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Natural operators lifting functions to affinors
on higher order cotangent bundles
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TED T transforming functions from n-manifolds into affinors (i.e. tensor fields of type
(1,1)) on the r-cotangent bundle are classified.

Abstract. For natural numbers n > 3 and r > 1 all natural operators A : T sy

Introduction. We study the problem of how a function f : M — R
on an n-manifold M induces an affinor A(f) on the r-cotangent bundle
T™*M = J"(M,R)o. This problem is reflected in the concept of natural

operators A : T‘(/?/’[(}) ~ TUODTT™ in the sense of [3]. We prove that for

n > 3 the space of all natural operators A : T\(/(\)/l(;‘)n ~o TEDTT* g g free
[(r+1)(r+2)—1]-dimensional module over C*°(R) and we construct explicitly
a basis of this module.

In the proof we will use a result of J. Kurek [5] stating that for n > 2 the
space of all natural affinors on T"* over n-manifolds is an (r+1)-dimensional
vector space over R.

Natural affinors can be used to study torsions of connections (see [4]).
That is why they have been classified in many papers ([1]-[3], [5]-[7], etc.). It
seems that natural affinors depending on some geometric objects (functions,
vector fields, forms, etc.) can also be used to study invariants of connections
depending on these objects. That is why classifications of affinors depending
on some geometric objects are useful.

The usual coordinates on R™ are denoted by z',...,z
0; =0/0x  fori=1,...,n.

All manifolds and maps are assumed to be smooth, i.e. of class C*.

", and we write

1. The r-cotangent bundle. For any n-dimensional manifold M we
have the vector bundle 7"*M = J"(M,R)o={jiv | v: M — R, =z € M,
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~v(z) = 0} over M. It is called the r-cotangent bundle of M. Let m : T"* M
— M be the bundle projection. Every embedding ¢ : M — N of two
n-manifolds induces a vector bundle map T"*¢ : T™*M — T"*N over o,
namely T"*p(jz (7)) = j (v © o 1), 45(y) € T™*M. The functor T"* :
Mf, — VB is a natural vector bundle over n-manifolds [3].

2. Examples of natural operators 7\"%) ~» T(DT7* A natural

|Mfn
T‘(/(\)/’I(}) ~s TADTT™ §s an M fp,-invariant family of regular

operator A :
operators
A:C>®(M) — AFF(T"™ M)

from the algebra C*°(M) of smooth maps M — R into the vector space
AFF(T™ M) of all affinors (tensor fields of type (1,1)) on T"*M for any
n-manifold M. The M f,-invariance means that for any maps f; : M — R
and fo : N — R and any local diffeomorphism ¢ : M — N between n-
manifolds if f; and fs are p-related then A(f;) and A(f3) are T"* p-related.
The regularity means that A transforms smoothly parametrized families of
maps into smoothly parametrized families of affinors.

ExXAMPLE 1. For any n-manifold M we have the identity affinor Idppr« s :
TT™M — TT™ M over T"* M. Hence we have the (constant) natural opera-
tor 0 : 7]%(3@1 ~s TN T guch that §(f) = Idgpep for any map f : M — R
from an m-manifold M.

EXAMPLE 2. Let p,q=0,...,r be such that 1<p+¢<r. Let f: M —R
be a map from an n-manifold M. We have an affinor

A29(f) = df¥ @ L)

on T"*M, where f¥V = forn : T"™* M — R is the vertical lifting of f to T"*M
and LP'? is the vertical vector field on T"* M given by

L2 )iz = Un(0), 3o ((F = f(@))"7) € {an ()} x Ty M = Vi () T M

for j2(y) € T"*M. The correspondence AP9 : ﬂ(/i);l(}) v TV

AP4(f), is a natural operator.

ExaMPLE 3. Let p,q =0,...,r be such that 1<p+4+¢<r.Let f: M—R
be a map from an n-manifold M. We have an affinor B”9(f) on T"*M such
that

BP(f)jz9) = djz )7 @ LP(f) ()
for j7(y) € T™* M, where ¥V = « o 7 is the vertical lifting of v : M — R
to T7™* M and LP? is the vertical vector field on T"*M as in Example 2.
The correspondence BP9 : TI(/[\J/I(J)’)n o TADTT™f BP:a(f), is a natural
operator.
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3. A classification of natural affinors on 7"*. Observe that C? :=
B%4(f) is a canonical affinor on T"*M (not depending on f). Similarly, § is
a canonical affinor on T7*.

Let us quote a result of J. Kurek [5].

THEOREM 1. For natural numbers n > 2 and r > 1 the vector space of
natural affinors on T™* is (r + 1)-dimensional. More precisely, the natural
affinors 6 and C? for q=1,...,r form a basis over R in the vector space of
all natural affinors on T"*.

The following fact follows easily from Theorem 1.

COROLLARY 1. Let n > 2 and r > 1 be natural numbers. Let B be
a natural affinor on T™ over n-manifolds. Suppose that B(@f‘jg(x1)) =0,

where ()¢ denotes the complete lifting (flow operator) of vector fields to T"* .
Then B = 0.

4. The main result. The space of all natural operators A : T/(\?l’]?z ~
TOEDT™ is a module over C°(R). Indeed, if A : T/(Bl’)?j v TADTT g g
natural operator and g € C*>°(R) then gA : T‘(/(\JA(}) ~s TADTT* g given by
(gA)(f) = (go fV)A(f) for any f: M — R.

The main result of the present paper is the following classification theo-
rem.

THEOREM 2. For natural numbers n > 3 and r > 1 the C*°(R)-module
of all natural operators Tl(ﬁ/’l(})n ~s TODTT s free. More precisely, the
(r+ 1)(r + 2) — 1 natural operators §, AP9 and BP? for p,q = 0,1,...,r
with 1 <p+q <r form a basis in that C>°(R)-module.

The proof of Theorem 2 will occupy Sections 5-9.

T(Ovo)

5. Beginning of proof of Theorem 2. From now on let A : M

TMDT™ be a natural operator, n > 3.

Let A : I]%(})TL ~» TUDT™ be the natural operator given by A(f)rr« s
= A(f(x))jrr-am, + € M. If k € R then A(k) is a canonical affinor on 7.
So, by Theorem 1, A is a linear combination of § and A% with coefficients
being maps R — R. Hence on replacing A by A — A we can assume that
(1) Ak)=0

for any k € R.

We are going to show that A is a linear combination of AP? for p =
1,...,7and ¢ = 0,1,... with p+ g < r and BP9 for p,q = 0,1,... with
1 < p+ q < r with coefficient being maps R — R. (We can easily see that
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0, A4 and BP? for p,q = 0,1,... with 1 < p+ ¢ < r are C*(R)-linearly
independent.)

6. A reducibility lemma

LemMmA 1. If
(2) Al + k) (OF jjgan) = Ae’ + k)05 j502) = 0
and
® A1) (] G+ ) =0
t=0

for any k € R, then A= 0.

Proof. We have to show that A(f)(w) = 0 for any f : M — R and
any w € T,T"* M. By the naturality of A, the rank theorem and a density
argument we can assume that M = R", f = z! + k, y = ji(2?). Next,
by the fiber linearity of A(f) we can assume that w = 856'@2) or w =

%{tzo(jg(ﬁ) + tjg7y) for some constant vector field 0 on R™ and some 7 :
R™ — R with v(0) = 0. Then by the naturality of A, the fiber linearity of
A(f), the rank theorem and a density argument we can assume additionally
that 9 =0, or =0y and y = 2. m

Lemma 1 shows that A is determined by the values A(z! +k)(0f | (22)),
Az + k) (05 |jr (22)) and Az’ + k)(4 ‘tzo(jg(asQ) +tj5(2%))) for any k € R.

7. The verticality lemma

LEMMA 2. Under assumption (1), A is of vertical type, i.e. im(A(f)) C
VI™M for any f: M — R.

Proof. By Lemma 1 it is sufficient to show that the vectors
Az + R)(0F 5 2), A" + k)05 j5@2));
d o o
A +0)(5| )+

are vertical for any k € R.
We can write

Tr (A(l‘ —i—k‘) 81 Fis (x2) Zaz 8 0

=0

for some a; € R. Using the naturality of B Wlth respect to the homotheties
Tidgn for 7 £ 0 we obtain

Tr(A(ra' + k) (0F | j5(ra2))) = Z a;(k)d; 0.
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Letting 7 — 0 and using (1) we see that a;(k) = ... = a,(k) = 0. Then
Azt + k‘)((‘?lc‘jg(xz)) is vertical.
Similarly we can proceed in the two remaining cases. m

8. Some inessential assumptions. Let i = 1,2. Because A is of ver-
tical type we can write

d - -
At + k) (0F jjgem) = 5| U8?) + 135 (a(k, )
t=0
for some 7; : R x R™ — R with 7;(k,0) = 0. By the naturality of A with
respect to (!, 2% 723, ... 72™) for 7 # 0 we have
d
Az + k:)(@icug(mz)) = (3o (x?) + 55 (vilk, 2t 2%, 723, . T2™))).
t=0

Letting 7 — 0 we have
(4) Al +k)OF 52

d
= Z ai,p,q(k)@

1<p+q<r

t,o(jg(xz) +tj ()" (2*)7))

for some smooth maps a; ), : R — R.
Next we use the invariance of A with respect to (r7z!,z2,... 2") for
7 # 0. From (4) we obtain

A(T:L’l + k)(@gm(gcz))

d
= Z Tpa2,p7q(k)a

1<p+q<r

_GR)+ (),

Letting 7 — 0 and using (1) we get
(5) a2,0,q = 0.
Then by replacing A by
(6) A= 3" a1pgBPT = ) agp AP

1<p+q<r 1<p+q<r,p#0
we can assume

(7) Az' + k’)(af\jg(x?)) = A(z' + k‘)(agcug(x?)) =0
for any k € R.

9. End of proof of Theorem 2. Given an (n — 1)-manifold N we
have the obvious inclusion 7"*N C T7*(R x N) given by jlv +— o,
v: N — R, z € N, y(z) = 0, where we identify v with v o pry, pry :
R x N — N being the projection. Then for any jIv € T"*N we have the
induced inclusion Tj-, T™*N C TJZ"O,Z)’YTT*(R x N).
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For ¢ = 0,...,7 we define an M f,,_j-natural affinor B, : TT™*N —
TT™N on T™N as follows. Let w € Tjr,T™"N, v : N — R, 2 € N,
7(z) = 0. Then w € Tj ,T™(R x N) and we can apply Az + k) to w,
where 2! : R x N — R is the projection. We have the elements j7~9(n%) €
JUTD(N,R) (ny : N — R, ny’(z) = 0) linearly depending on w by

d -7 =T - w
(8) A@“+@W%=ELOQm@7+wm@(§]fﬁ%))
_ i
We put
d T =T q,,w
(9) By(w)=—| (v +12(v*n5)).
t=0

From (7) we deduce that Bq(ﬁg‘jg(xz)) = 0, where we identify z2,..., 2"
with the usual coordinates on R"~! = {0} x R"~1. Then by Corollary 1 we
have B, =0 for ¢ =0,...,r. Hence (in particular)

(10) A1) (] )+ ) ) <o

and thus A = 0 because of Lemma 1.

t=0

10. Corollaries. Let L(f) be a vector field on T"*M canonically de-
pending on a function f : M — R. Then dfY ® L(f) is an affinor on T7* M
canonically dependent on f. Using Theorem 2 we can write dfV @ L(f) as
a linear combination of AP(f) and BP?(f) with coefficients from C*°(R).
Then it is easy to verify that L(f) is a linear combination of LP'9(f) with
coefficients from R. Thus we get the following fact.

COROLLARY 2. For natural numbers n > 3 and r > 1 the natural opera-
tors LP? for p,q=0,1,...,r with 1 <p+ q <r form a basis over R in the

vector space of all natural operators 7]%301 ~s T,

Let £2(f) be a vector 1-form on T"*M canonically depending on a func-
tion f : M — R. Then 2(f) @ L%! is an affinor on T7*M canonically
dependent on f. Using Theorem 2 we can write 2(f) @ L%! as a linear
combination of AP-(f) and BP4(f) with coefficients from C*°(R). Then it
is easy to verify that £2(f) is a linear combination of dfV and A" with coef-
ficients from C*°(R), where A" is the usual canonical 1-form on 77* M. Thus
we get the following fact.

COROLLARY 3. For natural numbers n > 3 and r > 1 the natural op-

erators dfV and A" form a basis over C*(R) in the C>°(R)-module of all

natural operators Tl(ﬁ/’l(}) ~s T,
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