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Product preserving bundles on foliated manifolds

by Włodzimierz M. Mikulski (Kraków)

Abstract. We present a complete description of all product preserving bundle func-
tors on the category Fol of all foliated manifolds and their leaf respecting maps in terms
of homomorphisms of Weil algebras.

Introduction. Product preserving bundle functors on the categoryMf
of manifolds and maps play an important role in modern differential geom-
etry. To such bundle functors one can lift some geometric structures, like
vector fields, forms, connections, etc. To define such lifts, only the product
preserving property of such functors is important. Such functors have been
classified by means of Weil algebras [2].

Similar research has been done on fibred manifolds. The class of product
preserving functors is a wide class of bundle functors on the category FM
of fibred manifolds and their fibre respecting maps. Such functors have been
classified by means of homomorphisms of Weil algebras [3] (see also [1] for
a simpler proof).

The class of product preserving functors is a wide class of bundle functors
on the category Fol of foliated manifolds without singularities and their leaf
respecting maps. For example, the normal bundle functor N : Fol → FM
sending a foliated manifold (M,F) to its normal bundle N(M,F) and a
leaf respecting map f : (M1,F1) → (M2,F2) to the induced map N(f) :
N(M1,F1)→ N(M2,F2) is product preserving. More generally, for any Weil
algebra A the bundle functor A : Fol→ FM of transverse A-points sending
a foliated manifold (M,F) to the bundle A(M,F) of transverse A-points in
the sense of R. Wolak [5] and a leaf respecting map f : (M1,F1)→ (M2,F2)
to the induced map A(f) : A(M1,F1) → A(M2,F2) is product preserving.
Also, the usual Weil bundle functor TA : Mf → FM on manifolds can
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be considered as the product preserving bundle functor TA : Fol → FM
satisfying TA(M,F) = TAM for any foliated manifold (M,F).

So, it seems natural and useful to classify all product preserving bundle
functors on the category Fol. This is the purpose of the present note. The
main results can be stated as follows:

Theorem A. There is a bijection between the isomorphism classes of
product preserving bundle functors on Fol and the isomorphism classes of
Weil algebra homomorphisms.

Theorem B. Given two product preserving bundle functors on Fol there
is a bijection between their natural transformations and morphisms of the
corresponding Weil algebra homomorphisms.

The category FM of fibred manifolds is in an obvious way a subcategory
of Fol (we treat a fibred manifold as a manifold with foliation given by the
fibres). Therefore any product preserving bundle functor F : Fol → FM
can be restricted to a product preserving bundle functor F : FM → FM.
Then by the classifying result from [3] we have the corresponding homo-
morphism µF : AF → BF of Weil algebras. Conversely, any Weil algebra
homomorphism µ : A → B induces a product preserving bundle functor
Tµ : FM → FM (see [3]). Since any foliated manifold is locally a fi-
bred manifold, the bundle functor T µ : FM → FM can be extended (by
gluing) to Tµ : Fol → FM. However, the gluing method is rather inconve-
nient. That is why we will present another strictly canonical construction of
Tµ : Fol→ FM.

All manifolds are assumed to be finite-dimensional. All manifolds and
maps are assumed to be smooth, i.e. of class C∞. All foliations are assumed
to be without singularities.

1. Basic definitions. Let us recall the following definitions (see e.g. [2]).
Let F : Fol → FM be a covariant functor. Let BFM : FM →Mf be

the base functor and BFol : Fol→Mf be the forgetful functor.
A bundle functor on Fol is a functor F as above satisfying:

(i) (Base preservation) BFM◦F = BFol. Hence the induced projections
form a functor transformation π : F → BFol.

(ii) (Localization) For every inclusion i(U,F|U) : (U,F|U) → (M,F) of
an open subset, F (U,F|U) is the restriction π−1(U) of π : F (M,F)
→M over U and Fi(U,F|U) is the inclusion π−1(U)→ F (M,F).

Given two bundle functors F1, F2 on Fol, by a natural transformation
ν : F1 → F2 we shall mean a system of base preserving fibred maps ν :
F1(M,F) → F2(M,F) for every foliated manifold (M,F) satisfying the
condition F2f ◦ ν = ν ◦ F1f for every Fol-morphism f .
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A bundle functor F on Fol is product preserving if for any product
projections (M1,F1)

pr1←− (M1,F1)× (M2,F2)
pr2−→ (M2,F2) (in the category

Fol), F (M1,F1)
Fpr1←− F ((M1,F1) × (M2,F2))

Fpr2−→ F (M2,F2) are product
projections in the category FM. In other words, F ((M1,F1)× (M2,F2)) =
F (M1,F1)× F (M2,F2) modulo (Fpr1, Fpr2).

Some known examples of product preserving bundle functors on Fol have
been mentioned in the introduction.

2. Product preserving bundle functors on Fol corresponding to
Weil algebra homomorphisms. Let A be an associative algebra over the
field R with unit 1. The algebra A is called a Weil algebra if it is commu-
tative, of finite dimension over R, and if it has a unique maximal ideal A of
codimension 1 such that Ah+1 = 0 for some non-negative integer h.

Let µ : A → B be a homomorphism of Weil algebras. We are going to
construct a product preserving bundle functor T µ : Fol → FM.

Example 1. For a foliated manifold (M,F) and x ∈ M we denote
by C∞x (M) the algebra of germs at x of smooth maps M → R, and by
C∞x (M,F) the subalgebra of maps constant on the fibres. Let T µx (M,F) be
the set of pairs (ϕ,ψ) of algebra homomorphisms ϕ : C∞x (M,F) → A and
ψ : C∞x (M)→ B such that

(∗) ψ(uv) = µ(ϕ(u))ψ(v)

for any u ∈ C∞x (M,F) and v ∈ C∞x (M). Put Tµ(M,F) =
⋃
x∈M Tµx (M,F).

Then the obvious projection π : T µ(M,F) → M is a smooth bundle.
More precisely, given adapted coordinates (x1, . . . , xq, y1, . . . , yp) on (M,F),
where F is p-dimensional and M is p+ q-dimensional, we have the induced
coordinates (x̃1, . . . , x̃q, ỹ1, . . . , ỹp) : Tµ(M,F)|U → Aq × Bp such that
x̃i(ϕ) = ϕ([xi]x) ∈ A and ỹj(ψ) = ψ([yj ]x) ∈ B for any (ϕ,ψ) ∈ Tµx (M,F),
x ∈ M . (Condition (∗) implies that (ϕ,ψ) ∈ T µx (M,F) is uniquely deter-
mined by its induced coordinates.)

Every Fol-map f : (M1,F1) → (M2,F2) induces a fibred map Tµf :
Tµ(M1,F1)→ Tµ(M2,F2) covering f such that T µf(ϕ,ψ) = (ϕ,ψ) for any
(ϕ,ψ) ∈ Tµx (M1,F1) and x ∈ M1, where ϕ : C∞f(x)(M2,F2) → A is defined

by ϕ(u) = ϕ(u ◦ f) and ψ : C∞f(x)(M2) → B is defined by ψ(v) = ψ(v ◦ f)
for u ∈ C∞f(x)(M2,F2) and v ∈ C∞f(x)(M).

If in adapted coordinates a foliated map is of the form f : Rq×Rp → Rq×
Rp, f(xi, yj) = (f1(xi), f2(xi, yj)) for some f1 : Rq → Rq and f2 : Rq×Rp →
Rp, then in the corresponding induced coordinates T µf : Aq×Bp → Aq×Bp,
Tµf(ai, bj) = (TAf1(ai), TBf2(µ(ai), bj)), where TA : Mf → FM is the
Weil functor [2].
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The correspondence T µ : Fol → FM is a product preserving bundle
functor. It is called the product preserving bundle functor on Fol corre-
sponding to the Weil algebra homomorphism µ.

Remark 1. Observe that given a p-dimensional foliation F on a p+ q-
dimensional manifold M the bundle T µ(M,F) admits a canonical pdimRB-
dimensional foliation Fµ. In the induced coordinates the leaves of Fµ are of
the form {a} ×Bp ⊂ Aq ×Bp.

3. Weil algebra homomorphisms corresponding to product pre-
serving bundle functors on Fol. Let F : Fol → FM be a product
preserving bundle functor. We are going to construct a Weil algebra homo-
morphism µF : AF → BF .

Example 2. We define µF : AF → BF to be the Weil algebra homo-
morphism corresponding to the product preserving bundle functor F|FM :
FM → FM (see [3]). We call it the Weil algebra homomorphism corre-
sponding to the product preserving bundle functor F on Fol.

More precisely, we put AF = F (R,F ′) and BF = F (R,F ′′), where F ′
is the 0-dimensional foliation on R and F ′′ is the foliation on R with one
leaf R. The sum mappings are given by +AF = F (+) : AF × AF → AF

and +BF = F (+) : BF × BF → BF , where + : R × R → R is the
sum map considered as the corresponding Fol-morphisms. Similarly, the
multiplications of AF and BF are obtained by applying F to the multi-
plication of R viewed as the corresponding Fol-morphisms. The zero maps
and the unity maps are obtained by applying F to the zero and the unity
map of R. The homomorphism µF : AF → BF is F (idR) : F (R,F ′) →
F (R,F ′′), where idR is the identity map of R treated as the corresponding
Fol-morphism.

The following facts will not be used later.

Fact 1. The Weil algebra homomorphism corresponding to the normal
bundle functor N : Fol → FM (see the introduction) is the unique al-
gebra homomorphism κD : D → R, where D is the Weil algebra of dual
numbers.

Fact 2. The Weil algebra homomorphism corresponding to the bundle
functor A : Fol → FM of transverse A-points (see the introduction) is the
unique algebra homomorphism κA : A→ R.

Fact 3. The Weil algebra homomorphism corresponding to the prod-
uct preserving bundle functor TA : Fol → FM of A-near points (see the
introduction) is the identity map idA : A→ A.
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4. Classification of product preserving bundle functors on Fol
in terms of Weil algebra homomorphisms. The following proposition
shows that any product preserving bundle functor on Fol is equivalent to
some product preserving bundle functor as in Example 1.

Proposition 1. Let F : Fol → FM be a product preserving bundle
functor. Let µF : AF → BF be the corresponding Weil algebra homomor-
phism. Then we have a natural equivalence ΘF : F ∼= Tµ

F

.

Proof. Let (M,F) be a Fol-object. We construct canonically a diffeo-
morphism ΘF : F (M,F) → Tµ

F

(M,F) as follows. Given a point y ∈
Fx(M,F), x ∈ M , we define ΘF (y) = (ϕy, ψy), where ϕy : C∞x (M,F) →
AF , ψy : C∞x (M) → BF , ϕy([f ]x) = Ff(y), ψy([g]x) = Fg(y) for [f ]x ∈
C∞x (M,F) and [g]x ∈ C∞x (M), where f and g are treated as the corre-
sponding Fol-morphisms. Recalling the definition of µF : AF → BF (Ex-
ample 2) and using the functoriality of F one can standardly verify that
ΘF (y) ∈ TµFx (M,F).

It remains to show that ΘF : F (M,F) → Tµ
F

(M,F) is a diffeomor-
phism.

Because ΘF : F → Tµ
F

is natural with respect to Fol-maps and F and
Tµ

F

preserve products and (M,F) is locally a (multi)product of (R,F ′)
and (R,F ′′) we may assume that (M,F) = (R,F ′) or (M,F) = (R,F ′′),
the trivial foliations on R. But for (M,F) = (R,F ′) the transformation ΘF

is the composition F (R,F ′) = AF = Tµ
F

(R,F ′), where the second equality
is given by the induced coordinate x̃ (see Example 1). Similarly, for (M,F)
= (R,F ′′) the transformation ΘF is the composition F (R,F ′′) = BF =
Tµ(R,F ′′), where the second equality is given by the induced coordinate ỹ
(see Example 1).

Remark 2. Let F : Fol → FM be a product preserving bundle func-
tor. By Proposition 1 we have a canonical diffeomorphism ΘF : F (M,F)→
Tµ

F

(M,F) for any foliated manifold (M,F). As we know, T µ
F

(M,F) ad-
mits the foliation FµF (see Remark 1). Then F (M,F) admits the foliation
FF = (ΘF )−1FµF . Hence F has values in the category Fol. Therefore we
can compose two product preserving bundle functors on Fol. This compo-
sition is again a product preserving bundle functor on Fol.

5. Classification of Weil algebra homomorphisms in terms of
product preserving bundle functors on Fol. The following proposi-
tion shows that any Weil algebra homomorphism is isomorphic to the Weil
algebra homomorphism corresponding to some product preserving bundle
functor on Fol.
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Proposition 2. Let µ : A → B be a Weil algebra homomorphism. Let
F = Tµ. Then we have an isomorphism Oµ : µ ∼= µF of Weil algebra
homomorphisms.

We recall that a morphism µ1 → µ2 of Weil algebra homomorphisms
µ1 : A1 → B1 and µ2 : A2 → B2 is a pair η of Weil algebra homomorphisms
η1 : A1 → A2 and η2 : B1 → B2 such that η2 ◦ µ1 = µ2 ◦ η1.

Proof. We define Oµ : µ → µF to be the pair of Weil algebra isomor-
phisms Oµ1 : A ∼= Tµ(R,F ′) = F (R,F ′) = AF and Oµ2 : B ∼= Tµ(R,F ′′) =
F (R,F ′′) = BF , where ∼= are the induced coordinates x̃ and ỹ (see Ex-
ample 1) respectively.

One can show standardly that Oµ is a morphism µ→ µF of Weil algebra
homomorphisms.

6. Natural transformations of product preserving bundle func-
tors on Fol and induced morphisms between corresponding Weil
algebra homomorphisms. Let F1, F2 : Fol → FM be product preserv-
ing bundle functors. Let µF1 : AF1 → BF1 and µF2 : AF2 → BF2 be the
corresponding Weil algebra homomorphisms. Let ν : F1 → F2 be a natural
transformation.

Example 3. Define a morphism ην = (ην1 , η
ν
2 ) : µF1 → µF2 of Weil

algebra homomorphisms by ην1 = ν(R,F ′) : AF1 → AF2 and ην2 = ν(R,F ′′) :
BF1 → BF2 .

If ν is an isomorphism, then so is ην .

We call ην the morphism of Weil algebra homomorphisms corresponding
to ν.

7. Morphisms between Weil algebra homomorphisms and
induced natural transformations between corresponding product
preserving bundle functors on Fol. Let µ1 : A1 → B1 and µ2 : A2

→ B2 be Weil algebra homomorphisms. Let η = (η1, η2) : µ1 → µ2 be a
morphism of Weil algebra homomorphisms.

Example 4. Given a Fol-object (M,F) define a base preserving fibred
map νη : Tµ1(M,F)→ Tµ2(M,F) by νη(ϕ,ψ) = (η1 ◦ϕ, η2 ◦ψ) for (ϕ,ψ) ∈
Tµ1
x (M,F), x ∈M . The family νη : Tµ1 → Tµ2 is a natural transformation.

If η is an isomorphism, then so is νη.

We call νη the natural transformation corresponding to ν.

8. Object Classification Theorem. The first main result in this pa-
per is the following theorem.
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Theorem 1. The correspondence F → µF induces a bijective correspon-
dence between the equivalence classes of product preserving bundle functors
on Fol and the equivalence classes of Weil algebra homomorphisms. The
inverse correspondence is induced by the correspondence µ→ T µ.

Proof. The correspondence [F ]→ [µF ] is well defined. For, if ν : F1 → F2

is an isomorphism, then so is ην : µF1 → µF2 .
The correspondence [µ]→ [T µ] is well defined. For, if η : µ1 → µ2 is an

isomorphism, then so is νη : Tµ1 → Tµ2 .
From Proposition 1 it follows that [F ] = [T µ

F

]. From Proposition 2 it
follows that [µ] = [µF ] if F = Tµ.

9. Morphism Classification Theorem. Let F1 and F2 be two prod-
uct preserving bundle functors on Fol. Let µF1 : AF1 → BF1 and µF2 :
AF2 → BF2 be the corresponding Weil algebra homomorphisms.

Lemma 1. Let η = (η1, η2) : µF1 → µF2 be a morphism of Weil algebra
homomorphisms. Let ν [η] : F1 → F2 be a natural transformation given by
the composition

F1
ΘF1−→ Tµ

F1 νη−→ Tµ
F2 (ΘF2 )−1

−−−−→ F2,

where ΘF is as in Proposition 1 and νη is as described in Example 4. Then
ν = ν[η] is the unique natural transformation F1 → F2 such that ην = η,
where ην is as in Example 3.

Proof. Suppose ν : F1 → F2 is another natural transformation such that
ην = η. Then ν coincides with ν on (R,F ′) and (R,F ′′). Hence ν = ν by
the same argument as in the proof of Proposition 1.

Now, the following second main result of this paper is clear.

Theorem 2. Let F1 and F2 be two product preserving bundle functors
on Fol. The correspondence ν → ην is a bijection between natural transfor-
mations F1 → F2 and morphisms µF1 → µF2 between corresponding Weil
algebra homomorphisms. The inverse correspondence is η → ν [η].

10. An exchanging isomorphism. Let F1 and F2 be product pre-
serving bundle functors on Fol. According to Remark 2 the composition
F1 ◦ F2 is again a product preserving bundle functor on Fol. Let µF1 , µF2

and µF1◦F2 be the corresponding Weil algebra homomorphisms. Using the
tensor product we have the Weil algebra homomorphism µF1 ⊗ µF2 .

It is easy to see that (F1◦F2)|FM = (F1)|FM◦(F2)|FM. By the definition
µF1 corresponds to (F1)|FM, etc. Then by the theory of product preserving
bundle functors on FM (see [4]) we have

Proposition 3. µF1◦F2 = µF1 ⊗ µF2 .
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Corollary 4. We have the isomorphism F1◦F2
∼= F2◦F1 corresponding

to the exchanging isomorphism of the tensor product.
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