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Parabolic initial-boundary value problems in Orlicz spaces

by A. ELMAHI and D. MESKINE (Fes)

Abstract. We prove some time mollification properties and imbedding results in
inhomogeneous Orlicz—Sobolev spaces which allow us to solve a second order parabolic
equation in Orlicz spaces.

1. Introduction. Let £2 be a bounded open subset of RY and let Q be
the cylinder 2 x (0,7") with some given T > 0. In this paper we deal with
the following parabolic initial-boundary value problem:

Ou/ot+ A(u) = f in Q,
(1) u(z,t) =0 on 02 x (0,7),
u(z,0) = up(z) in (2,
where A is an elliptic second order operator of divergence form
(2) A(u) = —div(a(z, t,u, Vu)) + ao(x, t,u, Vu)

with the coefficients a and aq satisfying the classical Leray—Lions conditions.

Consider, first, the case where a and ag have polynomial growth with
respect to u and Vu. Then A is a bounded operator from LP(0, T} Wol’p(Q))7
1 < p < o0, into its dual. In this setting, problems of the form (1) were solved
by J.-L. Lions [16] and Brézis-Browder [5] in the case where p > 2 and by
Landes [14] and Landes—Mustonen [15] when 1 < p < 2. See also [3] and [4]
for related topics.

In the case where a and ag satisfy a more general growth condition with
respect to u and Vu, it is shown in [6] that the appropriate space in which
(1) can be studied is the inhomogeneous Orlicz-Sobolev space W% L/ (Q),
where the N-function M is related to the actual growth of a and ag. The
solvability of (1) in this setting is proved by Donaldson [6] and Robert [18]
by assuming that A is monotone, t? < M(t) and M satisfies a Ay condition,
and by Elmahi [7] when M satisfies a A’ condition and M (t) < tV/(N=1),
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It is our purpose in this paper to prove the existence of solutions for
problem (1) in the setting of Orlicz spaces without assuming any growth
restriction on M. We use a Galerkin method due to Landes and Mustonen
[14], [15].

Note that, as in [14], we can include a perturbation term of the form
g(z,t,u) without difficulties, but we prefer to do this, with a more general
term g(z,t,u, Vu) having natural growth with respect to |Vul, in [8] by
using some compactness results.

2. Preliminaries

2.1. Let M : Rt — R" be an N-function, i.e. M is continuous, convex,
M(t) >0 fort >0, M(t)/t - 0ast— 0and M(t)/t — o0 as t — oo.

Equivalently, M admits the representation M (t) = Sg m(7) dr, where
m : RT — RT is non-decreasing, right continuous, with m(0) =0, m(t) > 0
for t > 0 and m(t) — oo as t — oo.

The N-function M conjugate to M is defined by
where m : Rt — RT is given by m(t) = sup{s : m(s)
and [13]).

We will extend these N-functions to even functions on all R.

The N-function M is said to satisfy the Ay condition if, for some k > 0,

(3) M(2t) < kM(t) V> 0.

When (3) holds only for ¢t > (some) tg > 0 then M is said to satisfy the As
condition near infinity.

(t) = §,m(r)dr,
< t} (see [1], [12]

2.2. Let (2 be an open subset of RY. The Orlicz class Ly(£2) (resp.
the Orlicz space Lp(§2)) is defined as the set of (equivalence classes of)
real-valued measurable functions u on {2 such that §, M(u(z))dr < oo
(resp. §, M(u(x)/X) dx < oo for some A > 0).

Ly (£2) is a Banach space under the norm

ullpr. = inf {)\ >0 | M(u()/\) do < 1}
Q
and Ly/(f2) is a convex subset of L/ (£2).

The closure in L/ (£2) of the set of bounded measurable functions with
compact supports in {2 is denoted by FEj(£2). The equality Ep(2) =
L (£2) holds if and only if M satisfies the Ay condition, for all ¢ or for
t large according to whether (2 has infinite measure or not.

The dual space of Ej/(f2) can be identified with Lz;(f2) by means of
the pairing {, u(z)v(z) dz, and the dual norm on Lg;(£2) is equivalent to

I l37.0
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The space Ly (£2) is reflexive if and only if M and M satisfy the As
condition, for all ¢ or for ¢ large, according to whether {2 has infinite measure
or not.

Two N-functions M and P are said to be equivalent (resp. equivalent
near infinity) if there exist real numbers k1, ko > 0 such that

P(kit) < M(t) < P(kot) forallt>0 (resp. for t >ty > 0).

P <« M denotes that P grows essentially less rapidly than M, meaning
that P(et)/M(t) — 0 as t — oo, for each ¢ > 0. This is the case if and
only if

MY t)/P7Ht) =0 ast— oo,
therefore, we have the continuous imbedding Ljs(§2) C Ep({2) when {2 has
finite measure.

2.3. We now turn to the Orlicz-Sobolev spaces. WLy (§2) (resp.
WLEy(£2)) is the space of all functions u such that u and its distribu-
tional derivatives of order 1 lie in Lps(§2) (resp. Ea(£2)). It is a Banach
space under the norm

lulliare = ) 1D ullar,0-
laf<1
Thus WLy (2) and WE(£2) can be identified with subspaces of the
product of N +1 copies of Lys(£2). Denoting this product by [ Las, we will
use the weak topologies o([[ Las, [[ E57) and ([ Las, [ L3z)-

The space W] Ey(£2) is defined as the (norm) closure of the Schwartz
space D(£2) in W!E/(£2), and the space Wi Ly (£2) as the o([] Las, [ Ex7)
closure of D(£2) in WLy (£2).

We say that u,, converges tou for the modular convergence in WLy (£2)
if for some A > 0, § , M ((D%up—D%u)/\) dzz — 0 for all || < 1. This implies
convergence with respect to o([[ Lar, [] Lzz)-

If M satisfies the Ay condition on R™ (near infinity only when 2 has
finite measure), then modular convergence coincides with norm convergence.

2.4. Let W 1L57(92) (resp. W 1E5(£2)) denote the space of distribu-
tions on {2 which can be written as sums of derivatives of order < 1 of
functions in Lz;7(2) (resp. E37(£2)). It is a Banach space under the usual
quotient norm.

Recall that {2 is said to have the segment property if there exist an open
covering {U;} of £ and corresponding vectors {y; € R} such that, for
r € 2NU;and 0 <t < 1,z —ty; € £2. It was proved in [10] that if the open
set 2 has the segment property, then the space D({?2) is dense in W(}L M (02)
for the modular convergence and thus for the topology o([[ L, []Lzz)-
Consequently, the action of a distribution in W~1L37(£2) on an element of
WLy (£2) is well defined.
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2.5. Let £2 be a bounded open subset of RN, 7> 0 and Q = 2 x (0,7T).
Let M be an N-function. For each a € N¥  denote by D¢ the distribu-
tional derivative on @ of order o with respect to the variable z € R™. The
imhomogeneous Orlicz—Sobolev spaces of order 1 are defined as follows:

WYLy (Q) = {u € Ly(Q) : D2u € Ly (Q), V]a| <1}
WY EN(Q) = {u € Ex(Q) : D2u € Ey(Q), V]a| < 1}.

The latter space is a subspace of the former. Both are Banach spaces under

the norm
lull = > 1Dl arq-
<1

and

We can easily show that they form a complementary system when {2 sat-
isfies the segment property. These spaces are considered as subspaces of the
product space [ Las(Q) which has N +1 factors. We shall also consider the
weak topologies o ([ Las, [ E77) and o ([T Las, [1 Lyz)- If u € WH2Ly(Q)
then the function ¢ — wu(t) = wu(-,t) is defined on (0,7) with values in
WLy (2). If, further, u € WHTEy (Q) then u(-,t) is WLEy (£2)-valued
and is strongly measurable. Furthermore, we have the continuous imbed-
ding WY Ey (Q) € LY([0,T), WrEp(£2)). The space WH% L (Q) is not in
general separable and if u € W% Ly (Q), we cannot conclude that wu(t)
is measurable from (0,T) into W!Ly/(£2). However, the scalar function
t || D2u(t)|larg2 is in LY(0,T) for all || < 1.

2.6. The space Wol’xEM(Q) is defined as the (norm) closure of D(Q) in
W% Ep (Q). We can easily show as in [10] that, when 2 has the segment
property, each element u of the closure of D(Q) with respect to the weak
topology o ([] Las, [] E77) is a limit, in W12 L, (Q), of some sequence (u,,) C
D(Q) for the modular convergence, i.e. there exists A > 0 such that, for all
lal <1, SQ M((D¢uy, — DSu)/N)dxdt — 0 as n — oo. This implies that
(uy,) converges to u in W12 Ly (Q) for the weak topology o (] Las, [ Lzz)-
Consequently,

(ITLassIT Exp) _ )U(HLMHLM)

D(@Q)” D(Q)
and this space will be denoted by Wol’xLM(Q). Furthermore, Wol’xEM(Q) =
Wy La(Q) NI B

Poincaré’s inequality also holds in VVO1 "Ly (Q) and there is a constant
C > 0 such that for all u € WOI’xLM(Q) one has

> IDSullig <€ ) [Dfullue.

la]<1 la=1

)

Thus both sides of the last inequality are equivalent norms on I/VO1 Ly (Q).
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We then have the following complementary system:

Wy Ly (Q) F
Wy Ex(Q) Fo)’

F being the dual space of Wol’mEM(Q) and Wol’xLM(Q) being the dual space
of Fy. F' is also, up to isomorphism, the quotient of [[ Lz; by the polar set
Wol’mEM(Q)J—, and it will be denoted by F = W 1% L+(Q); moreover, it is
known that
W L@ ={f =Y Difu: fa € Lu(@)}.
o<1

This space will be equipped with the usual quotient norm:

£l = int Y Il fallize:
la|<1
where the inf is taken over all possible decompositions f = Z‘ al<1 D¢ fa,
fa € L37(Q). The space Fy is then given by Fy = {f = ngl D¢ fo: fa €
E37(Q)} and is denoted by Fo = W12 E(Q).

2.7. We will use the following technical lemmas:

LEMMA 1 (see Gossez [10]). Let £2 be a bounded open subset of RY and
let (05) be a mollifier sequence in RN . Denote by u, = Ux o, the mollification
of u, where w is the zero extension of u. If u € Ly;(§2) then u, € Ly (£2),
and if 2u € L(£2), we have

SM(ug—u)dxHO as o — 0.
2

LEMMA 2 (see Morrey [17]). IfueW(}’l(Q) then ||us—ul|1,0 <o||Vul1 0.

LEMMA 3. Let M be an N-function and let (uy) be a bounded sequence
in Wol’mLM(Q) N L%(0,T; LY (£2)). If un(t) — u(t) weakly in L*(£2) for a.e.
t € [0,T) then u, — u strongly in L'(Q).

Proof. For eachv € WOI’mLM(Q) define v (2,t) = {zn v(y, t) 0o (x—y) dy,
where v(y,t) = 0 if y € £2 and where (g,) is a mollifier sequence in R,

Since uy, (t) — u(t) weakly in L(£2) for a.e. t € [0,T] we have u,, — U,
a.e. in Q and upy(t) — uy(t) strongly in LY(§2) for a.e. t € [0, T].

For all n and k and for a.e. t € [0,T] we have
V fun () —ur () dz < | un(t) = tng (t)| da + | [tno () — g ()| dae
Q Q Q

+ | fuo (8) — up(t)|

2
< o—(g Vi (8)] dar+ | |vuk(t)|dx)+Hum(t)—u,w(t)||1,g.
(0] k0]
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Integrating this inequality over [0, 7] yields

[ lun(t) — wi(t)| de dt < U(S [V (t)] dz dt + | Vg (1)) dxdt)
Q Q Q
T

+ | luno (t) = ure (t) 1,0 dt,
0
which, by the continuous embedding Ly (Q) C LY(Q), gives

§ lun() = ur(®)| de dt < oC1(|[Vunllang + [ VurllaQ)

Q
T

+ Vluno () = wio (8) 1,0 dt,
0

where C7 and Cy are constants, which do not depend on n and k, such that
IVollig < CillVellig Yo € Lu(@) and [Vuularg < Ca V.

Consequently, we obtain

T
| Jun(t) — wi ()| da < 2C1Co0 + | [|tng () — wpo ()11, dt.
Q 0

Since |[tung (t) — uke (t)|l1,2 — 0 ae. in [0,T] as n,k — oo and [|uns (t)[| L1 (0)
< Jun() [ z1(0) < C uniformly with respect to n and t € [0,7] we deduce
by using Lebesgue’s theorem that

T

V lltno (8) = e (8)|1,0dt — 0 asn,k — oo,

0
implying by the arbitrariness of o that SQ |un(t) — ug(t)|dedt — 0 as
n,k — oo. Hence (u,) is a Cauchy sequence in L'(Q) and thus u, — u
strongly in L'(Q). =

3. Time mollification. For u € L/ (Q), define for all 4 > 0 and all
(x,t) € Q,

up(w,t) = p |z, s) explu(s — 1)) ds,

—0oQ
where w is the zero extension of w.

PROPOSITION 1. Ifu € Ly (Q) then uy, is measurable in Q and Ou, /0t
= pu(u —wuy), and if u € Ly(Q) then
| M(uy) dodt < | M(u) da dt.
Q Q
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Proof. Since (z,t,s) — u(z,s) exp(u(s—t)) is measurable in £2 x [0, 7] x
[0,T], by Fubini’s theorem we deduce that u,, is measurable.

By Jensen’s integral inequality and the equality S(ioo wexp(us)ds = 1,
we have

t 0
M( S pu(z, s)exp(u(s —t)) ds) = M( X wexp(pus)u(z, s +1t) ds)
0
< S wexp(us)M (u(z, s +t)) ds,

which implies

0
S M (uy(z,t)) dedt < X ( S wexp(us)M (u(x, s +t)) ds) dx dt
Q xR —oo

0
< S Mexp(us)( S M(u(z,s+1t))dz dt) ds
—00 2xR
0
< S pexp(ps) < X M (u(z,t)) dx dt> ds < S M (u) dx dt.
—0 Q Q

Furthermore, for a.e. (z,t) € Q,

t+60

Dy RV 1 u(s—(t40))
5t (z,t) = gl—%ﬁ (e Duy(z, t)+£1_r>%9 S u(zx, s)e ds

= —puy(z,t) + pu(z,t). »

PROPOSITION 2. (i) If u € Ly(Q) then u, — w as p — oo in Ly(Q)
for the modular convergence.

(ii) If u € WH Ly (Q) then u, — u as p — oo in WHELy(Q) for the
modular convergence.

Proof. (i) Let (¢r) C D(Q) be such that ¢p — w in Ly (Q) for the
modular convergence. Let A > 0 be large enough such that

§€£M(Q) and XM(SOk;u)dmdtﬁO as k — oo.
Q

For a.e. (z,t) € @ we have

|(Pr)u (@, 1) — o, t)] =

On the other hand,

&Pk ‘ H Ipr

[e.e]
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This implies that

— 2 — 0
(M) drar < 2 o (2 Yawar + S0 ( “”“
3\ 3 A 3
Q Q
Let € > 0. There exist k and pg such that

w(*"k;“) drdt < ¢

(ol

| M(u”?); “) drdt <e forall u> po.
Q

(ii) Since for any o with |a| < 1, we have D (u,) = (Dgu),, the first
part above applied to each DSu gives the result. m

00) meas(Q).

) meas(Q) <e forall u > po.

[e.e]

Hence

REMARK 1. If u € Ep(Q), we can choose \ arbitrarily small since D(Q)
is (norm) dense in Ej/(Q). Thus, for all A > 0,

SM(u“;u>d:1:dt—>0 as [t — 00
Q
and u, — u strongly in Ej(Q). The same remark is true if one replaces
En(Q) with W Ey(Q).

PROPOSITION 3. If u, — u in WYLy (Q) strongly (resp. for the mod-

ular convergence) then (uy), — u, in WLy (Q) strongly (resp. for the
modular convergence).
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Proof. 1t suffices to prove the proposition for the zero order derivative.
For all (resp. some) A\ > 0,

SM<(U”)“%UN> dxdt < SM(un/\_u> drdt —0 asn— oo,
Q Q
s0 (un)y — uy in Ly (Q) strongly (resp. for the modular convergence). m

4. Existence result. Let £2 be a bounded open subset of RY with the
segment property, T > 0, and set @ = 2 x (0,7). Let M and P be two
N-functions such that P <« M.

Consider a second order operator A: D(A) CWH* Ly (Q) — W1 L2(Q)
of the form

A(u) = —div(a(z,t,u, Vu)) + ao(x, t, u, Vu)
where a: 2 x [0,T] x R x RY — RN and ag: 2 x [0,T] x R x RN — R are

Carathéodory functions satisfying for a.e. (z,t) € £2 x [0,7] and all s € R,
£#& eRY:

(4) la(@,t,5,6)| < Ble(x,t) + M P(y(|s])) + M~ M (vl¢]),
() lao(2, t, 5, €)| < Ble(x,t) + M~ P(y(|s)) + M~ P(v[¢)),
(6) la(z,t,5,8) —alz,t,5,£)][€ — €] >0,

(7) a(z,t,5,8)§ +ao(z,t, 5,8)s = aM(|¢]/X) — d(z,1),

where c(z,t) € Ex(Q),c > 0; d(z,t) € LY(Q); o, 8,7 > 0.
Furthermore let
(8) feW ER(Q).
Consider the following parabolic initial-boundary value problem:
ou/ot+ A(u) = f in Q,
9) u(z,t) =0 on 982 x (0,7T),
u(x,0) = up(x) in £2,
where ug is a given function in L?(£2).
We shall prove the following existence theorem:

THEOREM 1. Assume that (4)—(8) hold true. Then there exists at least
one weak solution u € Wy Ly (Q)NC([0,T], L2(£2)) of (9) in the following
sense:

Oy T
- S Uy dx dt + { S u(t)p(t) dx]o + S a(x,t,u, Vu) - Vodx dt
02 Q
+ Vao(z, t,u, Vu)pdedt = (f,)
Q

for all ¢ € C1([0,T], L%(£2)).
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REMARK 2. As in the elliptic case (see [9] and [11]), the introduction of
P instead of M in (4) and (5) is done only to guarantee the boundedness
in Ly7(Q) of M~'P(y|uy,|) and M1 P(y|Vu,|) whenever u, is bounded in
WLy (Q). In the elliptic case, one usually takes P = M in the term
M~1P(v|uy|) since uy, is bounded in a smaller space Lr(£2) with M < R
(see [9]).
In the parabolic case, we cannot however deduce the same boundedness.
Nevertheless, we can take P = M if one of the following assertions holds:
1) M satisfies the Ay condition near infinity.
2) A is monotone, i.e. (A(u) — A(v),u —v) > 0 for all u,v € D(A)N
Wy L (Q). _
3) M grows essentially less rapidly than the N-function M o M.

Indeed, suppose first that M satisfies the Ay condition. Then (4) and
(5), with now P = M, imply that for all £ > 0,

la(@,t,5,€)| < Be(ce(,t) + M M(els|) + M~ M (el¢])),
lao(x,t,5,6)] < Be(ce(, t) + M M(els|) + M~ M (el¢])),

which allows us to deduce the boundedness in L;(Q) of a(z, t, uy, Vu,) and
ag(x, t, up, V).

In the case where A is monotone, for all ¢ € VVO1 “En(Q) we have

(Aun) = A(@), un — ) 2 0,
where () is the pairing between Wol’xLM(Q) and W12 L+2(Q). This gives
(Aun), 0) < (A(un), un) = (A(@), un — ©),
implying that, since u,, is bounded in Wy"Ly/(Q) and (A(up),un) < C
thanks to the a priori estimates,
(A(un), @) < C, for all o € Wy Exr(Q).

Therefore, the Banach—Steinhaus theorem yields the boundedness of A(uy,)
in Wb L(Q).

Assume, finally, that M < M o M. Then for all ¢ > 0 there is t, > 0
such that

M(~yt) < M(M (%)) forallt >t.
implies that
la(z,t,5,8)| < Blee(z,t) +eM(els|) +eM(el])),
lao(x,t,5,8)| < Blec(a,t) +eM(els|) + eM(e[E])),

which gives the boundedness and the weak convergence in L'(Q) of
a(x,t, up, Vuy,) and ag(x,t, up, Vuy,). This leads to

un(t) — u(t) a.e. in 2 andthen w, —u in L'(Q).
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Hence, the proof below can be adapted to this situation by proving the
existence of an entropy solution of (9).

Note that there are N-functions M for which M and M o M are equiv-
alent. Indeed, take M (t) = exp(t) near infinity. We have M(t) = tlogt
near infinity and so (M o M)(t) = texp(t) is equivalent to M(t) since
M(t) < (M o M)(t) < M(2t) for t large enough.

Proof of Theorem 1. For convenience we suppose that ug = 0. The gen-
eral case can be handled similarly.

We will use a Galerkin method due to Landes and Mustonen [15]. For
the Galerkin method we choose the sequence {wy, ws, ...} in D(2) such that
U,2, V,, with

V,, = span{wy,...,w,}

is dense in Wg Ly (£2) for the modular convergence, where j > (M, N) is
taken such that W Ly (£2) is continuously embedded in C1(£2).
For any v € WgLM(Q) there exists a sequence (v;) C |Jo2; Vi, such that
v — v in Wg Ly ($2) for the modular convergence.
We set further V,, = C([0,7],V,). It is easy to see that the closure of
Us2; V,, with respect to the norm
[vllcrog) = sup {[D%(z, 1) : (2,t) € Q}
lal<1
contains D(Q). This implies that for any f € W1¥E(Q) there exists a
sequence (f) C o2V, such that f — f strongly in W12 Eg(Q).
For any uyp € L*({2) there is a sequence (ugr) C [Jo2; V;, such that
ugr — up in L2(£2).
We divide the proof into three steps.
STEP 1. A priori estimates. As in [15], by using Lemma 1 of [14], there
exists a Galerkin solution u,, of (9) in the following sense:

Up, € Vn, % e LY(0,T;V;,), un(0) = ugy, and for all ¢ € V,,,
(10) S %LtnsOdmdt—i_ S a(z,t,un, Vu,) Vo dr dt
Qr Q-
+ S a’0<x7t7un7vun)§0dxdt: S fngpdq’-dt
N Qr 0~

for all 7 € (0,T), where Q, = 2 x (0,7).
Letting ¢ = u,, in (10) and using (4) and (7) yields
HunHWOWLM(Q) <C, ||unHL°°(0,T;L2(Q)) <C,
S [a(x, t, wp, Vun)Vuy, + ag(z,t, un, Vuy)u,) dedt < C;

Q
here and below, C is a constant not depending on n.
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Using (5) and the fact that P < M, it is easy to see that ag(x, t, uy, Vuy,)

is bounded in L3;(Q). This implies that
S a(z,t, up, Vup)Vu, dedt < C.
Q

To prove that a(z, t, uy,, Vu,) is bounded in (L17(Q))Y, let p € (En(Q))N

and ||¢|lm,0 = 1. By (6), we have
S [a(m, t7 Unp, VUTL) - CL(.%', ta Un,s @)][vun - 90] dx dt Z 07
Q
which gives
S a(x, t, un, Vuy)e drdt < S a(z,t, up, Vuy)Vu, drdt
Q Q
— S a(x,t,up, p)[Vu, — @] dz dt.
Q
Since a(z,t, un, ) is uniformly bounded in (L37(Q))%, thanks to (4), we
deduce that
S a(z,t,up, Vup)pdrdt < C  for all p € (Ex(Q)Y, l¢llag = 1.

Q
Using the dual norm of (L37(Q))Y we conclude that a(z,t,un, Vu,) is
bounded in (L37(Q))".

Hence, for a subsequence,

up — u weakly in Wol’xLM(Q) for o(T] Las, [T E57) and weakly in L?(Q),
ao(, t, up, Vup) = ho, a(x, t, un, Vup) = h in Lyz(Q) for o([[ Lz, [[Em)

for some hg € L17(Q) and some h € (Ly7(Q))Y.

As in [15], by using Lemma 3 we deduce that u,, — u strongly in L}(Q)
and for some subsequence uy,(x,t) — u(x,t) a.e. in Q.

STEP 2. Almost everywhere convergence of the gradients. For all ¢ €
C1([0,T],D(£2)), from (10) we get

0
(1) - S ua—fd:vdt—l— [;)u(t)cp(t) dx]j
+ Xh-chdxdt—l— S hop dx dt = (f, ).
Q Q

Let (¢;) C D(Q) be such that ¢; — u in L?*(Q) and in Wol’ILM(Q) for the
modular convergence. For p € N, let
t
(Ti( &), t) = i | To(s)(w, s) exp(u(s — 1)) ds,

— 00
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where T is the usual truncation at height [ defined by

s if |s| <1,
Tils) = {Tl(s) —is/ls| if |s| > L.

Then (Ti(¢5)), — Ti(¢4) in Wol’xLM(Q) strongly as p — oo and

(06 = n(T6) ~ (Ti(65)),).

Take the mollification with respect to the space variable, [(T;(¢;))u]s for
o > 0. It is obvious that this sequence is in C*([0, 7], D(£2)). Finally, choose
vy as a diagonal sequence of [(T}(¢;))uls such that vy, — u in Wol’mLM(Q)
for the modular convergence.

Indeed, let A > 0 be such that

(12) %Dg‘u e Lu(@), | M(M) dzdt — 0, V]a| < 1.
Q
We have
SM<DgUk4; D%U) drdt < | M D%[(Tz(qu))u]a— D%(Tz(qu))u) d dt
Q Q
n §M<D§Z‘<Tz(¢j))&— D;‘Tz(qu)) e dt
Q
+ M(D%Tl(%;_ Dg%) dz dt
Q
- SM(M) da dt.
Q

The first three integrals of the right side go to 0 since DS [(T1(¢;))ulo,
Dg(Ti(¢;)), and DGTi(¢;) are strongly convergent in W&’IEM(Q) respec-
tively as 0 — 0, o — oo and | — oo by using the facts that (7;(¢;)),., Ti(¢;)
and ¢; are in Wy" Epr(Q) (see Lemma 5 of [10]).

Since the last integral goes to 0 by (12), we deduce that vy — wu in
W(} Ly (Q) for the modular convergence and hence, for a subsequence,

v — u, Vv, — Vu ace. in @ and weakly in Ly(Q) for o(]] Las, [] Lyz)-

On the other hand, setting as in [15], @; = {(z,t) € Q : |u(x,t)| < I},
we have

Tiw) =win @i,  sgn(Ti(u) - (Ti(u)),) = sgn(u — (Ti(w)),) in Q\Q.
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Therefore, as in [15],

I U (o~ w)drdt = p [ (T 03))o — [(T6))olu LTIl — ) dd

Q

= 1 {Ti(w) = (Ti(w)u H(Ti(w)) — u} d dt
Q
= —p | (u— (Ti(w)),)* de dt

Q1

e § T — (D) H (Ti(w) — u} dede < 0

Q\Q

as 0 — 0 and j — oo, for any 4 and [. Consequently,
0
lim sup S Tk (Vg — up)dxdt <0
Q
and then

Uk . 8
" — <
‘t (Uk un) dx dt 07 sice ‘t S EM(Q)

lim sup lim sup S
k—oo n—o0 Q

This implies that

0
lim sup lim sup S % (Vg — up) dxdt <0

k—o0 n—oo

since
S Oun (Vg — up) dx dt = — S g(un(t) — () dx dt—i—S 8_ (v —up) dz dt
o ot Qat 2 ot

S Ou (vk — up) dx dt.

2
[un(T) = ve(T) 2200y + 54
Q
From (10) and (11) we have

lim sup ( S(a(m, t, Up, Vi)V, — WV + ag(z, t, upn, Vuy)u, — hovy) dz dt>

n—oo

Q
. . aun a/Uk
< limsup (fn, un) — (f, vg) +limsup | — S 5 Un drdt | — S — udxdt

+ [ §uyont da;}j

2

= (f,u—uvg) +limsups % (vg — uy) dx dt,
Q

n—oo
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where we have used the fact that
o S a’l)k

T
— udxdt + | \ u(t)vg(t) dz
0 ot DZ F ]0

)

- 1111—{20 < — §2 % Uy, d dt + [ S up, (t)vg(t) dm]j)
|
Q

We deduce that

lim sup lim sup ( S(a(az, t, Un, Vn)Vu, — hVuy
k—oo n—oo
Q

+ ap(x, t, up, Vuy)uy, — hovy) dz dt)
. . . ouy,
< limsup(f,u — vg) + hmsuphmsupg — (vg —up) dzdt <0,
k—oo k—o00 n—oo 8t

Q
which implies that

(13)  limsuplimsup

< S (a’(xa i, un, Vun) [vun - V’Uk]
n—oo N o

k—oo

+ ag(x, t, Up, Vuy,)(un — vg)) dz dt) <0
since, as can be easily seen,

lim S(a(:p, t, Up, Vun)Vog + ag(x, t, upn, Vug)vg) da dt
Q

- S(thk + howy) dz dt.
Q

For any » > 0 and k € N, we denote by xj and x" the characteristic
functions of {(z,t) € @ : |[Vug| < r} and {(z,t) € Q : |Vu| < r}, respec-
tively.

For any ! > 0, we have

S [a(x,t,un, Vuy) — a(z, t, up, Vu - X)) [Vun, — Vu - x°] dx dt
{lun|<i}

S [a(z, t, up, Vuy) — a(x, t, un, Vog - x3)|[Vun — Vg - xi] do dt
{lun|<t}

113
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= S a(z,t,un, Vu - x°)[Vu, — Vu - x°] dx dt
{lun|<t}

+ S a(x,t, un, Vuy)[Vug - xi — Vu - X°| dz dt
{lun|<}

— S a(x,t, un, Vog - X2)[Vun, — Vg - x4 de dt
{lun|<l}
=10+ 1+ I3.
We shall go to the limit, first as n — 0o and next as k — oo and finally as
s — 00, in all integrals I;, for ¢ = 1,2, 3.
Since X{\un|§l}a(x7 by Un, VU - XZ) - X{\u|§l}a(m7 tyu, Vo - XZ) strongly
in (E77(Q))Y, by (4) and the fact that u, — u a.e. in @ we deduce that
I — S a(z,t,u,0)Vudxdt asn — oo,
{lul<l}n{|Vu|=s}
which clearly tends to zero as s — oc.
Observe that I tends to
S hIVui - xi — Vu- x°]dxdt asn — oo,
{lul<t}
which tends to 0 as £ — oo since Vuy,-x7—Vu-x® — 0 strongly in (En(Q)N.
For the third term I3, since Vau,, — Vu in (Ly(Q))Y, we have

I3 — — S a(x,t,u, Vug - x3)[Vu — Vo - xi] dedt  as n — oo;
{lul<t}
since X {ju/<iya(®, t,u, Vug - X7) — X{u<na(z,t,u, Vu - x*) strongly in
(E77(Q))Y as k — oo by Lebesgue’s theorem, the above tends to
- S a(x,t,u,0)Vudzdt
{lul<}n{|Vu|>s}
as k — oo, which clearly tends to zero as s — oo.
We have thus proved that

S [a(x,t, upn, Vuy) — al(x, t, up, Vu - x))][Vu, — Vu - x°| dzdt
{lun|<t}
= S [a(x,t, up, Vup)—a(x, t, un, Vi -x3)|[Vun—Vog-xi] de dt+c(n, k, s),
{lun|<l}
where e(n, k, s) denotes quantities (possibly different) depending on [ such

that

lim lim lim e(n,k,s) =0.
5—00 k—00 N—00



Parabolic problems in Orlicz spaces 115

Forall s >r >0andall |l > Z, we have
(14) 0< S [a(x, t, upn, Vuy) — a(x, t, up, Vu)|[Vu, — Vu] dx dt
{lun| <L, [Vu|<r}
< X [a(x,t, upn, Vuyp) — al(x, t, up, Vu)|[Vu, — Vu] dz dt
{Jun|<L, [Vu|<s}

< S [a(x,t, upn, V) — al(x, t, up, Vu - x*)][Vur,—Vu- x°] dedt

{lun|<i}
= S [a(x,t, un,Vup)—a(z, t, un, Vog - X2)][Vup—Vug - x3] de dt
{lun|<1}
+e(n, k,s)
= — S a(x,t, up, Voi - X3)[Vun, — Vg - xz]dz dt
{lun|<l}

+ S (a(z, t, upn,Vuy)[Vu,—Vor] +ao(z, t, un, Vi) (up, —vg)) de dt

{lun|>1}

Q
- ( S a(x,t, un, Vuy)[Vu, — Voi] dz dt
+ S ap(z, t, un, Vuy) (uy, — vg) de dt)
Q
+ S a(z,t, up, Vuy)Vog dx dt + e(n, k, s)
{lunl<Bn{|Vvi|>s}
=1 +Jo+Jd3+Jy +€(n,k,8).

We shall take the limsup first over n and next over k and finally over s
in all integrals of the right hand side.

Remark that, by (13),

lim sup lim sup J2 < 0.

k—o0 n—oo

Just as for I; above, it is easy to see that

lim limsuplimsup J; = 0.
S— 00 k—>OO n—oo

The third term reads
Jz = — S [a(x, t, up, Vup)[Vuy,—Vug] + ag(z, t,un, Vuy) (uy, — vg)] de dt
{|lun|>1}

- X ao(x,t, un, Vuy,) (U, — vg) de dt
{lun|<l}
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and, by using (7),
J3 < S [a(z,t, up, Vup)Vug + ag(x, t, un, Vuy,)vg] d dt

{lun|>1}
+ S d(x,t) dedt — S ao(z,t, un, Vuy) (un, — vg) dz dt,
{lun|>1} {lun| <t}

which gives

limsup J3 < | (WVup + hovg) dedt + | d(z,t)du dt
S {Jul>1} {lu>1}
- S ho(u — vi) dz dt,
{Jul<t}

where we have used the strong convergence of X{‘un|>l}\Vvk\ and X {Jun|>1} Vk
and x|y, |<i}Un in En(Q) as n — oo. This implies that

lim sup lim sup J3 < S (hVu + hou) dz dt + S d(z,t) dz dt,
free {lul21} {lul21}

since vy, — u in I/VO1 “La(Q) for the modular convergence.
For Jy, we have

lim Jy = hVuvy dx dt

e (Ul <BN{| Vo |>s5}

since X{\un\gl,\VUk|>s}vvk — X{‘U|Sl"vvk|>s}vvk StI‘OIlg].y in (EM(Q))N as
n — oo. This implies that

Jim lim J; = | hWWudedt < | |hVu|dzdt
{Jul<B}{|Vul>s} {IVul>s}
and thus

limsup lim lim Jy <0.

s—oo k—oon—oo
Combining these estimates with (14) and taking the limsup first over n,
then over k£ and next over s, we deduce that
0 < limsup S [a(x,t, upn, Vuyp) — alx, t, up, Vu)|[Vu, — Vu] dz dt
T {Junl <l Vul<r}
< | (WVu+hou+d(z,t)) du dt,
{lul=1}

in which we can let [ — oo to get

lim S [a(x,t, upn, Vuy) — a(x, t, up, Vu)|[Vu, — Vu]drdt =0
{lun|<L,|Vul<r}
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and thus, as in the elliptic case (see [2]), we deduce that, for a subsequence
still denoted by u,,,

Vu, — Vu a.e. in Q.
This implies that h = a(x,t,u, Vu) and hg = ag(z,t,u, Vu). Therefore, for
all ¢ € CL([0,T),D(£2)) we get

Op
d:cdt—}— U a(z,t,u, Vu)Vedz dt
oS [funsna]

o

—i—Sao z,t,u, Vu)pdrdt = (f, ).

STEP 3. Regularity of the solution. Note that we may choose v; such
that

lim S % (g — up) dxdt < g

T

uniformly in 7 € [0, 7], where e, — 0 as k — oc.
For all k and all 7 in (0,7, from (10) we have
0
lim S in v dx dt + S a(x,t,u, Vu)Vug dx dt + X ao(z, t,u, Vu)vg dx dt
n—oo ot
Qr Qr Qr
= <f7 vk>QT?

which implies, by using Fatou’s lemma,

0
lim sup S Lt” (up, — vg) dx dt

T Q, g

= — liminf S (a(z,t,Un, Vun)Vu, + ao(x, t, wpn, Vuy)uy,) dz dt

+ S (a(z,t,u, Vu)Vug + ao(z, t,u, Vu)vy) de dt
Q-

+ lim S frn(up —vg) dedt
< - X (a(z,t,u, Vu)Vu + ag(z, t,u, Vu)u) dx dt
Qr
+ S (a(z,t,u, Vu)Vog + ag(z, t, u, Vu)og) dedt + (f,u — vg)g
Qr

T

and hence

lim sup S (% — %) (up — vg) dz dt < e + €},

T



118 A. Elmahi and D. Meskine

uniformly in 7 € [0, T]. Since

lim sup S <%—%)( —vk)dxdt:limsup{ S n — Ug) dav]
i Q

T

00 ot ot n—o0 0

= 1hmsup S(un ) — vp(7))? de,

n—oo

we deduce the inequality

lim sup X(un(T) — wp(7))? da < 2ep, + 2¢,

n—00
2

implying that (v;) is a Cauchy sequence in C([0,T], L?(£2)) and that u €
C([0,T],L*(£2)). =

COROLLARY 1. The function u can be used as a testing function, i.e.

1[S(u(t))2 dw}; + S a(x,t,u, Vu)Vudr dt + X ao(z,t,u, Vu)udz dt

2
2
= (f,u)q.

T T

Proof. As in [15], by using Fatou’s lemma we have

0< klim lim S (a(z, t, up, Vuy)(Vu, — Vug)

+ ao(x, t, un, Vuy)(u, —vg)) de dt

:klim lim S %(vk uy) dx dt + hm lim (fy, un — vi)Q,

<= hm hmsup[ ) — vk (t))* dz .

k—oo n—oo

% (vk — up) dzdt <0.

+ hm lim sup 5

2
This implies that

lim S (a(z, t, up, Vuy)Vuy, + ag(z, t, un, Vuy)uy,) de dt

= S (a(z,t,u, Vu)Vu + ag(z, t,u, Vu)u) dz dt

Q-
and

n—oo

Since vg(7) — u(7) in LZ(Q) we also have u,(7) — u(7) in L?(£2) and then

i § G wedode= 5[ Juto ]

T

L.
5 Jm [un(t) = ()| 72() < ek + e
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Therefore, it is easy to pass to the limit in (10) with ¢ = wu, to get the

result. m
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