the Levi-Civita connection and locally generated by almost Her-
mitian structures I, J, K behaving under composition like the multiplica-
tive pure imaginary quaternions. An equivalent definition of a quaternionic
Kéhler manifold (M, g) is that the holonomy group of ¢ reduces to the group
Sp(n) Sp(1).

Of course, a hyper-Kahler manifold may be regarded as a special type of
a quaternionic Kahler manifold with zero scalar curvature. We shall exclude
this case, assuming that a quaternionic Kahler manifold is of non-zero scalar
curvature.

If n = 1 then a 4-dimensional manifold (M, g) will be called quaternionic
Kabhler if (M, g) is Einstein and self-dual with non-zero scalar curvature.

Let (M, g) be a Riemannian manifold and let £ be a unit Killing vector
field on M. Define a tensor field ¢ by ¢(X) = =V x¢ and a 1-form n(X) :=
9(&, X). Then we call (M,g,&,¢,n) a K-contact structure if the following
relation is satisfied:

(K) ¢ = —id+n ®E.

Assume that £ is a Killing vector field of unit length on M. We shall find
conditions under which the Killing vector field £ defines a K-contact metric
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structure. Denote by H = kern = {X : g(¢,X) = 0} the distribution of
horizontal vectors on M. The following lemma is well known.

LEMMA 1. Under the above assumptions the Killing vector field & gives
a K-contact structure on M if and only if the tensor J = ¢y is an almost
complex structure on the bundle H, i.e. J?> = — id| .

A K-contact structure (M, g, &) is called Sasakian if

where R is the curvature tensor of (M, g).

A Riemannian manifold (M, g) with an almost complex structure J €
End(TM) is said to be an almost Hermitian manifold if g(JX,JY) =
9(X,Y) for all X,Y € TM. The 2-form 2(X,Y) = g(JX,Y) is called
the Kdhler form of an almost Hermitian manifold (M, g, J). An almost Her-
mitian manifold is called almost Kahler if its Kahler form is closed: df2 = 0.

If (M,g,§) is a regular K-contact structure (i.e. there exists a quotient
manifold M, = M/€) then (M, g., J.) is an almost Kéhler manifold, where
g« means an induced metric and J, an induced almost complex structure.
In that case (M, g,£) is Sasakian if and only if (M, g, J,) is Kéhler, i.e. if
V*2, = 0 where V* is the Levi-Civita connection of (M, g.) and {2, is the
Kahler form of (M, g, J).

Now let us recall the definition of (positive and negative) 3-K-contact
structures (see [J-1]).

DEFINITION. Let (P,g) be a Riemannian manifold that admits three
distinct K-contact structures (¢;, &, n;) such that

(2.1)  (a) 9(&, &) =6i5,  (b) &, &) = 2601k, (€) 0:&5 = —€ijrée,

where ¢; = V& and 7;(X) = g(&;, X). Denote by H the horizontal distribu-
tion H = kern; Nkerny Nkerns = (kern; and define the almost complex
structures .J; on H by the formulas J; = —¢; 5. We call (P,£1,62,&3) a
3-K-contact structure (or positive 3-K-contact structure) if (for i # j)

(2.2&) Ji o Jj = Eiijk,
and a negative 3-K-contact structure if (for i # j)
(2.2b) JioJ; = —¢ijiJk.

A Riemannian manifold (P, g) with a positive (resp. negative) 3-K-con-
tact structure is called a positive (resp. negative) 3-K-contact manifold. Note
that arbitrary unit Killing vector fields &; satisfying (2.1)(c) and one of condi-
tions (2.2) define K-contact structures on (P, g) (this follows from Lemma 1)
so it is not necessary to include this condition in the definition above.
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If each structure (M, g,&;) is Sasakian and conditions (2.1) are satis-
fied then (2.2a) are automatically satisfied and we call such a positive 3-K-
contact structure a 3-Sasakian structure.

In our paper [J-1] we have shown that if dim P # 11 then every positive
3-K-contact structure on P is 3-Sasakian and every negative structure is a
Tanno nS-structure.

3. 3-K-contact Wolf spaces. Let G be a compact centreless Lie group.
Choose a maximal torus 7" of G and denote by g and t the Lie algebras of G
and T respectively. Let g€ and b be the respective complexifications of g and
t. It is clear that h is a Cartan subalgebra of a simple complex Lie algebra
g®. Let A be the set of roots of g€ with respect to h and fix a set of positive
roots Ay. Let o € A4 be a highest root. Then a(X) = (H,, X) for some
H, € it C h. After rescaling the Killing form we can assume that (-,-) =
(4/|al%) (-, )k is an ad-invariant metric on g* such that |a|? = (H,, H,) =4.
Note that |a|% = (H,, Hy) >0 and (-, -) = ¢(-, -)x where ¢ > 0. We can choose
vectors By € go, E—o € g—q such that E, = o(F_,) and (E,,E_,) = —1.
Note that (Ey, Eo) = (E_o, E_o) = 0. It is easy to check that [E,, E_,] =
—H,,. Let us write Xo = (1/(v/2i))(Eq — E_a), Yo = (1/V2)(Eq + E_,),
Lo = %z’Ha. Then X,,Y,, Z, € g and the following equalities hold:

(3.1) (X, Yo =220, [Xa,Zo|=-2Ys, [Ya,Zal =2X,.
It follows that a = spang{X,,Ya, Z.} is a real subalgebra of g isomorphic

to 50(3). If  is a highest root then ad(E,)? = 0 and ad(F_,)? = 0 on the
space ZﬁeA+,6¢a(gﬁ ©g-p) (see e.g. [K-5]).

PROPOSITION 2. Let m = } 507, 520 (50)208 1 (88 © 9-p). Then
ad(Xo)m C m, ad(Yo)m C m, ad(Zy)m C m and J; = ad(Xa)jm,J2 =
ad(Ya)|m, J3 = ad(Za)m define on m three complex structures which give a
quaternion structure on m, i.e. J; o J; = €ipJy if ¢ # 7.

Proof. Since X,,Y,,Z, € g it is enough to prove that the analogous

statement holds on m® = DB, fraBay20(88 Dg-p). Let v € A, v # o
and (y,a) # 0. Then Z = [E,, E,] € Yoty and if Z # 0 then —y € A,.
Since from Proposition 1 we get

(a+7,a) = {a,a) + (v,0) = |af* = 3o = 3|a|* # 0

it follows that ad(E,)m®CmC. Similarly one can prove that ad(E_,)m®
C m®. Thus ad(X,)m® c m® and ad(Y,)m® C m®. Note that ad(H,)E, =
(a,7)E, = *£i|a|?E,. Thus ad(Z,)E, = +iE, and J; = —idwn. We also
have

ad(Ea+E_o)? = ad(E,)*+ad(E_y)oad(Eq )+ad(Ey )oad(E_y)+ad(E_4)%.
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Both ad(E,)? and ad(E_,)? vanish on m®. Hence ad(E, + E_,)?(E,) =
(Bay [B-ay Bl + [E-a [Fa, B
Now assume that v € Ay. Then
[Eos [E-a; Ey]] + [E-a; [Ba; By]] = =[Ey, [Ea, E-a]l + 2[E-a; [Ea, E5]]
= —[Ey, [Ea, E-a]] = [Ey, Ha]
— —{a,)B, = ~}lal’E,
where we used the fact that if « € Ay is a highest root and v € Ay,

(a,y) # 0 then (a,~) > 0 since otherwise o + v would be a positive root, a
contradiction. If —y € A, then

[Eas [E-a: B5]] + [E-a; [Eas By]] = =[Ey, [Ea, Ea]l + 2[Ea; [Ea; B5]]
= [Ey, [Ba, E-o]] = —[Ey, Ha]
= (a0, VB, = —3|a’E,.
Recall that |o|? = 4. Consequently, ad(E, +E_ )|m = —2id|y and ad(Y,)?

—id}g. Thus J2=— id|,- Analogously one can prove that J? = —idjp-
Now we show that J; o Jo, = —J3. We have

(Eo ~ B—o,[Ea + E—a, Ey)| = [Ea, [E—a, B,)] — (B, [Ea, B,
= _[va [EowEfaH = _[HowEw]

E
E

[m

and consequently J; o Jo = J3. It follows easily that J; o J; = e, Jk if

Now consider the group G with the bi-invariant metric g induced by
—(-,+). Note that g is positive definite. Write [ = {H € t: o(H) = 0} &
ZBGA+, (a,8)=0 8N (gg @ g—p). Then [is a Lie subalgebra of g and [a, (] = 0.
Note that g = [@a@mand [ am] C m, mm] C [P a. Let L, A
be the connected subgroups of GG corresponding to the Lie subalgebras [, a
respectively. Let ¢ > 0 and let g; be a left-invariant metric on G defined
by (we identify g; with a metric on g) g; = go + g1 + tg2 where go = gy,
91 = Jja» 92 = Gjm- Let p : G — G/L be the natural projection. Then
the metric g1 + tgo on a @ m induces an invariant metric h; on the coset
space G/L such that p : (G, ¢:) — (G/L,ht) is a Riemannian submersion.
The left-invariant vector fields X, Y,, Z, € g are Killing vector fields with
respect to the metric g;.

In fact it is easy to check that if A€ a then g,(ad(A4)X,Y)+g:(X,ad(A)Y)
=0 for all XY € g. Since they are horizontal with respect to the Rieman-
nian submersion p and [[,a] = 0 it follows that there exist Killing vector
fields &1,&2,&3 on G/L which are p-related to X,, Yy, Z, respectively.

We show that for an appropriate choice of ¢ the fields &1, &2, €3 define on
M = G/L a positive 3-K-contact structure (in fact Sasakian). Define the
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three 1-forms on G by
01(X) = 9:(Xa, X),  02(X) = g:(Ya, X),  03(X) = g:(Za, X).

Note that the forms 6; are left-invariant, 6;(Y) = 0if Y € [and ad; (6;) = 6;
for any [ € L. Thus (see for example [O-T, p. 139]) 0; = p*n; where n; are
the one-forms on M defined by 7;(X) = h¢(&;, X). Let X,Y € [@® a. Then

(3.2) d0;(X,Y) = —0;([X, Y)).

The group A is a totally geodesic subgroup of (G, g¢). Consequently, the
orbits of the action of A on M are totally geodesic submanifolds of M (the
fundamental Killing vector fields of A have constant length). From (3.2) we
get (setting Ty = X, To =Y, T35 = Z,,)

(3.3) db;(X,Y) = —gi(T3, [ X, Y]).
Note that df;(X,Y) =0if X € a and Y € m. We also have
(3.4)  d6,(X,Y) = (T;, [X,Y]) = —(ad(X)T0, ¥) = gu(ad(X)T;, ¥)
if XY €a,
(34b)  d0:(X,Y) = (T, [X,Y]) = ~{ad(X)T:,Y) = 7 gu(ad(X)T:, V)
if X,V em.

Thus if X, Y e m@&aand g € G and z = p(g) € M then p(X,) € T, M,
p(Yy) € T, M and

(3.5a) dni(p(X), p(Y))ay = 9:(ad(X)T3,Y) if X,Y €a,
(35)  dup(X),p(V)e = 3 aad(X)T,¥) XY €m

Consequently, since p*dn; = df; and dn;(X,Y) = 2h(Vi&,Y) we ob-
tain (note that p: (G, g¢) — (M, h;) is a Riemannian submersion)

(3.6a) Vi ki = —% pad(T)(X)) if X ea,
(3.6b) Vi = 5 pad(T)(X)) i X €m,

where by V! we denote the Levi-Civita connection of (M, h;). If we identify
the space T, M with a @ m by means of p then

1
(3'73) vtgila = _5 ad<Ti)|a7
1

Note that if p(g) = p(g1) then g3 = gl where [ € L. Thus if we identify
(a@m)y=deLy(a®m)CT,G and (a & m)y, =dcLy, (a ®m)C T, G with
Ty G/L by means of p and X € a @ m then a vector p(X,) € T,,G/L is
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represented by a vector (Ad(1)X),, € mg,. However [L, A] = {e} and conse-
quently (3.7) does not depend on the choice of the isomorphism (a &m), =
Ty G/L.

Now consider the Lie algebra go = [@® a @ im C g®. To this Lie algebra,
corresponds a connected Lie subgroup Gy of the Lie group G¢. We call
Gy the dual group of G. On the group G€ we have a bi-invariant metric g
induced by the Killing form (-, -}k on g%, i.e.

ﬂXYkzﬁiﬂme:—MJy

Let ¢t > 0 and let g; be a left-invariant metric on G defined by (we identify
g with a metric on go) g+ = go+9g1+tg2 where go = gj1, g1 = 9jas 92 = —Gjim-
Note that g; is a positive-definite metric on Gg. Let po : Go — Go/L be a
natural projection. Then the metric g1 + tg2 on a @ m induces an invariant
metric h; on the coset space G/L such that pg : (Go,gt) — (Go/L,ht) is a
Riemannian submersion. The left-invariant vector fields X, Y., Z, € a C go
are Killing vector fields with respect to the metric g; on Gy. It follows that
there exist Killing vector fields &1, &2, &3 on My = Gy /L which are pg-related
to 11,15, T3 respectively.

Define three 1-forms on G by 6;(X) = ¢:(7;, X ). Note that the forms 6;
are left-invariant, 0;,(Y) = 0 if Y € [ and adj 6; = 0; for any [ € L. Thus
0; = p*n; where n; are one-forms on M defined by n;(X) = h(&, X). Let
X,Y € [ @ a. Then as above

(3.8) d0;(X,Y) = =0:([X,Y]) = —g:(T3, [X, Y]).
Note that df;(X,Y) =01if X € a and Y € im. We also have
(3.9a) dO;(X,Y) = (T;,[X,Y]) = —(ad(X)T;,Y) = g:(ad(X)T;,Y)
if X,Y €a,
(39b)  d0(X,Y) = (T, [X,Y]) = ~(ad(X)T:, ) = — gu(ad(X)T;,Y)
if X,Y € im.

Thus if X,Y € im@®a and g € Gy and = po(g) € My then po(X,) € T, Mo,
pO(Yg) S TmMO and

(3.10a)  dni(po(X),po(Y))e) = g¢(ad(X)T3,Y) if X,Y €a,
(3100)  dlpo(X), po(¥))e = — u(ad(X)T:,¥) i X,V € im.

Consequently, since dn; = p§df; and dn;(X,Y) = 2h (V& Y) we ob-
tain (note that po : (Go, g¢) — (Mo, ht) is a Riemannian submersion and we
identify T My with a @ im by means of pg)

1
(3.11a) Ve = -5 ad(T})|a,
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1
(3.11b) Viim = —

Hence we can prove

THEOREM 1. Let G be a compact, simple and centreless Lie group and
let Go be its dual group. Then (G/L,hs,&1,82,83) is a positive 3-K-contact
structure and (Go/L, ht,&1,&2,€3) is a negative 3-K-contact structure if and
only if t=1/2.

Proof. Note that in both cases considered above we have Véif i = €ijkEk-
Thus conditions (2.1) of the definition of 3-K-contact structure are satisfied.
If we identify T, M with a @ m (respectively T, My with a @ im) by means
of p (resp. po) then the space H described in the definition coincides with m
(resp. 4m). With this identification J; = V'&; g equals

1
vtgi|m = _2_t ad(Ti)\m
in the first case and

1
Vjim = % ad(7;))im

in the second case. From Proposition 2 it follows that if ¢ = 1/2 then V!¢,
defines on the space H; = {X € TM(TMy) : hi(&,X) = 0} an almost
complex structure (ie. (V& m,)> = —idy,). Consequently, each field &;
defines a K-contact structure on (M, hy/2) (resp. on (Mo, hy/2)).

Now from (3.7) and (3.11) it follows that for ¢ = 1/2 we have

1
—Vijm = o ad(T})jm = Ji
and respectively
1
—V'&im = T ad(T;)|im = i Jii

where J; is defined in Proposition 2 and ¢J;i(X) = i(J;(iX)) for X € im.
Consequently, it follows from Proposition 2 that (M, hq/2,£1,2,83) is a
positive 3-K-contact structure and that (Mo, hy/2,81,&2,83) is a negative
3-K-contact structure. m

Note that the spaces G/L are SO(3) or Sp(1) bundles over the symmetric
quaternionic spaces W (G), and G/L are exactly the spaces

Sp(n)/Sp(n —1) = =1, SU(m)/S(U(m —2) x U(1)),
SO(k)/SO(k —4) x Sp(1),  G2/Sp(1),  Fua/Sp(3),
Eg/SU(6), Er/Spin(12), Es/Ex,
where n > 1, m >3, k> 7, and G/L is an Sp(1) bundle only in the first

case of Sp(n)/Sp(n—1) = S9!, Note that this space admits a Z quotient
Sp(n)/Sp(n — 1) x Zy = RP*"~! which is also a 3-Sasakian space.
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The holonomy representation of W (G) with symmetric metric is the rep-
resentation ad of the group LA on the space m with quaternionic structure
given by Ji, Jo, J3 where A = Sp(1) and the action A > a — Ad(a)|m coin-
cides with the standard representation of the group Sp(1) = {¢ e H: qg = 1}
on the space H" where n = 1 dimm. Consequently, L Sp(1) C Sp(n) Sp(1).

Now our aim is to give a precise description of twistor spaces of Wolf
spaces (see [S], [Sw], [J-1]). In the negative case we obtain homogeneous
almost Kéahler manifolds which are not Kahler. In the positive case we get
Einstein Kéhler spaces G/LT of positive scalar curvature where T is the
one-dimensional torus group. We only give the proof for the negative case,
the positive case being similar.

PROPOSITION 3. The homogeneous spaces Go/LT, where T is the one-
parameter subgroup of Sp(l) = A generated by Z, € a with metric in-
duced by the metric m = g|q, — %g“m on the space my = a; & im where
g = —(4/]a|%)(, )k and a; = spang{X,,Ya}, are strictly almost Kdihler
homogeneous spaces.

Proof. Let m, be the natural projection m, : Go/L — Go/LT. Since
Go/LT is the quotient of Go/L by the one-parameter group of isometries
generated by the Killing vector field {3 and ((Go/L, h1/2),&3) is a K-contact
structure it follows that Go/LT with the induced metric g, and an almost
Hermitian structure J, such that g(J.m. X, 7m(Y)) = dni(X,Y) is an al-
most Kéhler manifold with a Kéhler form 2,(X,Y) = ¢.(J.X,Y). It is not
Sasakian, since R(X,&;){; = 2¢;,¢1(X) for a horizontal vector X. m

REMARK. Note that the metric on the 3-K-contact space is uniquely
determined as g; = go+ g1 +1tg2 where g = (4/|a|%) (-, )k, 9o = 9, 91 = Gla;
92 = €Jjm, With € = 1 and m; = m in the case of a positive 3-K-contact
space G/L and € = —1 and m; = im in the case of a negative 3-K-contact
space Go/L, whereas the metric on the almost Kéhler space Go/LT is given
up to homothety, i.e. we can also choose the metric m = gq, — %gﬁm on
the space mg = a; @ im where g = —(-,-)k and the twistor space with this
metric is still almost Kéahler.

Our last aim is to give a precise description of the reduction of the
principal bundle SO(M) of orthonormal oriented frames of the Wolf spaces
W(G),W(G)* to the LA-structure P(LA, M), and to describe the Levi-
Civita connection in P. We denote by g, the symmetric metric on W(G) or
W(G)*, i.e. g« is induced by the metric —(-,-) on m or (-,-) on im. Write
K = LA and denote by ¢ the Lie algebra of K. By = : G/K — M or
7 : Go/K — M we mean the natural projection.

Define P = G in the positive case and P = G in the negative case. Define
the horizontal distribution H C T'G (resp. TGy) by Hy = d.Ly(m;) and the
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vertical distribution by V, = d.L,(€). Let 6 be a Cartan form on G (resp.
Go) defined on X € T,G (resp. T,Go) as follows: 0°(X) = d.L,~1(X) € g
(resp go). Denote by pe, pm, the projections onto € m; with respect to the
decomposition g = €@ m and go = £€® ¢m. Then the connection form w with
horizontal distribution H is defined by w = p 0 6€.

We shall treat G (resp. Gy) as a subbundle of the bundle SO(M) by
identifying an element g € G with the mapping uy : my — Ty M given
by ug(X) = m(deLy(X)). Then the canonical form of P C SO(M) is § =
Pm, 0 0°(X) since

0(X) = ug  (m(X)) = pm, 0 0°(X).

Since [my, my] C ¢ it follows easily that O(X,Y) = df(hX,hY) = 0 where
hX € H denotes the H-component of X with respect to the decomposition
TG =V ®H.

Thus the connection I' given by w is a torsionless connection in the
principal bundle of oriented orthonormal frames, i.e. I" is the Levi-Civita
connection of (M, g.). Note that we treat K as a subgroup of SO(m;) (where
on m; we have the metric —(-,-) if my = m, and (-,-) if my = im), via the
representation Ad : K — SO(my).

Let Gy = G or G; = G and (a,b) 5t — x; € M be a smooth path in
M such that

z(a) =eK =20€ Gi/K=M

and let Y € T, M. Then there exists Y* € m; C g = T.G; such that
Y = w(Y™*). Let g¢ be a horizontal lift of z; to the K-principal bundle G,
over M with connection I, i.e. 7(g;) = z; and w(g;) = 0. Then Y; = n(Y}")
is a parallel field along x; where Y;* = d.L,, (Y*) € Hgy,. Note that Y, =Y.
If z, = zp = xg then g, = k € K and under the identification H. = Hj we
obtain Y, = ad(k)Y™.

Consequently, the holonomy group coincides exactly with K and the
holonomy representation is K > k +— ad(k)m, € SO(my) (for the details
see [H, p. 207]). Recall that the endomorphisms J; : m; — my are described
in Proposition 2. It is easy to see that the bundle G C End(T'M) of en-
domorphisms defining the quaternionic structure on M is generated by the
endomorphisms 7 (J;ou, ') where u, € G1, 1 € {1,2,3} (see the construction
of G in [J-1], [J-2]). We have

PROPOSITION 4. The principal bundle SO(M) and the Levi-Civita con-
nection of a quaternionic Kdhler Wolf space W(G) (resp. W(G)*) admit a
reduction to a K-structure G1 C SO(M) with Levi-Civita connection form
w = pe 0 0°. The bundle G is generated by the endomorphisms w(J; o u,*)
where i € {1,2,3}.
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It follows that our construction of positive and negative 3-K-contact
structures coincides with the one given in [J-2]. The only difference is that we
consider a K-reduction G, Gy C SO(M) instead of an Sp(n) Sp(1)-reduction
Q C SO(M). Tt is clear that K C Sp(n)Sp(1). Consequently, the positive
structure is 3-Sasakian and the negative structure is the Tanno nS-structure.
In the case 4n # 8 this also follows directly from [J-1]. Let us remark
here that K coincides with Sp(n)Sp(1) only in the case of M = HP" =
Sp(n +1)/Sp(n) Sp(1) and its dual Wolf space (see [A]).

[A]

(B]
[Bi]

[B-G]

[E-5]
-1
1]
[9-1]
[3-2]
[K-5]
K]

[Ku]
[O'N]

[0-T]

(5]
[Sw]
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