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Theorems of Thron’s type for random-valued vector
functions and the Krein—Rutman theorem

by Rarar Kapica (Katowice)

Abstract. We propose stochastic versions of some theorems of W. J. Thron [14] on
the speed of convergence of iterates for random-valued functions on cones in Banach spaces.

1. Introduction. In the deterministic case we have very useful theo-
rems of W. J. Thron [14] which say how fast the sequence of iterates con-
verges to zero for functions of the form

f(z) = sz + ' TF(z),

where « is a positive number, F' is a bounded function and s € [0,1]. An
attempt to get stochastic versions of Thron’s theorems was made in [2]
for scalar functions; cf. also [11]. In the deterministic case some versions of
Thron’s theorem for more general spaces were obtained in [13], [15] and [16].
In the present paper we examine the speed of convergence of iterates of
random-valued vector functions. We follow the general idea of J. Walorski to
apply the theorem of Krein—Rutman. We use part of his reasoning presented
in [15] and [16] (cf. also [6]). The iterates of random-valued functions were
defined independently in [4] and [5] and then studied also in [2], [11] in the
scalar case and in [8] in the vector case. They are useful for instance in
solving functional-integral equations (see, e.g., [3], [7] and [9]).

Fix a Banach lattice F and a compact linear operator L : E — E, denote
by E the positive cone of F, i.e. B4 = {x € E: z > 0}, and assume that
Il’lt E+ 7& @,

LE, C Ey

and for every x > 0 there exists a positive integer n with Lz € Int E,..
Let o denote the spectral radius of L. According to the Krein—Rutman
theorem [10; Theorem 6.3] there are uniquely determined w € Int £y and
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x* € E* for which
Lu=ou, |ul=1,
2*Lx = pox*x forx € F,
z*u=1 a2z >0 for x> 0;
moreover (see [10; pp. 269-270]) the spectral radius of the operator S :
E — E defined by
St = Lr — pux™x
is strictly less than g, and
(1.1) lo "L "z —ux*z| < o "||S"| ||z|| for x € E and n € N.

Consider a subset X of E such that 0 € ¢l X \ X and, for n € N, an
arbitrary nonempty set 2,,. Let ¢, : X x {2, — X be functions such that

(1.2) lim sup sup 0.

=0 peNwe, ||.’13”

Moreover assume that there exists a positive constant ¢ such that

o0
(1.3) x'x > cl|lz*|| |z]] for x € Xg:= U On(X X 2).
n=1
REMARK 1.1. If F is finite-dimensional, then ¢ defined by
¥
c=infs — 2 € E, ||z :1}
{ ]
is positive and
x*x > cl|x*|| ||z]] for x € E4.
In particular (1.3) holds.

REMARK 1.2 (cf. [10; p. 210, Lemma 1.2]). If ¢ is a positive constant
such that the closed ball centered at ¢, (z,w)/||¢n(z,w)| with radius c is
contained in E for all z € X, w € 2, and n € N, then (1.3) holds.

ExXAMPLE 1.1. Assume that E is the Banach lattice of all continuous
real functions on the unit interval I with the supremum norm and the coor-
dinatewise ordering, let X = E \ {0} and (2,, = {2 for n € N. Fix a positive
continuous function A on I? and define L : E — E by

1
Lx(t) = S)\(s, t)x(s) ds.
0
Clearly, L is linear and compact. For every w € {2 and = € X consider also
a nonnegative and continuous function A, on 1 2. We assume that for some
«a > 0 the function

z +— max{1, ||z]|*} sup{Azw(s,t) : (5,8) €[}, we N}, z€X,
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is bounded. Then the function ¢ : X x 2 — X defined by
1
o(x,w)(t) = Lx(t) + X Aow(s, t)x(s) T ds

0
satisfies lo(z.w) — Ll
. o(r,w) — Lx
P e <
and
MZC forallz € X, we 2
lo(z, w)

with a positive constant ¢. On account of Remark 1.2 we obtain
z¥x > c|x*| ||z|| for x € p(X x £2). =

We shall examine the speed of convergence of the sequence f” : X x 2%
— X defined by

Oz, wi,ws,...) =,
fn(xawlvw% .. ) = Qon(fn_l(x’whw% . ')awn)

for z € X and (wy,ws,...) € 2% :=T[02, 2,.

In the special case where p; = o = --- = f, we have the iterates f™
of f in the sense of [4] and [5]. Moreover, if (£2,.A) is a measure space and
f: X x 2 — X is a random-valued (vector) function, i.e. it is measurable
with respect to the product o-algebra B(X) ® A, where B(X) denotes the
o-algebra of all Borel subsets of X, then (cf. Remark 3.1) f” : X x 2° — X
is a random-valued function on the product (£2°°,.4°°). More exactly, the
nth iterate f™ is B(X) ® F,-measurable, where F,, denotes the o-algebra of
all sets of the form

{(wy,wa,...) € 2% : (w1,...,wy) € A}

with A in the product o-algebra A"™. It may be shown that these iterates
form a random dynamical system (see [1]). For their intuitive probabilistic
description let us imagine a mechanism which for each discrete time n throws
a “die” in order to select a mapping S,, according to which a point x,, moves
t0 Tpt1 = Sp(zy,). The selection mechanism is permitted to remember all
past decisions. The only thing of importance is that at each step the same
mechanism is applied. Clearly, it is the procedure connected with iterated
function systems (see [12]): If 2 = {1,..., N} and &, on 2° are given by
&n(wi,wa,...) = wWpy1, then with f(z,n) = S,(x) we have

Tnt1(W) 1= Se, () (20 (W)) = f(2n (W), wnt1) = [ (0, w).

In this special (but in fact the most important) case, in [8] some con-
ditions are established which guarantee the convergence (a.s. and in L')
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of (f"(x,-)). It is the aim of the present paper to examine the speed of this
convergence.

2. Auxiliary results: the Joffe-Spitzer sequence. Following [15]
(cf. also [6]), we consider the sequence
/ n(l'O’ )
x* fr ($0, )
which will be used in the main part of this paper. Here and in what follows,
xo is an arbitrarily fixed point of X.

(2.1)

PROPOSITION 2.1. Assume that either o < 1, or o = 1 and @, (z,w)
< Lz forx € X, w € 2,, n € N. If the sequence (f™(xo,-)) converges
to zero uniformly on a nonempty subset A of 2°°, then the sequence (2.1)
converges to the eigenvector u uniformly on A.

Proof. Let rg be a positive number such that the closed ball centered at
u and with radius rg is contained in the positive cone F. Then

1
(2.2) < —|zllu forze E.
To

Put
15"

n = * ||
o"erol|z||
Since the spectral radius of S is less than g it follows that

lim o, = 0.
n—oo

Moreover, from (2.2) and (1.1) we obtain
* n 1 n
+(ghuae — 1) < 5" el

which jointly with (1.3) gives
(2.3) +(o"uz*x — L"x) < apo"uxz for x € Xg and n € N.
Consider functions F, : X x 2, — E and f™™** : X x 2° — X given by
F,(z,w) = pnp(r,w) — Lz

and

[ M@, w) = e, wn), fm’erk(xaw) = (Pm—&-k(fm’erkil(xvw)vwm-i-k)-
Then
(24)  FmEn(g,w) = L7 (g, w)

n—1
+ Y L e (P (2, w), W)
k=0
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and
(2.5) (T e,w),w) = (2, w).
Applying (2.3) and (2.4) we get

(2.6) =+ (Q”u:c*fm’m(x,w)
n—1

+ ) L E e (7 (@, w), wink) = f (a w>>
k=0
< apo"ux” M (z,w).

We shall show that there exists a positive integer mg such that
(2.7) o frrE (zg, w) < 2% fM(x0,w)  for w € A and m > my.
To this end assume first that ¢ < 1. Then there exists a § > 0 such that

Fo(z,w *
W2 00 < (3~ gper o
]

for w e 2,, n € Nand z € X with ||| <. Hence and from (1.3) we get
[ (@, )| < (1= @)roz™x

for w e 2,,n € Nand z € X with ||z|| <. Consequently, by (2.2)
F,(z,w) < (1-p)uz*z,

whence

rop(z,w) =" Le + 2" F,(z,w) < px*z + (1 — g)xr"uzr™z = 2™z

for w € 2,,, n € Nand x € X with ||z|| < 0. This shows that (2.7) holds
whenever my is a positive integer such that ||f™(zo,w)| < § for m > myg
and w € A. In the case where 9o = 1 and ¢, (z,w) < Lz for z € X,w € 2,
and n € N we have

¥ on(z,w) < z*z

for all x € X and so it is enough to take mg = 1.
Define now functions 3, : 2°° — [0, 00) by

_ Ena (" (20, w), wn i) |

o) = T T T w0 @)]

Since the sequence (f™(xg,:)) is uniformly convergent on the set A,
from (1.2) it follows that (3,) converges to zero uniformly on A. Moreover,
from (2.2) and (1.3) we have

£ Fmie1 (f7 (20, w), Wit 1) < B (@) IF™ (20, ) el [lu

< Bk (w)uz™ f (o, w).
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Consequently, the monotonicity of L yields

+ (L P (F ™ (0, w), wineg k1))
< 0" B (W)t f T (20, w)
on £2°°. This jointly with (2.5), (2.6) and (2.7) gives

+ (0 ua™ [ (w0, w) — M (20, w))

n—1
< Q apux fm '1:07 + Z Qn k= 1uﬁm+k( )m*fm(.’l,’o,w),
whence ko
n—1
(01— @) = 30 0" () Y ™ 0,0) < F7 0,0)
= n—1
< <0n<1 +tan)+ ) ankflﬁm+k+1(W)um*fm(xoaw)
and o

( 1 - an Z 5m+k ) (3707 w) < x*fm+n(x07w)

n—1
< (" +an) + 3 0" (@) )" " 0, w)

k=0
for m > mg and w € A. Let ng be a positive integer such that «, < 1 for
n > ng, and for every n > ng let m,, > mg be an integer such that

n—1
sup Z Q_k_lﬂerk(w) <l—-a, form>m,.
w€eA =0
Then
an+2k 0@ - 15M+k("‘)) < _9 an+2k 0 Q —k= lﬁerk(W)
1—an— Zk— o 1ﬁm+k<w) B 1+ a,+ Zk 09 (W)
fern(xO’w) u<?2 an"‘zk ()Q k= lﬁerk( )
¥ frn(zo,w) T 1 — _Zk— 01 B (W)

and, consequently,

(a:o,w) B ‘<6 an+zk OQ 1ﬁm+k()
$*fm—s_n(xﬂv(‘))  l—ay — k ()Q_k lﬁm-l-k( )

for m > m,, and n > ng, which ends the proof. m

COROLLARY 2.1. Assume that either o < 1, or o =1 and ¢, (z,w) < Lx
forx € X, w € £2,, n € N. If the sequence (f™(xo,-)) converges to zero
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uniformly on a nonempty subset A of 2°°, then the sequence
( fn(x0> ) >
1™ (2o, )
converges to u uniformly on A and the sequence
(!f"“(xo, -)H>
1™ (2o, )
converges to o uniformly on A.

Proof. The first part follows immediately from Proposition 2.1. To get
the second one it is enough to observe that

”fn+1(5507W)H _ ||f”+1(a:0,w)|] x*fn+1(x0’w) g;*fn(mmw)
| fr(zo,w)| z* frit(zo,w) a* fr(wo,w) || f(wo,w)|
and
. ,j(}*gpn<1',W>
lim sup sup ——————
z€Xo0, =0 peNwen, r*T

= lim sup sup <Q+x

z€Xo,2—=0 neNwes,

 Pulz,0) — Lu ua:r) _
ol o

and to apply Proposition 2.1 again. =

3. Main theorems. We start with the following analogue of [16; The-
orem 2] concerning the sequence

fn(xO’)

o

THEOREM 3.1. Assume that o0 < 1 and there exists a positive constant
« such that

(3.1)

: [on (7, w) — La||
3.2 lim sup sup sup < 00.
( ) rz—0 neNwe2, ”xH1+a

If the sequence (f™(xo,-)) converges to zero uniformly on a nonempty subset
A of 2°°, then there exists a bounded function § : A — (0,00) such that the
sequence (3.1) converges to Eu uniformly on A.

Proof. According to Proposition 2.1 it is enough to show that the se-
quence

x*fn(m07)
Qn
converges uniformly on A to a bounded function . Let
¥ (fr 1 (xg,w) — L™ (20, w
Ba(w) = (f ( 0 ) 1fa( 0 ))7
x f (ZCO,(U) *

(W) = 2" " (x0,w).



20 R. Kapica

It follows from (3.2) and Proposition 2.1 that sup,,> x SUp,e 4 |#n(w)| is finite
for large N. Moreover,
Ynt1(w)
V(W)
Hence the series > 7 | 7% converges uniformly on A and

n—1 aﬁ
n k
V—HZ’YOH<1+—% >
o s o

=0+ 7, (W)Bn(w).

Consequently, (0~ "v,) converges uniformly on A to a bounded function as
desired. m

The following shows a possible realization of the assumptions of Theo-
rem 3.1.

EXAMPLE 3.1. Let 0 < a < b < 00, consider the function ¢ defined in
Example 1.1 with 2 = [a, b] and
wx(s)
max (T, [l H1 + 2(5))
and put ¢, = ¢ for n € N. Setting n = max A\(I?) we have
1
0<p(r,w) <(n+ b)S.T}(S) ds forx € X and w € [a, ],
0

Azw(s,t) =

whence
1

I/ (z,w)| < (n+ b)nSx(s) ds forz e X, we€ [a,b] and n € N.
0
Consequently, if n +b < 1, then (f"(x,-)) converges to zero uniformly
on £2°°. It follows from Theorem 3.1 that there exists a (bounded) function
£ : 2°° — (0,00) such that the sequence (3.1) converges to &u uniformly
on 2°°. Due to the continuity of the function (3.1), the function ¢ is in fact
continuous. In particular, £(£2°°) is a compact interval.

Assume now that we also have a finite measure on a o-algebra of sub-
sets of 2°°. Applying Egorov’s Theorem we obtain from Theorem 3.1 the
following corollary.

COROLLARY 3.1. Suppose that o < 1 and (3.2) holds with a positive con-
stant a. If (f™(xo,-)) is a sequence of measurable functions which converges
a.s. to zero, then there exists a measurable function £ : 2°° — (0,00) such
that the sequence (3.1) converges a.s. to u.

REMARK 3.1. Suppose that (§2,,,.4,,) is a measure space for every n € N
and consider the product o-algebra @, ; A, in 2°° and the o-algebra B(X)
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of all Borel subsets of X. If ¢, : X x 2, — X are measurable with respect
to the product o-algebra B(X)® A, then (cf. [2; Lemma 3], [8]) the iterates
™ X x 2°° — X are measurable with respect to B(X) @ @, ; An.

Passing to the case where ¢ = 1 we assume that (2, is a probability
space for every n € N and in the product §2°° we consider both the product
o-algebra and the product probability measure. In this case we have the
following result.

THEOREM 3.2. Assume that o =1 and ¢, (x,w) < Lz for every z € X,
w € 2, and n € N. Suppose also that « is a positive constant and (Py,)
is a sequence of function @, : 2, — FE such that x*®, is measurable,
SUp,,en €sssup |2* P, | < oo and

on(z,w) — Lz

(3.3) lim sup sup
[+

—0neNwen,
If lim,, o f™(z0,) =0 a.s., then

1
(3.4) nh_)n;()( T @ )" —ZEw*@k> = a.s.

Moreover, if additionally

+2,00)] =0,

1
(3.5) liminf ~ > Ex*&, > 0,

then
—1/a

(3.6) lim ( Ve iz, ) ( ZEw*@k> u> =0 as.

Proof. Let M be a positive constant such that
(3.7) [(1+6)%—1—at| < Mt* fortel0,1].
Fix an w € 2°° such that

lim f"(xo,w) =0, supl|z"®P,(w,)| < oo
n—0o0 neN

and
n

1
lim - Z(m*@k(u)k) — Ex*®y) =0,
k=1

and for this w define 3, and =, as in the proof of Theorem 3.1. Then

Tntl = 1+7§ﬁna

n
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whence

(3.8) Tn _ (1 Vo ) and 0
Vi1 L+3 6, L+y36,

for all n € N. On the other hand,

n 14+a
‘ﬁn + l'*@n-i-l(w'n'i'l)’ < ‘m*¢n+1(wn+1)’ (1 - <%> )

L™ (o, )\,
(el )
Spn—l—l(fn(xO)w)?wn—&-l) - Lfn($05w)
|17 (@, w)|| '+

From (3.3) and Proposition 2.1, we now get

Jim (B, + 2" @pp1(wWnt1)) = 0.

+ Py (wnJrl) .

Consequently, if € > 0 is fixed, then for n large enough, say n > ng, we have

o B B
(39) M—"—— <asc and + 2 Ppi1(wnt1)| < e.
(14 726,)* 1+ 728
As (Jifg ) converges to zero, from (3.7) and (3.8) we infer that there
exists a positive integer n; > ng such that
e a a 2
Tn+1 1 + Tn ﬁn 1 + Tn /ﬁn

for n > ny. Therefore by (3.9) we obtain

1 1
— + ar* ®p 1 (Wpyr) — 20 < —— < — + ar* Dy (Wny1) + 20e
771, 7n+1 ’yn

for n > ny. This gives
1 1
— + Z Py (wi) — 2ae(n —ng) < —
7n0 k= TL()+1 ’Y'I’L

n

1
<—+a Z ¥ P (wi) + 2ae(n — ng)

- (6%
'.Yno k:n0+1

for n > ny, whence (3.4) easily follows.
To get (3.6) put

xn = M (xo,w), On = <% ZEm*@k>

k=1

-1/«
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Then, as we have just proved,
lim ((n'/®z*z,) " —6,"%) = 0.
This jointly with (3.5) shows that
lim (nY/“z*z, —6,) = 0.
n—oo
Moreover, applying Proposition 2.1 and the boundedness of (d,) we get
lim (nl/axn — 0pu) =0,

which ends the proof. m

Assume now that (2 is a probability space and f maps X x {2 into X.
Defining the sequence (f™) of mappings X x 2°° — X by

fo(:l?,w) =, fn(l‘aw):f(fnil(wvw)vwn)
we obtain the following corollary concerning the case o = 1; cf. [2; Theo-
rem 3| and [16; Theorem 3].

COROLLARY 3.2. Assume that o =1 and f(z,w) < Lz for x € X and
w € (2. Suppose also that « is a positive constant and @ : 2 — E, is a
function such that x*® is measurable, essentially bounded, not concentrated
at zero and

flz,w) — Lz

lim sup Tzl

z—0,en
If limy, o0 f™(x0,-) =0 a.s., then

lim n'f"(z0,") = (aBz*®) /*u  as.

+a(u)| <o
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