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Forced oscillation of certain hyperbolic equations
with continuous distributed deviating arguments

by SATOsHI TANAKA (Hachinohe) and NORIO YOSHIDA (Toyama)

Abstract. Certain hyperbolic equations with continuous distributed deviating ar-
guments are studied, and sufficient conditions are obtained for every solution of some
boundary value problems to be oscillatory in a cylindrical domain. Our approach is to
reduce the multi-dimensional oscillation problems to one-dimensional oscillation problems
for functional differential inequalities by using some integral means of solutions.

1. Introduction. We are concerned with the oscillatory properties of
solutions of the hyperbolic equation with continuous distributed deviating
arguments

B

(1) % [P(t) %(u(:ﬁ, t)+ S h(t,&)u(z, oft, §))dn(§))} — a(t) Au(z, t)
u k
_ Zb( VAu(z, 73 (t)) — qo(x, t)u(x, t) — Z gi(z, u(z, 75(t))
=1 i=1

q(z,t, Q)e(ulz,o(t,())) dw(C)

Qg’-aoq

= f(z,t), (x,t) € 2=G x(0,00),

where G is a bounded domain in R™ with piecewise smooth boundary 0G.
It is assumed that:

(A1) p(t) € C([0,00); (0,00)), a(t) € C([0,00); [0, 00)),
bi(t) € C([0,00);[0,00)) (i = 1,..., k), B
h(t,§) € C([0,00) x [av, 5]; [0, )) q(x,t,¢) € C(82 x
qi(z,t) € C(£2;]0,00)) (i =0,1,...,k) and f(x,t) €

[7.8]; 0.0)).
C(T:R);
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(Az)  7i(t) € C([0,00)R) (i = 1,..., k), ot ) € C([0,00) x [a, f]; R),

o(t,¢) € C(]0,00) x [7,0]; ) such that hm Tz(t) = 00,
lim min ,€) =00 and lim min o(t Q3
t=o0 gefaf] o®:0) =00 (€[y,9] ( O

(Az) n(&) € C([a, B];R) and w(() € C([7,9];R) are increasing functions
on [a, B8] and [v, ], respectively, and the integrals appearing in (1)
are Stieltjes integrals;

(Ag)  @(s) € C(R;R), p(—s) = —p(s), ¢(s) > 0 for s > 0, and ¢(s) is
nondecreasing and convex in (0, c0).

We consider the following two kinds of boundary conditions:

(B1) u=1 on dG x (0,00),
ou

(Ba) a——MU—wonan(O ),

where 1,9 € C(8G x (0,00);:R), p € C(G x (0, 50); [0,00)) and v denotes
the unit exterior normal vector to 0G.

DEFINITION 1. By a solution of equation (1) we mean a function u(x,t) €
C%(G x [t_1,00);R) N C(G x [t_1,00); R) which satisfies (1), where

t-1 = min{0, min {inf7i(t)}, min {of o(t O,

tog = 0, fo(t,
1 = min{ Cg}lg]{goa( Q)
DEFINITION 2. A solution u(z,t) of equation (1) is said to be oscillatory
in 2 if u(z,t) has a zero in G x (t,00) for any t > 0.

The oscillations of hyperbolic equations without functional arguments
were studied by Kreith, Kusano and Yoshida [5] and Yoshida [12] by using
the averaging techniques (cf. [13] dealing with parabolic equations). In 1984
Mishev and Bainov [7] first established oscillation results for hyperbolic
equations with delay. Recently there is much interest in studying oscilla-
tions of hyperbolic equations with continuous distributed deviating argu-
ments. We refer the reader to [3, 4, 9, 10] for linear hyperbolic equations
with continuous distributed deviating arguments, and to [2, 6, 11] for nonlin-
ear hyperbolic equations with continuous distributed deviating arguments.
However, all of them pertain to the hyperbolic equations of the form

o[ . 8 :
= [p(t) = (e, t) + ; halt)ula, gi(t)))] — a(t) Mu(a, t)
k é
= > bi(t) Au(, 7i(t) + {ale, t, Qplule, o(t,))) dw(C) = f(z,1),

=1 Y
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where h;(t) > 0 and g(x,t,¢) > 0. It seems that no work has been done on
the case where ¢(z,t,() <0 and 22:1 hi(t)u(z, 0i(t))) is extended to

8
\ n(z.t, Qula, ot, ) dn (&)
(6%

(cf. Shoukaku [8] dealing with parabolic equations).

The purpose of this paper is to derive sufficient conditions for every
solution of certain boundary value problems for (1) to be oscillatory in a
cylindrical domain.

In Section 2 we reduce the multi-dimensional oscillation problems to the
nonexistence problems of eventually positive solutions of functional differen-
tial inequalities. In Section 3 we present sufficient conditions for functional
differential inequalities to have no eventually positive solutions. Oscillation
results for the boundary value problems (1), (B;) (i = 1,2) are derived in
Section 4.

2. Reduction to one-dimensional oscillation problems. In this
section we reduce the multi-dimensional oscillation problems for (1) to the
nonexistence problems of eventually positive solutions of functional differ-
ential inequalities.

It is known that the first eigenvalue \; of the eigenvalue problem

—Av=Xv in G,
v=0 on 0G

is positive and the corresponding eigenfunction ¢(z) may be chosen so that
&(z) > 0 in G (see Courant and Hilbert [1]).
We use the following notation:

Py = (| o() dw)_l | o, )b(x) dw,  F(t) = ﬁ [ £z 1) dz,
G G G
w(t) = (§B)ar) " | ¢g—f(m) s, U = ﬁ | das,
G oG oG
Qt,¢) = 2%%‘1("””5’07

where |G| =, dz.

THEOREM 1. Assume that hypotheses (A1)—(A4) hold, as well as
(A5) %(xvt) > )\la(t>7 qz(l',t) > /\lbl<t) (Z = 17 . 7k)

If the functional differential inequalities
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d d g
@ [0 (o0 + I Ouete. ) dn(©))

é
- ot Qely(o(t,O)))dw(() = +G(1)

5
have no eventually positive solutions, where

k
G() = F(t) — a(®)P(t) — 3 bi(OF(ri(1)),
=1

then every solution u of the boundary value problem (1), (B1) is oscillatory
in §2.

Proof. Assume on the contrary that there is a nonoscillatory solution
u of the problem (1), (B;). First we assume that v > 0 in G x [tg, o0) for
some ty > 0. Then there exists a number ¢; > ¢y such that u(x,7(t)) > 0
in G x [t1,00) (i = 1,...,k) and u(z,0(t,¢)) > 0 in G X [t1,00) X [7,4].
Multiplying (1) by ({, () dz)~'®(z) and then integrating over G yields

df . d 7
B g [p05 (00 + §re U 9)an©)
k
— a(t)Ke | Au(a,)®(z) dz — > bi(t) Ko | Au(z, 7:(t))P(x) do
G i=1 G

— Ko | qo(@, hu(z, )0(z) dv =Y Ko | qi(x, t)u(z, 7:(t))P(x) da
G i=1 G

Qt, O Kg | p(u(x,a(t,()))P(w) dedw(C) > F(1), t>t,

G
where K¢ = ({,@(z)dz)™! and U(t) = K¢ §, u(z,t)®(z) dz. We see from
Green’s formula that

D e Oy

(4) Ko | Au(z, t)®(z) do = —0(t) — MU (1), t>t,
G
(5) Ko S Au(z, 7(t)P(x) de = =¥ (7(t)) — MU(7i(t)), t>t
G
(see, e.g., [14, p. 79]). Applying Jensen’s inequality, we obtain
(6) Ky | p(u(e,0(t,0))P(x) de > o(U(0(t,0))), >t
G

Combining (3)—(6) yields



Forced oscillation of certain hyperbolic equations 41

d B
%[0 5 (0 + [t 9ute. ) an)]

«

— Ko {(qo(2,1) = Ma(t))u(z, t)D(x) du
G

Ko {(qi(z,t) = \ibi(8))u(, 7:(t))P(x) dz
G

M-

@
Il
—

Q(t, Oe(U(a(t, ) dw(C) = G(t), t=t,

=L e

and hence
B
% [p@) %(U@) + | n(t, &)U (o(t,€)) dn(&))}
)
—{Q(t, Op(U(o(t,0)) dw(¢) > G(t), ¢ > tr.

It is obvious that U(t) > 0 on [¢t1,00). Hence, U(t) is an eventually positive
solution of (2) with +G(¢). This contradicts the hypothesis. If u < 0 in
G X [to, 00) for some tg > 0, we conclude that V(t) = —U(t) is an eventually
positive solution of (2) with —G(¢). This also contradicts the hypothesis.
The proof is complete.

THEOREM 2. Assume that hypotheses (A1)—(A4) hold. If the functional
differential inequalities

d[ ,  d H
D) 4 |0 55 (50 + Tt Ovtete. ) (o))

6
— {0t Qely(a(t,Q))) dw () > £G(2),

v

where
k

G(t) = F(t) + a(®)(t) + 3 bi(OF(ri(1)),
i=1
have no eventually positive solutions, then every solution u of the boundary
value problem (1), (Bg) is oscillatory in 2.

Proof. Suppose to the contrary that there exists a nonoscillatory solution
u of the problem (1), (Bz). First we assume that u > 0 in G x [tg, 00) for some
to > 0. Then there is a number ¢; > tg such that u(x, 7;(t)) > 0 in G x (0, 00)
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(t=1,...,k) and u(x,o(t,¢)) > 0in G x (0,00) x [, ¢]. Dividing (1) by |G]|
and then integrating over G yields

8
® [0 5 (T0+ 19T ) o)

i=1 G
: 1
“VQt O | elule ot () deduo(©) 2 F(), t2t,
vy G
where U(t) = ﬁ §¢ u(z,t)dz. It follows from the divergence theorem that
9 — | Aulw, ) do = — X 8u(a:,t) ds
ar) Il
1

|G| X(u w(z,t) + ) dS > W(t), t>t.

Analogously we have

1

(10) ]G|

\ Au(z, 7i(t) do > W(i(t), t >ty

An application of Jensen’s inequality shows that

1) et 0) e = o Tle0). 1=,
G
Combining (8)—(11) and taking account of hypothesis (A1), we obtain
d d/~ 0 _
12) 5|00 (0 + [T ane)

— 10t QeU0(t,0) do(Q) > G(1),  t>t.

Consequently, we find that U(t) is an eventually positive solution of (7)
with +G(t). This contradicts the hypothesis. The case where u < 0 can
be treated similarly, and we are also led to a contradiction. The proof is
complete.
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3. Functional differential inequalities. In this section we derive suf-
ficient conditions for the functional differential inequality

d[ . d ¢
13) 5|0 5 () + St Ontete. ) )]

«

[
1 Q(t, Op(y(a(t,¢))) dw(¢) > H(t)

~

to have no eventually positive solution, where H (¢) is a continuous function.
It is assumed that:

(Ag) p(t) is bounded from above, that is, there exists a positive constant
p1 such that 0 < p(t) < py;

(A7) there exists a positive constant hg satisfying

8
\n(t, &) dn(€) < ho < 1;

o

(Ag) ot &) <tfor (t,€) € (0,00) x [a, f];
(Ag)  &(t) =mingepy g 0(t,¢) is a nondecreasing C'-function such that

~ ~ 1
o(t)>t, o'(t)>— forsome og > 0;
00
Tl
(A10) S dv < oo for some T > 0.
7 e)

THEOREM 3. Assume that hypotheses (A1)—(A4) and (Ag)—(A1o) hold,

and also

(A11)  there is a C?-function 0(t) such that 0(t) is bounded,

liminf0(t) <0 and (p(t)0'(t)) = H(2).

t—o00

If the following conditions are satisfied:

oot 4

) §[§ o ds JQ (et Ol Nl (@)t = .
to “to v
co o(t) §

(15) S[ { HQ(S,C)dw(g‘)] ds} dt = oo

for some tg > 0 and any ¢ > 0, where
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B
O(t) = 0(t) — | n(t,£)6(o(t, €)) dn(¢),
[c+O(0(t,¢)]+ = max{c+ O(c(t,()),0},

then (13) has no eventually positive solution.

Proof. Suppose that (13) has an eventually positive solution y(t). Letting

8
(16) 2(t) = y(t) + | h(t, ©)y(o(t,€)) dn(€) — 6(t)

o

and taking into account (Aq;), we find that

)
(17) ()2 (1) = | QL Oply(o(t, 0))) dw(C) > 0.

Therefore, p(t)z'(t) > 0 or p(t)z'(t) < 0 eventually. Since p(t) > 0, we
see that 2/(t) > 0 or 2/(t) < 0. Hence, z(t) is a monotone function, and
z(t) > 0 or z(t) < 0 eventually. We claim that z(¢) > 0 eventually. Suppose
z(t) <0 (t > tg) for some tg > 0. Then we have

B
0 < y(t) + | ¢, E)y(o(t, ) dn(€) < 6(b),

[0}

which contradicts the hypothesis liminf; .. () < 0. Hence, we conclude
that z(tf) > 0 eventually. Since z(¢) is a monotone function, the following
three cases are possible:

(1) limyoo 2(t) =0,
(i) limyeo 2(t) = 20 > 0,
(iii) limy—eo 2(t) = 0.
First we consider case (i). It is clear from (16) that 6(t) > —z(¢) and
therefore
liminf 6(t) > liminf(—2(t)) = 0,

t—o0 t—o00

which contradicts the hypothesis lim inf;_,, 6(t) < 0.
Next we consider case (ii). In this case we can show that lim;_., 2/(t) = 0.
It follows from (16) that

8
(18) y(t) = 2(t) = A, )y (olt, €) dn(€) + 6(t)

and hence

(19) y(t) < =(t) +0(t).
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We see from (18) and (19) that

B
(20) y(t) > 2(t) = [ h(t, &) [2(0(t, €) + O(o(t, €))] dn (&) + 0(t)
B
= 2(t) = [ h(t. )z (o(t,©)) dn(€) + O(1)
> 2(t) — ho Er&gx} z(0(t,§)) + O(1).

Since

lim (z(t) — hg max 2(o(t,€))) = 20 — hozo = (1 — ho)z0 > 0,
t—o00 &€la,f)

it can be shown that

y(t) = C+06(1),
where C' = (1 — hg)z0/2. In view of the positivity of y(t), we observe that

(21) y(t) = [C+O(t)]4.
Combining (17) with (21) yields

(22) (p(1)2'(1)) = Q(1),
where

0
Q(t) = Q. Qw(C + O(a(t, ())]+) dw(().
Y

Integrating (22) over [t,t] yields

p(D)2' (€)= p(1)2'(t) = [ Q(s) ds

euL.’ﬁe»g

Letting ¢ — oo and taking account of (Ag), we see that Q(t) is integrable
on [tg,00) and that

[e.e]

—p(t)2'(t) > | Q(s) ds

t

and therefore

1 o0
(23) t) > ool §

Integrating (23) over [T, t] yields
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—z(t)

+
a
3
v

v

Il
N o Nt o N o N o N e o
)
2
|
=)

3 :
) =Y
2
&.
=
_|_
)
=
|
=
3
s
2
U
=

where

Hence, we obtain

o0 o0

|5 Q(r) dr < —z(t) + 2(T) + B(T) | Q(r)dr < 2(T) + H(T) | Q(r) dr.
T T T

Since Q(t) is integrable on [t,00), we see that StTﬁ(r)@(r) dr is bounded
from above. This contradicts hypothesis (14).

Finally, we treat case (iii). In this case it is easily seen that z’(t) > 0.
Hypothesis (Ag) implies

z(0(t,€)) < 2(t).
From (20) we find that

3
y(t) = 2(t) = 2(t) | h(t,€) dn(€) + ©(t) > (1 = ho)z(t) + O(1).

Since 6(t) is bounded, we observe that so is ©(t). Since O(t) is bounded and
limy_, oo 2(t) = oo, for any sufficiently small ¢ > 0 there is a sufficiently large
number 7" such that O(t) > —ez(t) (t > T). Hence

y(t) = (1 = ho —€)z(t)

and therefore

y(o(t,€)) = (L= ho —€)z(a(t, ().
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Inequality (17) implies that

é
(24) (p()2' (1) = [ Q(, O)e((1 = ho — £)2(0(t,¢))) dw(C)
v
é
> o((1 = ho — £)2(a(1)) | Q(t, ¢) dw(Q).
v

Integrating (24) over [t,c(t)], we obtain
/

which yields

o) o P17 (())
§ [§Q<S7o Q)] ds < S

Taking into account (Ag), we observe that

5t s N~
poo  (1—ho— )2 ()7 (%)
§ [§Q<s,<>dw<<>} A5 < T o e = 926®)

Integrating the above inequality over [T, t], we obtain

t o(s) § t ~ ~
P1O0 (1 —ho—¢)2'(a(s))d’(s)
§ [ S [SYQ(“ Q) dw(Q)] dr| ds < 32370 g; (0 =Ty —)250)) »
(1—ho—e)z(c(t))
_ pioo 1 d
1—ho—c¢ o(v) Y
(1—ho—e)z(a(T))
P100 T 1
e S SO(U)dv<oo,

(1=ho—e)2(a(T))
which contradicts hypothesis (15). The proof of Theorem 3 is complete.

An important special case of (13) is the second order neutral differential
equation
l

@) (s + 3 iy — o)) — gyt +0) = H),

=1
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where ¢(t) € C([0,00);[0,00)) and H(t) € C([0,00);R), 0 < St hi(t) <
ho < 1 for some positive constant hg, and g; and o are positive constants.
As a corollary of Theorem 3 we derive the following theorem.

THEOREM 4. Assume that hypotheses (A4) and (Aio) hold, and that
there is a C?-function 0(t) such that 0(t) is bounded, liminf, .., 0(t) < 0,
lim sup,_, .. 0(t) > 0 and §"(t) = H(t). If

o) oo _t+o

S tq(t)p([c £ Ot +0)]4+) dt = o0, S [ S q(s) ds} dt = oo

to to t

for some tg > 0 and any ¢ > 0, where

l
O(t) = (t) — 3 hi(HO(t — 03),
=1

then every solution of (25) is oscillatory at t = co.

We note that Theorem 3 does not apply to the linear equation because
of hypothesis (Ajg). Instead of (Ajp) we assume that
(Aj2) there is a constant K¢ such that p(v)/v > Ko > 0 for v # 0.

THEOREM 5. Assume that hypotheses (A1)—(As), (Ag)—(Ag), (A11), and
(A12) hold. If

[e'e] t 1 5
tSO LS O SyQ(t, Ole+O(a(t, )+ dw@] U — o
and
. OO 5 1
(26) hltiligp § { §, Wdr'§Q(5aC) dw(()} ds > Tl )

for some tog > 0 and any ¢ > 0, then (13) has no eventually positive solution.
Proof. Let y(t) be an eventually positive solution of (13). Proceeding as
in the proof of Theorem 3, we see that (17) holds, and therefore
é
(p(t)2' (1) > Ko | Q(t, Q)y(a(t, €)) dw(()-
gl

Hence, in cases (i) and (ii) of the proof of Theorem 3 we are led to a con-
tradiction by the same arguments as in Theorem 3. We consider case (iii),
i.e. limy o0 2(t) = 00. Then (24) can be reduced to
0
(p(t)2' (1) > Ko(1 = ho — £)2(5(1)) | Q(t,¢) dw(().

Y
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Integrating the above inequality over [t, s] yields

s [
p(s)?(s) = p(t)2'(t) = Ko(1 — ho — &) | 2(5(r)) | Q(r,¢) dw(¢) dr
t 0l
and hence
1 s 4
2(5) > Kol — ho — &) —— | (3(r)) | Q(r, €) dw(¢) d
p(s); ;
Integrating the above inequality over [t,o(t)], we have
a(t) 1 s o
£(E0) ~ (0 2 KoL~ ho—2) | [ 00 [ Q0 dutc)ar | d
(

and hence

Consequently, we obtain

a(t) E)
1 z(t)
1—-Ko(l—hg—c¢ [ ——ds -\ Q(r, dw(]dr> — >0
and therefore
a(t) po(t) 1 5 1
lim su ——ds r,()d dr <
Letting € — 0, we find that
o(t) ro(t) 1 B 1
lim su ds - (r,)dw(¢)| dr < ————,

which contradicts the hypothesis (26). The proof is complete.

We consider the linear differential equation of neutral type

(27) ( +Zh y(t — 0i) )”—q(t)y(HU):H(t),

which is a special case of (25).

49



50 S. Tanaka and N. Yoshida

THEOREM 6. Assume that there is a C2-function 0(t) such that (t) is
bounded, lim inf;_., 0(t) < 0, limsup,_,., 6(t) > 0 and 6" (t) = H(t). If
00 t+o

S tq(t)[c£ O(t + o)+ dt =00, limsup S (t+o0—s)q(s)ds >

to t—oo

1
1—ho

for some tg > 0 and any ¢ > 0, then every solution of (27) is oscillatory at
t = o0.

4. Oscillation results for boundary value problems. In this section
we present oscillation results for the boundary value problems for (1), (B;)
(1 =1,2) by combining the results of Sections 2 and 3.

THEOREM 7. Assume that hypotheses (A1)—(A1p) hold, and that there
exists a C%-function O(t) such that 0(t) is bounded, liminf; .., 0(t) < 0,
limsup;_,, 0(t) > 0 and

(p(1)0'(t))" = G(?).

If
oot )
@) §|] s [Qe 0ot Olo(t. L) (o) at =,
to “to o
o o(t) ¢
(29) S[ i HQ(S,C)dw(C)] ds} dt = oo
to t %

for some tg > 0 and any ¢ > 0, then every solution u of the boundary value
problem (1), (B1) is oscillatory in (2.

Proof. The conclusion follows by combining Theorems 1 and 3.

THEOREM 8. Assume that hypotheses (A1)—(A4), (As)—(A10) hold, and
that there is a C?-function 0(t) such that 0(t) is bounded, lim inf,_, 6(t) <0,
limsup;_, . 0(t) > 0 and

(p(1)0' (1)) = G(1).

If (28) and (29) are satisfied, then every solution u of the boundary value
problem (1), (Bg) is oscillatory in (2.

Proof. A combination of Theorems 2 and 3 yields the conclusion.

THEOREM 9. Assume that hypotheses (A1)—(Ag) and (Ai2) hold, and
that there exists a C2-function 0(t) such that 0(t) is bounded, lim inf;_, 0(t)
< 0, limsup,_,,, 0(t) > 0 and

(p(1)0'(1))" = G(t).
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If
(30) Oﬁoﬁids‘(iQ(t Ole£0(a(t,¢)))+d (C)] dt = oo
to top(s) 2 ’ o o - 7
() -o(t) 5
(31) n?iigp | { | I%dr.m(s,g)dw(c)} d8>m

for some tg > 0 and any ¢ > 0, then every solution u of the boundary value
problem (1), (B1) is oscillatory in (2.

Proof. The conclusion follows from Theorems 1 and 5.

THEOREM 10. Assume that hypotheses (A1)—(Ay4), (Ag)—(Ag) and (A;2)
hold, and that there exists a C*-function 0(t) such that 0(t) is bounded,
liminf; . 6(t) <0, limsup,_, .. 6(t) > 0 and

(p(1)' () = G(1).
If (30) and (31) are satisfied, then every solution u of the boundary value
problem (1), (Bg) is oscillatory in (2.

Proof. The conclusion follows by combining Theorems 2 and 5.

A special case of (1) is

l

(32) %( th ulz, it )) Aulz, t)

—qo(t)u(z,t) — q(t)p(u(z,0(t))) = f(z,1),
where hz(t) € C([07OO)7 [0,00)) (Z =1,. 71)7 qg(t),q(t) € C([O OO) [07 ))7
0i(t) € C([0,00);R) (i = 1,...,1), o(t ) C(]0,00); R), limy_,00 0i(t) = 00,
limy o o(t) = oo, 0i(t) < t, o(t) > t, o'(t) > 1/00 for some oy > 0,
0< Zi’:l hi(t) < ho < 1 for some hg > 0, go(t) > A1 and f(x,t) € C(§2;R).

The following two corollaries are direct consequences of Theorems 7
and 9, and the proofs will be omitted.

COROLLARY 1. Assume that hypotheses (A4) and (A1o) hold, and that
there exists a C?-function 0(t) such that 0(t) is bounded, lim inf; .., 6(t) < 0,
limsup;_, . 6(t) > 0 and

0" (t) = G(t).
If
0 oo _o(t)

[ taye(lc+ O] dt =00, [ § als)ds|dt = oo

to to t
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for some tg > 0 and any ¢ > 0, where
!
O(t) = 0(t) = Y _ hi()8(ai(t)),
i=1
then every solution u of the boundary value problem (32), (B1) is oscillatory
i §2.

COROLLARY 2. Assume that hypotheses (Ay) and (Ai2) hold, and that
there exists a C?-function 0(t) such that 0(t) is bounded, lim inf, ., 6(t) < 0,
limsup;_, . 6(t) > 0 and

0" (t) = G(t).

If

o0

J ta(®)le £ O(o ()] dt = ox,

to

lim sup
t—oo

o(t)
1
o(t) —s)q(s)ds > =————
§<<> Ja(s)ds >z
for some tg > 0 and any ¢ > 0, then every solution u of the boundary value

problem (32), (By) is oscillatory in {2.

REMARK. We can establish the analogous oscillation results for the
problem (32), (B2) if we delete the hypothesis go(¢) > A1 and we only replace
G(t) by G(t) in Corollaries 1 and 2.

ExaAMPLE. We consider the problem

(33) %[t% %(u(:v,twgi ~u<x,t— gﬂf) d&)]

0%u

~ 5@, ) = u(a, ) - u<x,t+g+4>dc=f(x,t),

(x,t) € (0,7) x (0,00),

O e 3

(34)  w(0,t) =u(m,t)=0, t>0,

where
. cost sint
flx,t) = —ismm[(t+1)2 + t+1}
Here n =1, G = (0,7), 2 = (0,7) x (0,00), p(t) = 1/(t + 1), [ gl = 10,7,
h(t,§) = 1/4, o(t,§) =t = (5/2)7 + & n(&) = & at) = 1, bi(t) = 0,
wle,t) = 3, al@,t) = 0, [1,0] = [0,7]; qlz..) = Qt,C) = 1, w(s) = s,

o(t,() = t+7/2+ ¢ and w({) = (. It is easily seen that /\1 = 1 and
&(z) = sinx. We easily see that (As), (Ag) and (A;2) hold for p; = 1 and
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Ky = 1. Since

s

1
h(t,€) dn(€) Szd§:—<1
0

OL”A:]

we can choose hg = m/4, and hence (A7) is satisfied. It is easy to check that
5 ) 3
o(t, &) Zt—§ﬂ+§§t—§7r+7r:t—§7r§t, ¢ el0,],

and hence (Ag) is satisfied. Since
- . T 7T
)= min (t+-+¢)=t+2>t
o(t) Ce[(l)gr} < 2 C> 2~

and ¢'(t) = 1, we find that (Ag) holds for oy = 1. An easy computation
shows that

37r cost +sint
8 (t+1) t+1

Choosing (t) = (3/8)m sin t, we find that 6(¢) is bounded, lim inf;_,, 6(¢) <0,
lim sup,_, ., 6(t) > 0, and (p(t)¢’(t))’ = G(t). Then we have

3r
o(t) = 6 sint.

A simple calculation implies that (30) and (31) hold. Consequently, from
Theorem 9 it follows that every solution of the problem (33), (34) is oscil-
latory in (0,7) x (0,00). In fact

u(x,t) =sinx - sint

is such a solution.
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