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Criteria for univalence, starlikeness and convexity

by S. PoNNUSAMY and P. VASUNDHRA (Chennai)

stract. Let enote the class of all normalized analytic functions =0=
Ab Let A d he cl f all lized lytic f i f(f0)=0
f/(0) — 1) in the open unit disc A. For 0 < A < 1, define

L{(/\):{feA: (ﬁ)Qf'(z)l

( 2 > 1"
f(2)
Recently, the problem of finding the starlikeness of these classes has been considered
by Obradovié¢ and Ponnusamy, and later by Obradovié¢ et al. In this paper, the authors
consider the problem of finding the order of starlikeness and of convexity of U(\) and
P(2)), respectively. In particular, for f € A with f”(0) = 0, we find conditions on ),
B*(X) and B(A) so that U(X) € S*(B*(N)) and P(2X) € K(B(X)). Here, S*(8) and K(5)
(B < 1) denote the classes of functions in A that are starlike of order 8 and convex of
order (3, respectively. In addition to these results, we also provide a coefficient condition
for functions to be in IC(3). Finally, we propose a conjecture that each function f € U(\)
with f”(0) = 0 is convex at least when 0 < X < 3 — 2v/2.

<)\,z€A}

and

P(Q)\):{feA: <2)\,z€A}.

1. Introduction and main results. Let A be the class of analytic
functions f in the open unit disk A = {z € C : |z| < 1} with the nor-
malization f(0) =0 = f’(0) — 1. The subclass of A consisting of univalent
functions is denoted by S. Several subclasses of univalent functions play a
prominent role in the theory of univalent functions [1, 2]. Among them are
the class of all convex functions of order 8, 3 < 1, given by

K(B)={f € A:Re(zf"(2)/f'(2) +1) > B, z € A}
and the class of all starlike functions of order 3, 3 < 1, described by

S*(B) ={f € A:Re(2f'(2)/f(2)) > B, z € A}.
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The class of all convex functions denoted by K := K(0) consists of all f € S
for which the range f(A) is convex. Similarly, the class of starlike functions
denoted by §* := S§*(0) consists of all f € S for which f(A) is starlike
(with respect to the origin). An important member of the class S is the
Koebe function k(z) = z/(1 — z)? together with its rotations. An interesting
subclass of S containing the Koebe function is the class U := (1), where
UN) (0 < X <1) is defined by

Z/l()\):{feA:‘(ﬁ)Qf’(z)—1‘<>\,zeA}.

This class has been studied by Obradovié¢ and Ponnusamy [3] together with

the class ,
- fres ()

There are many relationships between various subclasses of S. However, the
classes U(1) and its direct generalization U(\) have not been looked at until
recently. According to a result due to Ozaki and Nunokawa [6], we have the
inclusion

<2)\,26A}.

UM cCcS for0< A<,

and from [3], we also have the inclusion P(2X) C U(A). In [4], the authors
have shown that certain results obtained in [3] also hold if P(2)) is replaced
by U(XN). In this connection, we recall the following result from [4].

THEOREM 1.1. If f(2) = z + Y . 25an2™ € U(N), then f € S* for

0 < A< \*, where
a2 — a2
A= % with a = |f"(0)]/2.

This result was originally stated as a conjecture in [3] and was proved
in [4]. In this article, we discuss the relationship between U () and S*(9),
as well as between P(2)) and K(J). As a consequence, we improve certain
coefficient results due to Reade, Silverman and Todorov [7].

We now state our first result which gives a condition for functions in
U(N) to be starlike of order (\).

THEOREM 1.2. If f € U(N) and a = |f"(0)|/2 < 1, then f € S§*(9)
whenever 0 < A < A\(6), where

V(1 =20)(2 —a%—28) —a(l—25) l+a
<

21— 9) FOso<zTo

1-96(1+a) , 1+a<

< .
140 P 3 ra S0 1Ty

A(6) =
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We observe that if we choose § = 0 in Theorem 1.2, then Theorem 1.1
follows. Also, we note that

1— 2 3
- T ito<as<va-l,
)\< > >: R
% ifv2—1<a<1.
a

Therefore, Theorem 1.2 is an extension of Theorem 1.1. Further, we believe
that the order of starlikeness given above for functions in U(\) is sharp
although at present we do not have a concrete proof. However, from Theo-
rem 1.2, one can obtain a number of new results. For example, if f € U()\)
and a = [f"(0)/2] < 1 then f € §*(1/2) whenever 0 < A < (1 —a)/3.

COROLLARY 1.3. If f € U(N) with f”(0) =0, then f € 8*(d) whenever

211_ 22 if 0<6<1/3,
0< A< A0 = (1-29)
1-90
s if 1/3<d<1,
or equivalently
i—i if 0<A<1/2,
(1.1) d:=6(N\) = 1 9)2

ST if 1/2 <X <1/V/2.

In particular,

o felUUN), ff(0)=0and 0<A<1/V2 = feS*
o felUN), f"(0)=0and 0 <A<1/3 = feS5%(1/2).

Our next result provides an affirmative answer to the following
PROBLEM 1.4. Find conditions on A and 5()) so that P(2X) C KC(B(N)).
We recall that P(2\) C S* if 0 < A < (—a+ V2 —1a?)/2, a = |f"(0)|/2.

THEOREM 1.5. Let f € A with f”(0) =0 and suppose that

i () ol EE A s

or equivalently,
"
of %
z —_—
<f (2) )

<2\, z€A
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for some 0 < X\ < 1/v/2. Then f € K(), where

1—%1)\27;26)\ for0 <A <1/2,
(1.3) B=pA) = N
#&;}’A) for1/2 < A < 1/V/2.

In particular, P(2\) C K if 0 < A < 3 — 2V/2.
For our next result, we consider functions f in A of the form
z

14 f(z) = —,

(1) ()= 505

where ¢(2) = 1+ 332, brz* has no zeros in A. Functions of this form
have been studied, for example, in [7, 3]. In [3], Obradovi¢ and Ponnusamy
obtained various coeflicient conditions in terms of by’s for the corresponding

f of the above form to be univalent, strongly starlike etc. In particular, the
following results are known:

THEOREM 1.6. A function of the form (1.4) is in K if any one of the
following conditions holds:

(i) there exist p,q > 0 with 1/p+1/q <1 such that

(2p -+ Dlbn] + mavs { 37 (2hp+ Dlbwl, 30k = 1) (kg +1)lbel f < 1.
k=1 k=1

N 74 |b1] — /33 + 30]b e

) S (k- Dklbg <22, where A= 11V E EDE

k=2

Theorem 1.6(i) is due to [7] while Theorem 1.6(ii) has been obtained
recently by Obradovié et al. [4]. Our next result improves Theorem 1.6.

THEOREM 1.7. Let 0 < A < 1/v/2. If f € A is of the form (1.4) and
satisfies the coefficient condition

(1.5) > (k= Dklbe] < 22,
k=2
then f € K(B), where 3 = B(\) is defined by (1.3).

A comparison of the A-values of Theorems 1.7 and 1.6 shows that The-
orem 1.7 improves Theorem 1.6. Indeed, for the case b; = 0, it suffices to
note that (7 — v/33)/8 < 3 — 2v/2.

It would be an interesting problem to find the largest value of A so that
(1.5) implies that f defined by (1.4) is convex in A.

We end this section with a result which provides a sufficient condition
for a function f to be starlike or univalent in A.
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THEOREM 1.8. Let 0 < u<1,0< A <1 and f € A.
(i) If f satisfies

1 2f"(z) _ 2f'(2)
ptl f'(z)  f(2)

log(1+ A)
1

(1.6) '1+ ,  Z€EA,

then

‘(ﬁ)wf(z) - 1’ <) z€EA

(ii) If f is such that f"(0) =0 and satisfies the condition

1 2f"(z) _ 2f'(2)
ptl fi(z) f2)

2log(1+ \)
g+ 1

‘1+ , z€A,

then

NG
— f’z—1‘<)\, z € A.
(5) e

In [5, Theorem 2], Theorem 1.8(i) was proved with log(1 + \) in (1.6)
replaced by A\/(A+1). Note that log(1 4+ X) > A/(A+1) for all A € (0,1], so
Theorem 1.8 improves the result of Obradovié¢ and Tuneski [5]. In particular,
for each 0 < A <1 and f € A, one has

'(2)  2f(2)
i 1)

2f'(2)
f(2)

‘1—1— ‘<log(1+)\) =

—1‘<)\, z € A,

£ (1L gy - () K n e

We observe that if f”(0) = 0 then the last two implications hold with
2log(1 + A) in place of log(1 + ).

2. Proofs of the main theorems. For the proof of Theorem 1.5, we
need a special case of the following lemma. However, from the proof of
Theorem 1.5, we note that Lemma 2.1 may be used to state a more general
result.

LEMMA 2.1. Let 0 < A < 1, « > —2 and let g € H, the class of all
analytic functions in the unit disc A, satisfy the condition g(z) < 1+ Az for
z € A with g(0) = 1. Suppose that Re¢(z) > § in A. If p € H, p(0) =1
and

(21) [9(z)(B+ (1 =PB)p(z) +1-a—=2¢(2)) —a| <AMa+2), z€A,
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where
25+2a—g for =2 < a <2\ with 0 < A < 1,
25—1—|—M for a > 2 with 0 < A < 1/2,
22 0= 3a—21+?0z+2)2)\2 s
20+ =5 C 20(1—\2)
f0r2)\§04§1_2/\ with 0 < XA < 1/2,

then Rep(z) > 0 for z € A.

Proof. In order to prove our result we notice that, in view of (2.1), it
suffices to find inf|, o1 ,cr Re Q(2), where

a+ Ma+2)z

2. = A.
(2:3) Q) 1+ reinz - <
From (2.3) one can easily verify that
a—71222(a+2)e ™| rAa— (a+2)e
- <
Q) 1—1r2)2 - 1—1r2)2
so that for z € A we have

a— N (a+2)e M

for |z| <r

< AMa — (o + 2)e|
- 1-X2

Therefore,

a — N (a+2)cosn — A\y/a? — 2a(a + 2) cosn + (a + 2)2
1— )2 ’
Define 1(n) = a — A%(a + 2) cos — A\y/a? — 2a(a + 2) cosn + (a + 2)2.

CASE (i): If =2 < a < 0, then it is easy to see that v is an increasing
function on [0, 7] and therefore

P(n) 2 P(0) = (1 4+ A) (e = (a+2)N),

which means that

ReQ(z) =

a—(a+2)\
1-A
CasE (ii): If @ > 0 and 0 < A < a/2(a+ 1), then we observe that 1) is
a decreasing function on [0, 7], which gives

P(n) 2 ¢(m) = (@ = (a+2)A)(1 - A)

ReQ(z) > , z€A

and therefore,
a— (a+2)\

A.
14+x 7 Z€

ReQ(z) >
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CASE (iii): Similarly, we find that
a? — (a+2)2)\2% — X202

> =
V) = () .
whenever \?(a? — 2a(a + 2) cosn1 + (a + 2)?) = o?. This shows that
a? — (a+2)2)22% — \2a? a e
> i <AL —.
ReQ(z) 2 2a(1 — X2 T ey =753

CASE (iv): If A > a/2, then we can easily see that v is an increasing
function on [0, 7] so that

P(n) = ¢(0) = (= (a+2)A)(1+A),
which implies that

— 2)\
ReQ(z) > %, z e A
Finally, it follows that Re Q(z) > fo(a, A), z € A, where
%—;2))\ for 2 <a<2Awith0< A <1,
a—(a+2)A 2 :
= — 7 f > h 1/2
Bola, \) T oroa_l_2)\w1t 0<A<1/2,
a?(1=22) — (a+2)2)\? 2
for 22 <a< ith A<1/2.
20(1= D) or Sas o wi 0<A<1/

A simple computation shows that 5 = fo(a, \) + 25 — (1 — «), where [ is

given by (2.2). Therefore, Re Q(2) > Bo(a, ) is equivalent to

_Bola N +2-(1-a)=p
1-p

and the desired conclusion follows. =

Proof of Theorem 1.2. Suppose that f € U(\). Then we can write

(24) _Z<f(ZZ)>, ek (f(zz>>2f &) =1+ dulz)

where w is the Schwarz function with an additional condition w’(0) = 0. We
observe from the Schwarz lemma that |w(z)| < |2z|?. As usual it follows that

Rep(2)

=0, z€A,

1
: w(t2) /(0)
= 1 —_ — =
e asz )\[S) 2 dt, a9 T
and therefore, by (2.4), we see that
zf'(z) 1+ dw(z)
N Lw(tz) |
1) 1—agz—)\s EQ ) dt
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Thus,
Aw(z) 4] Lw(tz)
L(Zf%z) —5) SRR 1—5[%2“50 2 dt}
L=0\ f(2) 1—azz — )\S(l) _w)(;z) dt

Now, Re(zf'(2)/f(z)) > § is equivalent to the condition
1
) Aw(z) 5 {@Z N )‘SO w(tz)

dt]
— — 2
1-9 1-9 t # —iT forallT € Rand z € A,

1 w(tz
1—a2z—>\80 52)

dt

which is equivalent to

w(z)—i—(é—i(l—(S)T)SO ; ) 4t )
I:(l —0)(1+4T) + agz(6 —iT'(1 — 5)):| #—1 forallT € Rand z € A.

If we let

, Lw(tz)
w(z) + (6 —i(1— 5)T)§0 o dt
(1—=080)(1+41iT) + az(6 —iT(1 —6)) |
then, in view of the rotation invariance of the space B, we obtain
!/
Re(zf (Z)> S5 i AM < 1.
f(2)
This observation shows that it suffices to find M. First we notice that
1 62+ (1 —0)%17
M < sup { +V/P+(1-9) }
TerR L|(1=6)V1+T2 —ay/62 + (1 —0)2T2
where, for convenience, we have set a = \agl. Define ¢ : [0,00) — R by
1+ 4/0%+ )%
(2.5) ole) = _ .
(1-0)V1+ x—a\/é (1—06)2z
Observe that the denominator in the expression of ¢(x) is positive for all

x € [0,00) provided 0 < ¢ < 1/(1+a) and 0 < a < 1. Further, it is a simple
exercise to see that

¥ (a) =

M= sup
zeA, weB, TeER

(1-0)N(x)
2[1 = )VI+z—a\/0%2+ (1-98)2a]2V1+z /2 +(1-6)2%x
where N(z) =1—26 — /62 + (1 —0)2z + a(l — §)V/1 + .
CAsE (I): Let a =0. Then
, 1—-20—4/02+(1-9)%x
P = VT VR — %

)
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For § > 1/3, we note that ¢'(x) <0 for all x > 0 and therefore
1 —|— J
o) < 9(0) = 122
If 0 <§ < 1/3, then zp = (1 —36)/(1 — 5) is the only critical point and

¢"(x0) < 0. This shows that for 0 < 6 < 1/3, ¢ attains its maximum value
at zg so that

¢(xo) = 21(1__2? :

This gives essentially a direct proof for Corollary 1.3.

CasE (II): Now we consider the case a # 0. In this case, we have several
subcases. Firstly, we let 1/2 <6 < 1/(1 + a). It follows that

N(z) <1-25<0,

because a(1 — §)v/1+ z < /02 + (1 — §)2z. Indeed, the last inequality fol-
lows from the fact that a <1,

0>(1-0)>%*-6*=1-25>da*(1—-6)*—4°

and
x(1— 5)2(1 — a2) > a2(1 — 5)2 — 62

Thus, ¢'(x) < 0 for all x > 0 whenever 1/2 < § < 1/(1 + a). Next, we
consider the case

14+a
<d<1/2.
3+a ™~ /
In this case, it suffices to compute
(1-— 5) (1 —9)

N'(z) =
2\/52 2x Vitax
and note that N’'(z) <0 for z > 0 if and only if
z(1—0)%(1 —a?) > a®6* — (1 -0)2
Since § < 1/2 implies that 0 > 26 — 1 = 62 — (1 — §)? > a%62 — (1 — 6)?,
the function N(z) is decreasing for & > 0. Therefore, for H—“ <6< 1/2, we

have
N(z)<N0)=1—-20—-d+a(1—-6)<0 forz>0.

The above observation shows that ¢(z ) defined by (2.5) is a decreasing

function on [0, co) whenever H—“ <i< F In particular,

1+5 1+a
o@)<e0) =505 for 3 S0<i,
CAsE (III): Assume a #0and 0 < § < 1+a . We make the substitution
1
62+ (1—9)%x
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and note that sup,cjo o0y #(¥) = supPse (0,175 ¥ (t), where ¢(x) becomes

w(t) = 1+t

V1I+ (1 =20t —a

with the above substitution. Now we compute
R(t
wl(t) - 2 ( )2 2’
[V14 (1 —=20)t2 —a]?>/1+ (1—20)t
where R(t) =1 — (1 —2d)t —ay/1 + (1 — 20)t2. Since R(t) decreases,
3+a [ 1+ a}
5 - y
0 3+a
and R(t) # 0 for t > 1/(1 — 2§), we get the estimate
M <{y(t) : 0 <t <1/(1—20), R(t) =0} = 1(s),

R(0)=1-a>0> R(1/8) =

where

26— 1+ ay/(1—26)(2—a?—26)
N (1—26)(a? —1+20)
A simple calculation shows that
1 V(1 —26)(2 —a? —26) — a(l — 29)

W(s) 2(1—0) ’

a desired result. =

Recall the following lemma from [3] which is required for proving Theo-
rem 1.7.

LEMMA 2.2. Let ¢(z) =1+ 7 b,2" be a nonvanishing analytic func-
tion in A and f(z) = z/¢(z) and 0 < X < 1. If any one of the following

coefficient conditions holds:
o0

(1) D _(n—=1)bal < A,

n=2
00

(i) D n(n—1)[ba| <2),
n=2

then f € U(N).
Proof of Theorem 1.5. Assume that f € A with f”(0) = 0 and satisfies

the condition (1.2), i.e.
Py "
2
z
(7)

2 " /
z 2f"(z) zf (Z))‘
26)  |2(-2~) f(z <1+ - =
2o (55) 10 (5T
We know that (2.6) implies f € U(A), which in turn, by Lemma 2.1, gives
that f € S§*(d), where § is as in Corollary 1.3. Now, the proof may be

<2\, zeA.
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completed by applying Lemma 2.1. To do this, we let

=\’ 2f'(2) 2f"(2) 1
1= (555) 1o oo =TE pe = (LB 1i-5) L
Then (2.6) is equivalent to |g(2)(8+ (1 — B)p(z) + 1 —2¢(2))| < A, which is
the same as (2.1) with @ = 0. By Lemma 2.1, we have Rep(z) > 0 for z € A
with 92\
Substituting the values of § from (1.1) we get the desired conclusion. m

Proof of Theorem 1.7. Let f € A be of the form

z
AT

where the denominator is nonvanishing on A. Then a simple calculation
shows that

(i) 1o+ 75 - 75 =2 (m -2
- —gn(n — )by

and therefore, the given coefficient condition (1.5) implies that
ERW L) _210)
o0 (7)o (+5 55 -

Further, by Lemma 2.2(ii) and (2.7), the coefficient condition (1.5) implies
that f € U(A). The desired conclusion follows from Theorem 1.5. =

Proof of Theorem 1.8. Define

<A, z€eA

z \Ft 2 — 11)(2a3 — (pu + 1)a3) 2>
f(z) 2

Then p is analytic in A, p(0) =1 and p(z) # 0 in A. Logarithmic derivative
of the last equation shows that

Zf'(2)> 2f"(z) _ 2p'(2)
+ 11— + = , z €A,
(-5 ) -
and therefore, the given condition (1.6) is equivalent to
/
() <log(l4+\), =zeA
p(2)

We can write ,
zp'(2)
p(2)

= [log(1 + M w(z),
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where w € B:={w € H: w(0) =0, |w(z)| <1 for z € A}. Therefore

z z
Sp(t)dt 1+A§w t zeA
5 p(t) 5

from which we get

1
t
log p(z) = log(1 + /\)S w(tz) dt
0
so that 1
w(tz)
p(z) = exp {log(l + )\)S ; dt] :
0
Thus,
‘ w(t
|p()—1\<exp(log1+)\ S D—1<)\, z € A
0

The desired conclusion follows.

For the proof of (ii), because f”(0) = 0, it suffices to observe that w € B
with w’(0) = 0 so that, by the Schwarz lemma, |w(z)| < |z|? for z € A. The
desired conclusion follows if we apply this inequality to the last inequality. =

3. Two conjectures. The results of this paper (e.g. Theorem 1.5) mo-
tivate the following

CONJECTURE 1. If 0 < X\ < 3—2v/2 then each f € U(N) with f”(0) =0
is convex in A.

We recall that
e felUU(N), f"(0)=0and 0 < A<1/3 = feS*(1/2),
e fEP(2N), f/(0)=0and 0 < A<3-2V2 = fek.
We also observe 1/3 > 3 — 21/2 which is expected, since K C §*(1/2) and

P(2X) C U(A). Further, the method of proof of Theorem 1.2 suggests the
following which we are unable to settle at present.

CONJECTURE 2. The A(8) given in Theorem 1.2 is sharp for f € U(N)
to be starlike of order d.
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