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On the index of contact

by M. MONTSERRAT ALONSO FERRERO (Bologna)

Abstract. We use the construction of the intersection product of two algebraic cones
to prove that the multiplicity of contact of the cones at the vertex is equal to the product
of their degrees. We give an example to show that in order to calculate the index of contact
it is not sufficient to perform the analytic intersection algorithm with hyperplanes.

1. Introduction. The aim of this paper is to find a relation between
two indices which characterize locally the intersection of analytic sets: the
intersection multiplicity and the index of contact.

The index of contact has been introduced by E. Cygan [Cy| in connec-
tion with the study of Lojasiewicz inequalities and separation exponent for
analytic subsets X, Y of a complex manifold N. If N is an open subset
of C", fix a norm on C" and set dist(X,z) := infyex ||z — z|. Consider a
point ¢ € X NY. Then

dist(X, z) + dist(Y, z) > const - dist(X NY, z)?

in a neighbourhood of the point ¢ for some const,p > 0 (see e.g. [L]). In
this situation we say that X and Y are p-separated at c, and p is called a
separation exponent.

In [T4], [CyT] and [Cy] upper bounds for p have been given. In particular,
the local degree v(X oY, ¢) of the intersection cycle X oY (see [T3]) is an
upper bound, which can be improved in the case of an isolated intersection
(see [T1]) or improper intersection (see [Cy]). In [Cy| this improvement is
achieved by modifying the analytic intersection algorithm of T'worzewski for
the construction of the intersection cycle. This leads to the following two
numbers: the index of contact p(X, Y')(c) in the case that Y is a submanifold,
and the multiplicity of contact (X, Y)(c) := p(X x Y, An)(c,c), where Ay
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is the diagonal in NV x N. Immediately from the definition one has
r(X,Y)(c) <v(X eY, c)

and in [Cy] it is proved that also 7(X,Y)(c) is a separation exponent. We
note that the difference between v(X oY, ¢) and r(X,Y)(c) can be arbitrarily
large (see our Remark 3.5), but in a Zariski open subset of each component
of X NY the two numbers coincide (see [R]). Note also that the index of
multiplicity is not the sharp upper bound for the separation exponent.

Whereas v(X o Y, c) can be expressed as a Samuel multiplicity of an
associated graded ring (see [N3], [AR]), at present there are no algebraic or
geometric characterizations of the index or multiplicity of contact.

In this note we characterize the index of contact of an algebraic cone
Z and a subspace S. As a consequence we determine the multiplicity of
contact of two algebraic cones (see Section 3). In Section 2, we recall some
basic notions of intersection theory. In the last section we give an example
which shows that the “Linear Testing Theorem” of [N3] and [AR] for the
extended index of intersection fails to be true in the case of the index of
contact.

2. Notation

2.1. Analytic cycles. Let A = Zje] a;C; be an analytic cycle on a
complex manifold N of dimension n. As a natural extension of the local
degree of analytic sets we can define the degree of the cycle A at the point ¢
as

v(A,c) = Zaju(cj, c) €N,
Jj€J
where v(Cj, ¢) denotes the degree of the irreducible analytic set C; at c.

Any cycle A has a unique decomposition A =T(,,) + T(—1) + ... + T{0),
where T(;y is a j-cycle (i.e. a formal combination of irreducible analytic sets
of dimension j), and the extended degree of the cycle A at c is

V(A c) = (T, 0), v(Tn-1),¢),- -, V(T(py, €)) € I\
The analytic set | J ey Cj 1s called the support of A and is denoted by |Al.
Let S be a closed submanifold in N. For the analytic cycle A=) jeg O C;
the part of A supported by S is defined to be

AS = Z Olej.

jeJ, C;CS

2.2. Proper intersection of cycles. Let Al,..., AF be analytic cycles on
a complex manifold N of dimension n, with supports | A?| of respective pure
dimensions d;. We say that these cycles intersect properly if the dimension

of ﬂ§:1 |A7| is (Z?:l d;) —n(k — 1). In this case we have the intersection
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product A' - ... - AF of the analytic cycles A',..., A* as defined in [D] (see
also [Ch]).

2.3. Algorithm. Let N be an n-dimensional complex manifold, Z an
analytic subset of pure dimension d of N, and S an s-dimensional closed
submanifold of N. Let U be an open subset of N such that UNS # (). Then
(U\ S)N Z is an analytic subset of U \ S of pure dimension d (or empty).
In the open subset U of N we consider a system H = (Hy,...,H,_s) that
satisfies the following conditions:

1. H; is a smooth hypersurface in U containing U NS for all : =1,...,
n—s.

2. Ny TyH; = TS for each y e UN S.

3. (U\S)NZ)NH NHyN...N H; is an analytic subset of U \ S of

pure dimension d — i, or an empty set, fort=1,...,d.

We denote by H(U, Z) the set of all systems H which have these three
properties. For an element H = (Hy,...,H,—s) € H(U,Z) we define an
analytic cycle Z - H in S N U following the Tworzewski algorithm ([Ts,
Algorithm 4.1]). Set £ = {(H) = max{j € {1,2,...,n—s} : |Z;_1 — st_ll N
Hj #0},or {=4(H)=0ifZNU CSNU.

ALGORITHM:

STEP 0. Let Zg = ZNU. Then Zy = (Zy — Z5) + Z5, with Z5 := part of
Zy supported by SNU.

STEP 1. Let Zy = (Zo — Z5) - Hy. Then Zy = (Zy — Z¢) + Z7, with Z7 :=
part of Z; supported by SNU.

STEP 2. Let Zo = (Z1 — Z7) - Ha. Then Zy = (Z — Zy) + Z5, with Z5 :=
part of Zs supported by SNU.

STEP £. Let Zy = (Zy—1—Z; |)-Hy. Then Z, = (Zy— Z})+ Z7, with Z; =
part of Zy supported by SNU, and |Z; — Zgg\ NS =40.

The positive analytic cycle Z - H = Zﬁg + ...+ Zf on SNU is called the
result of the above algorithm.

2.4. Definitions. Using the algorithm we can define, for ¢ € S:
3(Z,9)(c) :== mine, {(Z - H,c) : H € H(U,Z) and U > ¢} € N*T1,
9(Z,5)(c) := sum of the coordinates of g(Z, 5)(c),
p(Z,5)(c) == min{v(Z-H,c): He H(U,Z) and U > ¢} € N;

we call these the extended index of intersection, the index of intersection

and the index of contact (this last has been introduced in [Cy]) of Z with
the submanifold S at the point ¢, respectively.
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2.5. Improper intersection of analytic sets. Let X and Y be irreducible
analytic sets of an n-dimensional manifold N and let ¢ € N. By standard
diagonal construction the multiplicity of intersection of X and Y at c is
defined to be

d(X7 Y)(C) = g(X XY, AN)(Ca C)‘

The intersection product of X and Y is the unique analytic cycle X oY in IV
such that v(XeY) = d(X,Y) (see [T2, Definition 6.1]). This definition can be
naturally extended to the case of arbitrary analytic cycles by multilinearity.

Now, if X and Y are pure dimensional analytic subsets of a manifold IV,
for c € X NY, we introduce the following index (see [CyKT]):

r(c) =r(X,Y)(c) :=p(X xY,An)(c,c),
which we call the multiplicity of contact of X and Y at the point c.

3. Intersection of algebraic cones with subspaces. We will see
that the index of contact and the index of intersection of a cone with a
linear subspace at the vertex, and the degree of the cone at the vertex are
all equal. Thus the index of contact and the index of intersection, in this
case, do not depend on the linear subspace.

Let us start with the following lemmas.

LEMMA 3.1. Let A',..., AF be positive analytic cycles of pure dimen-
sions in a domain D C C", intersecting properly in D, and let a € ﬂj;:l |A7].
Then

v(AL - AR a) > v(AYa) .. v(ARa).
Proof. See [Ch, 12.5].

LEMMA 3.2. Let Z be a pure d-dimensional analytic subset of an n-
dimensional complex manifold N, S an s-dimensional closed submanifold of
N, and c€ ZNS a point. Then

p(2,5)(0) = (Z,0).
Proof. We choose a neighbourhood U of ¢ and a system
H= (Hl’~'-7Hn—s) € H(U)Z)
such that v(Z - H,c) = p(Z,5)(c). For this system of hypersurfaces the
(positive analytic cycle) result of the Tworzewski Algorithm will be of the
form
Z-H=2Z5+27Z0+...+ 27,
where £ =0if ZNU Cc SNU, or £ € {1,...,n — s} is the maximum of the
indices for which |Z,_; — Z7 || N Hy # 0.
Set ¢/ = {'(H,c) = max{j € {1,...,0} : c € |Z;—1 — ZJS_1|}, or ! =
V'(H,c) = 0 if ¢ = 0. For simplicity let us still write ¢ = ¢. From the
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algorithm and by Z-bilinearity of the degree we get the equalities
v(Zo,c) =v(ZNU,¢)=v(Z,c)=v(Z5,c)+v(Zy— Z5,c),
v(Zy,¢) =v((Zo— Z5) - Hi,c) = v(Z} ,¢) + v(Z1 — Z7, ¢),
v(Za,c) =v((Z1 — le) - Ha,c) = V(ZQS,C) +v(Zy — Zzs,c),
v(Zg,c) =v((Ze—1 — Zf_l) - Hy,c) = V(Zf, c)+v(Zy— Zf, c).
Since the degree is Z-linear, we can write
p(Z,8)(c) = v(Z5.c) +v(Z )+ ...+ v(Z] )
and by the above equalities this is equal to
W(Z,c)—v(Zy — Zﬁq,c)] + [v((Zo — ZOS) -Hy,c)—v(Zy — Zig,c)] + ...
+ W(Zey — Z31) - Hyye) — v(Zo — Z7 ).
We group in the following way:
v(Z,c)+ [—v(Zy — Z(‘)g, c)+v((Zy— Zﬁg) - Hy, )]
+ (2 — 28 ¢) +v((Zy — Z7) - Haye)] + ...
+[~v(Zer = Z0gs0) + v(Zes = Z4) - Heyo)) = v(Ze = Z7 ).
Since |Z, — Z7|N Hyy1 = 0, or, in the case £ = n—s, | Zy—s— Z5_,|NS =0,
we have v(Z; — Z7,c) = 0; and, by Lemma 3.1, v((Z; — ZJS) -Hjy1,¢) >
v(Z; — Z]-S,c) for j=0,...,¢ —1. Thus
p(Z,S)(c) >v(Z,c). m

THEOREM 3.3. If Z C C™ is an algebraic cone of pure dimension d and
S C C" is a linear subspace of dimension s, then

9(Z,5)(c) =v(Z,c) = p(Z,5)(c),
where ¢ = 0 € C" denotes the vertex of the cone.

Proof. By [Na, Cor. 7] (see also [N3, Chap. III, Sect. 3]), g(Z,S)(c) =
9(Z x S, AN)(c,c), which is by definition d(Z, S)(c), i.e. the multiplicity of
intersection of the sets Z and S at the point ¢. Now by construction of the
intersection product cycle we have

d(Z,5)(c) =v(Z e S)(c)

and from Bézout’s theorem for algebraic varieties in P"~! (see [SV], also e.g.
[FSV, Chap. 2]), that is, for algebraic cones in C" (see e.g. [Ng, Cor. 7] and
[N4]) we get

v(ZeS)(c)=v(Zc) v(S,c)=v(Zc)

(S is linear and therefore v(S,c) = 1). Thus we have proved g(Z, S)(c) =
v(Z,c).
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We note that also in the general case, that is, Z an analytic subset
of pure dimension d on an n-dimensional complex manifold N, S a closed
submanifold of N of dimension s and ¢ € Z NS a point, we have

p(Z,8)(c) < g(Z,S)(c).
Thus, in our case, it is enough to prove p(Z, S)(c) > g(Z,S)(c). But from
Lemma 3.2, p(Z, S)(¢) > v(Z,¢c). So the theorem is proved. =

The next examples indicate that the index of contact may be less than
the index of intersection if the analytic set is not a cone, and that the index
of intersection may not be equal to the degree of the cone at the vertex if
the submanifold is not linear.

EXAMPLE 1. (See [N3, Chap. III, Sect. 3, Ex. 3].) In C? take the in-
tersection of Z = {(x,y,2) € C3 : y2? = 22} with the linear subspace
S = {y = z = 0}. Using the computer program CALI, [G], together with the
script Segre, [AA], for commutative algebra, we calculate g(Z, S)(0,0,0) =
(0,1,2) and ¢g(Z, 5)(0,0,0) = 3. But if we do the algorithm with the system
‘H = (Hy,Hs), where Hi = {y = 0}, the total result of the intersection
algorithm is the cycle 2 - S, so p(Z,5)(0,0,0) < 2. But g(Z, 5)(0,0,0) :=
mine {V(Z - H, (0,0,0)) : H € H(Z,U), U a neighbourhood of (0,0,0)} =
(0,1,2) and the germ of Z at (0,0,0) is irreducible. Hence p(Z, S)(0,0,0)
= 2 (if p(Z,5)(0,0,0) = 1 then it would come from a cycle Z - H with
v(Z -H,(0,0,0)) = (1,0,0), which is not possible).

EXAMPLE 2. Let N =C3, Z = {2? +y?> = vz} and S = {y? + = = 2?}.
By computer (see [G] and [AA]), we calculate g(Z,S5)(0,0,0) = (0,4,0).
Hence ¢(Z,5)(0,0,0) = 4, and obviously in this case p(Z,S)(0,0 O) = 4.
But we have v(Z,(0,0,0)) =

As a consequence of the previous theorem we obtain our main result:

THEOREM 3.4. Let X, Y be pure dimensional algebraic cones of C".
Then
r(X,Y)(0) = ¥(X,0) - (Y, 0).

Proof. The definition of the multiplicity of contact and Theorem 3.3 give
r(X,Y)(0) =p(X x Y, Acn)(0,0) = v(X x Y, (0,0)).

Now, the Bézout Theorem for algebraic cones (see e.g. [N3]) shows that this
is equal to v(X,0) - (Y, 0), and the proof is complete. =

As the following example shows, we cannot extend Theorem 3.4 to gen-
eral analytic sets.

EXAMPLE 3. In CS® take coordinates (z,y,z,u,v,w) and calculate
r(X,Y)(c) for X = {(z,y,2) € C? : y2? = 22}, Y = {y = z = 0} and
¢ = (0,0,0). By definition r(0) = p(X x Y, Ac3)(0,0), where X x Y =
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{(z,y, z,u,v,w) € CO: yx? = 22, v = w =0} and Ags = {(z,y, z,u,v,w) €
Cl:2=wu, y=nuv z=wh Let H = (Hy, Hy, H3) be defined by H; =
{y = v}, Hy = {x = u} and Hs = {z = w}. The total result of the intersec-
tion algorithm for this system is the cycle 2-T', where T' = {(x, y, z, u, v, w) €
Cl:z=wuy=2=v=w=0}) Thus p(X x Y, A¢3)(0,0) < 2. So
r(X,Y)(0) # v(X,0)-v(Y,0) = 3.

REMARK 3.5. If in the previous example we take X = {(z,y,2) € C3:
yz" = 2%}, n € N, we obtain 7(X,Y)(0) < 2 and g(X,Y)(0) = v(X eY,0) =
n+1. So the difference between v(X eY, ¢) and r(X,Y)(c) can be arbitrarily
large.

REMARK 3.6. In the previous example, using the Reduction Theorem
for improper intersections (see [N3], [AR]), we can write ¢g(X,Y)(0) =
g(X x Y, Ac3)(0,0) = 3, e, g(X,Y)(0) = d(X,Y)(0). By the same rea-
sons of Example 1, we must have p(X x Y, Ac3)(0,0) = 2, so in this case
p(X,Y)(0) = p(X x Y,Acs)(0,0). We have not been able to settle this
question in general: given a pure dimensional analytic subset Z, a closed
submanifold S and ¢ € Z N S of a complex manifold N, is it true that
p(Z,9)(c) =7(Z,5)(c)?

We have seen that in some cases we have the equality

p(Z,9)(c) = g(Z, 5)(c),
if for example Z is an algebraic cone and S a subspace (Theorem 3.3), if
Z={2*+y?* =2z}, S ={y?> + 2 = 2} and ¢ = 0 (Example 2), or for all ¢
in a Zariski open set of each component of Z NS (see [R]).

We have
g(Za S)(C) = g(Z xS, AN)(Ca C)a
and, as noted in the proof of Theorem 3.3,
g(Z xS, AN)(Ca C) > p(Z xS, AN)(Cv C)‘

But p(Z x S, An)(c,c) is by definition r(Z, S)(c). Thus, in the cases men-
tioned above, we have

p(Z,8)(c) > r(Z,95)(c).

So we can say that in the general case, that is, Z an analytic subset of
pure dimension d on an n-dimensional complex manifold N, S a closed
submanifold of N of dimension s, and ¢ € Z NS a point, the multiplicity of
contact of Z and S at ¢ cannot be strictly greater than the index of contact
of Z and S at c.

4. Index of contact and Linear Testing Theorem. Let N be an
n-dimensional complex manifold, Z an analytic subset of pure dimension
d of N, and S an s-dimensional closed submanifold of N. As the analytic
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intersection algorithm (of [T3]) is local in the vicinity of the fixed point
c € §, we may assume that N is the germ of C™ at ¢ = 0:
N=C"=C; xC;?,
where u = (u1,...,us) and v = (vy,...,v,—s) are the coordinates in C* and
C™~ 3, respectively, and
S ={(u,v):v=0} CC; xC;°.

As Nowak has shown in his Linear Testing Theorem ([Ns], [N3]), or
Achilles and Rams have shown in [AR], to obtain the extended index of
intersection of Z with S at the point ¢ € S, g(Z,S)(c), we can reduce the
analytic intersection algorithm for systems H = (Hj, ..., H,_s) of smooth
hypersurfaces near ¢ to the case of systems of linear hyperplanes. More
precisely we have the following theorem.

THEOREM 4.1 (Linear Testing Theorem). Let N be an affine space, S a
vector subspace of N, and Z a pure dimensional analytic subset of N. Then
the extended index of intersection of Z with S at the point ¢ = 0 is realized
by the intersection algorithm for systems H of linear hyperplanes in N.

Proof. See [Na, p. 138, Corollary 6] or [AR, p. 396, Corollary 3].

REMARK 4.2. As an immediate consequence of the previous theorem,
also the index of intersection of Z with S at the point ¢ € S, g(Z, S)(c), is
realized by the intersection algorithm for suitable systems of linear hyper-
planes in V.

As we will see in the next example, the index of contact of an analytic
set Z with a subspace S at a point ¢ € S, p(Z, S)(c), cannot be realized
using only linear hyperplanes.

EXAMPLE 4. Let

f:C33(z,y,2) — (z,y+z2,2) € C>.
It is easily seen that f is a biholomorphism.

As in Example 1, let Z = {(x,y,2) € C3 : y2? = 22}, S = {y = z = 0},
and ¢ = 0 in C3. Then f(Z2), f(S), and f(c) are 2’ = {(x,y,2) € C? :
(y—x2)z? =22}, 8" = {(2,y,2) € C}:y—22=2=0} = {y = 2 =0} and
¢ = 0, respectively.

Since the extended index of intersection is invariant under biholomor-
phism, it follows that

9(2,8)(0) = (0,1,2) = g(Z', 5')(0);
also the index of contact is invariant under biholomorphism (this can be
seen step by step in the algorithm), and we have
p(Z,8)(0) =2 = p(Z',5')(0).

As we have seen in Example 1, the index of contact of Z and S at ¢ =0

is realized by the intersection algorithm for a suitable system H = (H1, H2)
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such that the hypersurfaces Hy, Hy are linear, and

p(Z,5)(0)=2=v(Z-H,0),

where Z - ‘H is the result of the intersection algorithm using the system

H = (Hi, Ho) with H; = {y = 0}. But we will see that the index of contact

of Z" and S’ at ¢ = 0, although these are the biholomorphic images of Z,

S and ¢ = 0, respectively, cannot be realized by the intersection algorithm

for an appropriate system of hyperplanes in C3, i.e.,

p(Z', 8" (0) < v(Z"-H',0)

for every suitable system H' = (H{, H)), where H{ and H} are linear. Hence

there is no Linear Testing Theorem for the index of contact.

Let U’ be some neighbourhood of ¢/ = 0. Take a system H = (f[l, ﬁg) €
H(U', Z"), where Hj is a hyperplane, i.e., H = {(z,y,2) € C3 : az +
by + cz = 0} for some a, b, ¢ in C. Note that as the hyperplane ffl contains
S" = {y = z = 0}, it must be of the form Hy = {(z,y,2) € C3: by+cz = 0}.
Now we do the intersection algorithm with a system H = (Hy, Hs), where
Hy = {(x,y,2) € C3: by + ¢z = 0}.

STEP 0. Let Z = Z' NU' = (2 — Z}%') + Z}%". Tt is clear that " does not
contain components of the cycle Zj.

STEP 1. Let Z} = (Z, — Z)5') - Hy = (2} — Z}5") + Z}5". Straightforward
calculation shows that the cycle Z] has always two components, one
of them S’ with multiplicity 1 and the other an irreducible analytic
set with multiplicity 1 which is in the support of (Z — Z;5").

STEP 2. Let Z = (2, — Z}5") - Hy = (2 — Z5°") + Z}5". We do not need to
calculate it.

As we have
g(Z',8")(0) = mine {7(Z" - H',0) : H' e H(U', Z") and U’ 5 0} = (0, 1, 2),
the extended degree of the cycle result of the algorithm with H = (ﬁ 1, E[Q)
for Hy = {(x,y,2) € C?: by + cz = 0} and any Hs will be of the form
(Z'-H,0) = (v(2h%,0),v(2,%,0),v(25%,0)) = (0,1,m)

with m € N and m > 2.

Therefore we cannot obtain the index of contact

p(Z',58)(0) =2 =min{v(Z'-H',0) : H' € H(U', Z") and U’ > 0}

if we test only with hyperplanes.
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