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Existene of solutions for in�nite systems of paraboliequations with funtional dependeneby Anna Pudełko (Kraków)
Abstrat. The Cauhy problem for an in�nite system of paraboli type equationsis studied. General operators of paraboli type of seond order with variable oe�ientsare onsidered and the system is weakly oupled. We prove the existene and uniquenessof a bounded solution under Carathéodory type onditions and its di�erentiability, aswell as the existene and uniqueness in the lass of funtions satisfying a natural growthondition. Both results are obtained by the �xed point method.1. Introdution. Let S be an arbitrary set of indies. Let B(S) be thespae of mappings v : S ∋ i 7→ vi ∈ R suh that sup{|vi| : i ∈ S} < ∞endowed with the supremum norm

‖v‖B(S) := sup{|vi| : i ∈ S}.For every nonempty set X ⊂ R
m we denote by CS(X) the spae of mappings

w : X ∋ x 7→ w(x) ∈ B(S), where w(x) : S ∋ i 7→ wi(x) ∈ R, and thefuntions wi are ontinuous in X. We also use the notation w = {wi}i∈S .When the funtions wi are additionally bounded we denote the spae of thesefuntions by CBS(X).We remark that the spae CBS(X) endowed with thesupremum norm
‖w‖0 := sup{|wi(x)| : x ∈ X, i ∈ S}is a Banah spae.Let T be an arbitrary positive onstant. Set Ω = (0, T ] × R

m, Ω =
[0, T ] × R

m. For w ∈ CBS(Ω) and for a �xed t ≥ 0 we de�ne
‖w‖0,t := sup{|wi(t̃, x)| : (t̃, x) ∈ Ω, t̃ ≤ t, i ∈ S}.2000 Mathematis Subjet Classi�ation: Primary 35K15; Seondary 35K55, 35R10,47H10.Key words and phrases: in�nite systems, paraboli di�erential-funtional equations,Cauhy problem, Banah �xed point theorem.Part of this work is supported by loal Grant No. 11.420.04.[123℄



124 A. PudeªkoLet f = {f i}i∈S and ϕ = {ϕi}i∈S , where
f i : Ω × CS(Ω) ∋ (t, x, s) 7→ f i(t, x, s) ∈ R, i ∈ S,

ϕi : R
m ∋ x 7→ ϕi(x) ∈ R, i ∈ S.Let u = {ui}i∈S be omposed of unknown funtions ui of the variables

(t, x) = (t, x1, . . . , xm). F = {F i}i∈S denotes the family of the followingseond order paraboli operators:
F i :=

∂

∂t
−Ai, Ai :=

m∑

j,k=1

aijk(t, x)
∂2

∂xj∂xk
+

m∑

j=1

bij(t, x)
∂

∂xj
+ ci(t, x),

where the oe�ients aijk(t, x), bij(t, x) and ci(t, x) are de�ned in Ω.We onsider an in�nite system of weakly oupled (1) semilinear paraboliequations of reation-di�usion-onvetion type of the form
(1) F i[ui](t, x) = f i(t, x, u), i ∈ S,supplemented with the initial ondition
(2) u(0, x) = ϕ(x) for x ∈ R

m.The notation f(t, x, u) means that the funtions f i are funtionals of thefuntion u. We onsider the funtional dependene of Volterra type, i.e.(V) for any (t, x) ∈ Ω and η, η̃ ∈ CS(Ω) suh that ηj(t, x) = η̃j(t, x) for
0 ≤ t ≤ t, j ∈ S we have f i(t, x, η) = f i(t, x, η̃), i ∈ S.This means that the values of the funtions f i(t, x, u), i ∈ S, depend onlyon the past history of the proess. Examples of suh funtionals are:

(a) f i(t, x, u) = ui+1(αit, βix)where αi ∈ [0, 1], βi ∈ R
m and βix = (βi1x1, . . . , β

i
mxm);

(b) f i(t, x, u) =

{
ui+1(t− τ, x) for 0 ≤ τ ≤ t, x ∈ R

m,
α(t− τ, x) for 0 ≤ t < τ, x ∈ R

m,where α = {αi}i∈S is a funtion de�ned for [−τ, 0] × R
m;

(c) f i(t, x, u) =

t\
0

Ai(τ, x, u(τ, x)) dτ.Suh funtionals an desribe delays and deviations or be integrals �over thepast�.This paper an be onsidered as a ontinuation of the author's study [10℄of ertain in�nite systems of paraboli di�erential-funtional equations. Now,we onsider a more general form of operator with lower order x-derivatives.
(1) That is, every equation ontains all unknown funtions and derivatives of only oneunknown funtion.



Existene for in�nite systems of paraboli equations 125The goal of the paper is to prove two theorems. The �rst onerns the ex-istene and uniqueness of solution of the Cauhy problem (1), (2) for the in�-nite system in the lass of bounded ontinuous funtions under Carathéodorytype assumptions, i.e. the integrability of the funtion f with respet to tand ontinuity with respet to the other variables. The seond is a similartheorem but in the lass of funtions satisfying a ertain growth ondition.We will apply the Banah ontration priniple, as in [10℄, [3℄, [4℄. In [10℄, tosolve the above problem in the spae of bounded ontinuous funtions underthe lassial assumptions the Banah �xed point theorem was also used. In[3℄ and [4℄, by the same methods, the existene and uniqueness of solutionwas proved for the Cauhy problem for a paraboli equation with funtionaldependene represented by a Hale-type operator. The initial-boundary valueproblem for similar in�nite systems was onsidered e.g. in [1℄, [2℄.This paper is organized as follows. In the next setion the neessary no-tations and de�nitions are introdued. We also formulate the assumptionswhih are valid throughout the paper, and reall two auxiliary lemmas. Se-tion 3 ontains the results onerning the bounded ontinuous solutions. Inthe last setion we state and prove the main result of the paper, i.e. theexistene and uniqueness of solution for the Cauhy problem (1), (2) withthe growth ondition |ui(t, x)| ≤ D exp(d|x|2).2. Notations, de�nitions and assumptions. Throughout the paperwe use the following notation. The Eulidean norm in R
m is denoted by

| · | and the norms in funtion spaes by ‖ · ‖ with appropriate indies; inpartiular the supremum norm is denoted by ‖ · ‖0. By L1(X) we denotethe spae of all integrable funtions de�ned on a nonempty measurable set
X ⊂ R

m.We now formulate the ruial assumptions on the oe�ients of the op-erators {F i}i∈S , whih are su�ient for existene of a fundamental solutionfor the homogeneous system assoiated with (1).(H) The oe�ients aijk(t, x), bij(t, x), ci(t, x), i ∈ S, j, k = 1, . . . ,m, arebounded ontinuous funtions in Ω suh that aijk(t, x) = aikj(t, x) andthe following uniform Hölder onditions with exponent α (0 < α ≤ 1)are satis�ed in Ω: there exists H > 0 suh that
|aijk(t, x) − aijk(t

′, x′)| ≤ H(|x− x′|α + |t− t′|α/2),
|bij(t, x) − bij(t, x

′)| ≤ H|x− x′|α,
|ci(t, x) − ci(t, x′)| ≤ H|x− x′|α,for all (t, x), (t′, x′) ∈ Ω and j, k = 1, . . . ,m.(P) The operators F i, i ∈ S, are uniformly paraboli in Ω, i.e. there is

µ > 0 suh that



126 A. Pudeªko
m∑

j,k=1

aijk(t, x)ξjξk ≥ µ
m∑

j=1

ξ2jfor all (t, x) ∈ Ω and ξ = (ξ1, . . . , ξm) ∈ R
m.

Lemma 1. If assumptions (P) and (H) hold then there exist fundamen-tal solutions Γ i(t, x; τ, ξ) of the equations F i[ui](t, x) = 0, i ∈ S, and thefollowing inequalities hold :
|Γ i(t, x; τ, ξ)| ≤ c(t− τ)−m/2 exp

(
−µ

∗|x− ξ|2
4(t− τ)

)
, i ∈ S,for some µ∗ < µ where µ∗ depends on µ and H whereas c depends on µ, α, T.A proof of Lemma 1 an be found in [6, Chap. 1, Th. 2.1℄ or [7, Chap. 1,Se. 2�6℄.

Remark 1. Under the assumptions of Lemma 1 the following estimateson the derivatives of the fundamental solution hold:∣∣∣∣
∂

∂xj
Γ i(t, x; τ, ξ)

∣∣∣∣ ≤
c1

(t− τ)(m+1)/2
exp

(
−µ∗ |x− ξ|2

4(t− τ)

)
,

∣∣∣∣
∂

∂t
Γ i(t, x; τ, ξ)

∣∣∣∣,
∣∣∣∣

∂2

∂xj∂xk
Γ i(t, x; τ, ξ)

∣∣∣∣ ≤
c2

(t− τ)(m+2)/2
exp

(
−µ∗ |x− ξ|2

4(t− τ)

)

for all 0 ≤ τ < t ≤ T, x, ξ ∈ R
m, i ∈ S and j, k = 1, . . . ,m.We an also obtain Hölder ontinuity onditions with δ ∈ (0, 1]:

|Γ i(t, x; τ, ξ) − Γ i(t, x; τ, ξ)|

≤ c0,δ

(t− τ)(m+δ)/2
exp

(
−µ∗ |x− ξ|2

4(t− τ)

)
[|t− t|δ/2 + |x− x|δ],

∣∣∣∣
∂

∂xj
Γ i(t, x; τ, ξ) − ∂

∂xj
Γ i(t, x; τ, ξ)

∣∣∣∣

≤ c1,δ

(t− τ)(m+1+δ)/2
exp

(
−µ∗ |x− ξ|2

4(t− τ)

)
[|t− t|δ/2 + |x− x|δ]for all 0 ≤ τ < t ≤ t ≤ T, x, x, ξ ∈ R

m, i ∈ S and j, k = 1, . . . ,m. A proof ofthis an be found in [6, Chap. 1℄.The above inequalities imply immediately\
Rm

|Γ i(t, x; τ, ξ)| dξ ≤ and
\

Rm

∣∣∣∣
∂

∂xj
Γ i(t, x; τ, ξ)

∣∣∣∣ dξ ≤ C1(t− τ)−1/2

for i ∈ S, j = 1, . . . ,m, where C = c(4π/µ∗)m/2 and C1 = c1(4π/µ
∗)m/2.The notation for onstants whih appear in Lemma 1 and Remark 1 will bevalid throughout the paper.



Existene for in�nite systems of paraboli equations 127Now, for eah η ∈ CS(Ω) we de�ne the operator F = {Fi}i∈S by setting
F
i[η](t, x) := f i(t, x, η), i ∈ S.Using the fundamental solutions and the operator F we an transform thedi�erential problem (1), (2) into the integral system

(3) ui(t, x) =
\

Rm

Γ i(t, x; 0, ξ)ϕi(ξ) dξ +

t\
0

\
Rm

Γ i(t, x; τ, ξ)Fi[u](τ, ξ) dξ dτfor t > 0, x ∈ R
m.

Definition. A funtion u ∈ CS(Ω) is said to be a C-solution of thedi�erential problem (1), (2) in Ω if it satis�es the system of integral equa-tions (3).To end this setion we reall a ertain tehnial lemma whih will be usedlater.
Lemma 2. If 0 ≤ B < A then\

Rm

exp(−A|x− ξ|2 +B|ξ|2) dξ =

(
π

A−B

)m/2

exp

(
AB

A−B
|x|2

)
.This follows from the equality

−A|x− ξ|2 +B|ξ|2 =
n∑

i=1

AB

A−B
x2
i −

(√
A−B ξi −

A√
A−B

x2
i

)2

.Changing variables as follows: zi =
√
A−B ξi − A√

A−B x
2
i , and making useof the fat that T

Rm exp (−|z|2) dz = πm/2 for z = (z1, . . . , zm), we obtainthe result.3. Bounded solutions. Reall that in [10℄ we proved the existene anduniqueness of a bounded solution for the problem (1), (2). The main ideaof the proof was as follows. In the spae CBS(Ω) we de�ned an operator Tby the right-hand sides of the integral system (3). Then using the Banah�xed point theorem we found the unique solution of the equation u = T[u]in that spae with respet to a weighted norm ‖ · ‖0,ψ (of Bieleki type, f.[5℄). The result was obtained under the lassial assumptions, i.e.
Assumption 1.

(C) f i(·, ·, s) is ontinuous for all i and s;
(L) f i satis�es the Lipshitz ondition in s uniformly with respet to

(t, x) and i, i.e. ∃L > 0 ∀i ∈ S ∀(t, x) ∈ Ω ∀s, s̃ ∈ CBS(Ω)

|f i(t, x, s) − f i(t, x, s̃)| ≤ L‖s− s̃‖0;

(B) ∃M0 > 0 ∀i ∈ S ∀(t, x) ∈ Ω |f i(t, x, 0)| ≤M0.



128 A. PudeªkoThe de�nition of C-solution and analysis of the lassial results suggestthat it is possible to obtain similar existene theorems under weaker ondi-tions. Namely, one an replae ontinuity onditions by Carathéodory typeonditions, i.e. integrability of the right-hand sides with respet to t, and re-plae the Lipshitz onstants in the lassial Lipshitz ondition by suitableintegrable funtions. This approah admits a weak singularity at t = 0+,that is, we an onsider L(t) = t−β, β ∈ [0, 1).Now, we formulate the Carathéodory type onditions.
Assumption 2.

(Ct) f
i(t, ·, s) ∈ C(Rm) and f i(·, x, s) ∈ L1[0, T ] for all i;

(Lt) f
i satis�es the Lipshitz ondition in s uniformly with respet to

(t, x) and i, i.e. ∃L ∈ L1[0, T ] ∀i ∈ S ∀(t, x) ∈ Ω ∀s, s̃ ∈ CBS(Ω)

|f i(t, x, s) − f i(t, x, s̃)| ≤ L(t)‖s− s̃‖0;

(Bt) ∃M0 ∈ L1[0, T ] ∀i ∈ S ∀(t, x) ∈ Ω |f i(t, x, 0)| ≤M0(t).An example of f = {f i}i∈S whih satis�es these onditions is
f i(t, x, u) =

t/2\
0

m(t− τ)Ai(u(t, x)) dτ

where A = {Ai}i∈S satis�es the Lipshitz ondition with respet to thenorm ‖ · ‖B(S) uniformly with respet to i ∈ S and supi∈S |Ai(0)| <∞, and
m is a funtion suh that t 7→ Tt/2

0 |m(t − τ)| dτ is integrable on [0, T ]; e.g.
m(t) = 1/t1+β with β ∈ (0, 1) and Ai =

∑i+k
j=i−k ajz

i where k is a positiveinteger and {an}n∈N is a bounded sequene.
Theorem 1. Let assumptions (H) and (P) hold. Let f = {f i}i∈S satisfyAssumption 2 and ϕ ∈ CBS(Rm). Then there exists a unique C-solution uof the problem (1), (2) in Ω.Proof. The proof is analogous to that in [10℄. Let ψ(t) be a nondereasingontinuous funtion de�ned on [0, T ] whih satis�es the inequality

t\
0

CL(τ)ψ(τ) dτ ≤ θψ(t), 0 < θ < 1;

for example ψ(t) = exp{(C/θ)
Tt
0 L(τ) dτ}. Let the operator T = {Ti}i∈S bede�ned by the right-hand side of (3), i.e. for t > 0, x ∈ R

m,

T
i[u](t, x) =

\
Rm

Γ i(t, x; 0, ξ)ϕi(ξ) dξ +

t\
0

\
Rm

Γ i(t, x; τ, ξ)Fi[u](τ, ξ) dξ dτ.



Existene for in�nite systems of paraboli equations 129For u = T[z], u = T[z], and z, z ∈ CBS(Ω) we have
|ui(t, x) − ui(t, x)| ≤ ‖z − z‖0,ψ

t\
0

CL(τ)ψ(τ) dτ ≤ θ‖z − z‖0,ψ ψ(t).

This shows that T de�nes a ontration from the spae CBS(Ω) into itselfwith respet to the weighted norm ‖ · ‖0,ψ, where
‖z‖0,ψ := sup

{ |zi(t, x)|
ψ(t)

: (t, x) ∈ Ω, i ∈ S

}
.The boundedness of T[z] is an easy onsequene of Assumption 2 and theestimate

‖T[z]‖0 ≤ C
(
K + ‖z‖0

t\
0

L(τ)ψ(τ) dτ +

t\
0

M0(τ)ψ(τ) dτ
)
.

Next, we reall that the C-solution of the problem (1), (2) in Ω obtainedunder lassial assumptions has ontinuous �rst order x-derivatives in Ω withno additional assumption.In ase of Carathéodory type assumptions, it is also possible to obtainontinuous x-di�erentiability, but under stronger assumptions.First, we introdue the following notation:
uϕ(t, x) :=

\
Rm

Γ i(t, x; 0, ξ)ϕi(ξ) dξ.

Proposition 1. Suppose that all assumptions of Theorem 1 hold and
(Bϕ) ∃Mϕ ∈ L1[0, T ] ∀i ∈ S ∀(t, x) ∈ Ω |f i(t, x, uϕ)| ≤Mϕ(t).Then the C-solution u satis�es the inequality

(4) ‖u− uϕ‖0,t ≤ G(t) :=

t\
0

CMϕ(τ) exp
(
C

t\
τ

L(s) ds
)
dτ.Furthermore, if

(5) ∃M > 0 ∃δ ∈ (0, 1) ∀t ∈ [0, T ]

t\
0

Mϕ(τ) + L(τ)G(τ)

(t− τ)(δ+1)/2
dτ < Mand

(6) lim
hց0

h

t−h2\
0

(Mϕ(τ) + L(τ)G(τ))(t− τ)−1 dτ = 0, t > 0,then the �rst order x-derivatives of u in Ω exist and are ontinuous.



130 A. PudeªkoProof. To obtain (4) we estimate the di�erene u− uϕ in the same wayas we proved the boundedness of T[z] in the previous theorem:
|(u− uϕ)(t, x)| ≤

t\
0

\
Rm

|Γ i(t, x; τ, ξ)f i(τ, ξ, u)| dξ dτ

≤
t\
0

\
Rm

|Γ i(t, x; τ, ξ)|(|Fi[u](τ, ξ) − F
i[uϕ](τ, ξ)| + |Fi[uϕ](τ, ξ)|) dξ dτ.

Then by (Bϕ), (Lt), and (V),
|(u− uϕ)(t, x)| ≤

t\
0

C(Mϕ(τ) + L(τ)‖u− uϕ‖0,τ ) dτ,and the Gronwall lemma yields (4).De�ne
Iij :=

\
Rm

∂

∂xj
Γ i(t, x; τ, ξ)Fi[u](τ, ξ) dξ for i ∈ S, j = 1, . . . ,m.By Remark 1, for all i ∈ S and j = 1, . . . ,m,

|Iij| ≤
\

Rm

c1

(t− τ)m/2
exp

{
−µ∗

(x− ξ)2

t− τ

}
1√
t− τ

(Mϕ(τ) + L(τ)G(τ)) dξ

≤ C1√
t− τ

(Mϕ(τ) + L(τ)G(τ)).From (5) it follows that the integrals Tt0 Iij dτ are almost uniformly onvergentfor all t, x where (t, x) ∈ Ω, whih implies the di�erentiability of u withrespet to x. Their ontinuity an be obtained from the estimate
∣∣∣∣
t\
0

\
Rm

∂

∂xj
Γ i(t, x; τ, ξ)Fi[u](τ, ξ) dξ dτ−

t\
0

\
Rm

∂

∂xj
Γ i(t, x; τ, ξ)Fi[u](τ, ξ) dξ dτ

∣∣∣∣

≤ c1,1

(
4π

µ∗

)m/2 t\
0

(Mϕ(τ) + L(τ)G(τ))

√
t− t

t− τ
dτ

+ C1

t\
t

(Mϕ(τ) + L(τ)G(τ))
1√
t− τ

dτ

+ c1,δ

(
4π

µ∗

)m/2 t\
0

(Mϕ(τ) + L(τ)G(τ))
|x− x|δ

(t− τ)(1+δ)/2
dτ

for all 0 ≤ t < t ≤ T, x, x, ξ ∈ R
m, i ∈ S and j, k = 1, . . . ,m.



Existene for in�nite systems of paraboli equations 131Thus, taking h =
√
t− t and making use of (5) and (6) one an see thatTt

0 I
i
j dτ are ontinuous in x and ontinuous in t uniformly with respet to xfor all i ∈ S and j = 1, . . . ,m. This implies the ontinuity of the �rst order

x-derivatives of the C-solution and ends the proof of Proposition 1.4. Unbounded solutions. This setion is devoted to the existene of aunique solution for the problem (1), (2) in the lass of ontinuous funtionswhih satisfy the growth ondition |ui(t, x)| ≤ D exp (d|x|2). Without thisondition, the initial-valued problem in an unbounded domain is ill-posed,as shown by Tikhonov's well known example [11℄. The results in this setionare similar to those onerning bounded solutions, but there is an importantdi�erene: the solutions in the previous setion were global in time, whereasif the initial data and right-hand sides are unbounded then the solutions mayblow up.We denote by C+ the spae of all positive, real-valued, ontinuous andnondereasing funtions de�ned on the set [0, T ].For w ∈ CS(Ω) we de�ne the following family of weighted norms ofBieleki type:
‖w‖2,φ := sup

i∈S
sup

(t,x)∈Ω

|wi(t, x)|
exp(φ(t)|x|2) ,

‖w‖2,φ,ψ := sup
i∈S

sup
(t,x)∈Ω

|wi(t, x)|
ψ(t)[φ(t)]m/2 exp(φ(t)|x|2) ,where φ, ψ ∈ C+. Let E2,φ

S be the spae of all funtions w ∈ CS(Ω) suhthat
∃D ≥ 0 ∀(t, x) ∈ Ω ∀i ∈ S |wi(t, x)| ≤ D exp (φ(t)|x|2)for every φ ∈ C+. We notie that the spae E2,φ

S endowed with the norm
‖ · ‖2,φ is a Banah spae. If ψ, φ ∈ C+, then

ψ(0)[φ(0)]n/2‖w‖2,φ,ψ ≤ ‖w‖2,φ ≤ ψ(T )[φ(T )]n/2‖w‖2,φ,ψ,whih shows that the weighted norms ‖ · ‖2,φ and ‖ · ‖2,φ,ψ are equivalent.This immediately implies that E2,φ
S with the norm ‖·‖2,φ,ψ is a Banah spaeas well.

Assumption 3.(K) ∃K ≥ 0 ∀i ∈ S ∀x ∈ R
m |ϕi(x)| ≤ K exp (φ(0)|x|2);(C) f i(·, ·, s) is ontinuous for eah i ∈ S;(B) ∃M0 ≥ 0 ∀i ∈ S ∀(t, x) ∈ Ω |f i(t, x, 0)| ≤M0 exp(φ(t)|x|2).An example of f = {f i}i∈S whih satis�es the onditions from Assump-tion 3 and ondition (L) whih appears in the assumptions of Theorem 2 is



132 A. Pudeªko
f i(t, x, u) =

t\
0

m(t− τ)Ai(u(t, x)) dτ

where m is a funtion suh that TT0 |m(T − τ)| dτ < ∞ and A = {Ai}i∈Ssatis�es the Lipshitz ondition with respet to the norm ‖ · ‖B(S) uniformlywith respet to i ∈ S and supi∈S |Ai(0)| <∞.

Theorem 2. Let assumptions (H) and (P) hold. Let φ ∈ C+ be a fun-tion satisfying the inequality
µ∗φ(τ)

µ∗ − 4φ(τ)(t− τ)
≤ φ(t) for 0 ≤ τ ≤ t ≤ T,where µ∗ is the onstant whih appeared in Lemma 1. Let Assumption 3 besatis�ed and let ψL(t) := exp{CLt/θ}, where 0 < θ < 1, L > 0. Moreover ,suppose that the operator generated by f = {f i}i∈S satis�es the followingondition:(L) ∃L > 0 ∀i ∈ S ∀s, s̃ ∈ E2,φ

S

‖Fi[s] − F
i[s̃]‖2,φ,ψL

≤ L‖s− s̃‖2,φ,ψL
.Then there exists a unique solution u ∈ E2,φ

S of the problem (1), (2).
Remark 2. In order to avoid the dependene of the left hand side on L,ondition (L) an be written in the following equivalent form:(L′) ∃L > 0 ∀i ∈ S ∀s, s̃ ∈ E2,φ

S

|f i(t, x, s) − f i(t, x, s̃)| ≤ L‖s− s̃‖2,φ,ψL
ψL(t)[φ(t)]m/2 exp (φ(t)|x|2).Before giving a proof of Theorem 2 we give an example of a funtion φ(t)satisfying the assumptions (f. [9℄): φ(t) = K/(1 − 4Kt) for 0 ≤ t < 1/4Kwith K ∈ R+. Sine the funtion φ(t) appears in the weighted norm theinequality µ∗φ(τ)

µ∗−4φ(τ)(t−τ) ≤ φ(t) determines the domain of existene of theunbounded solutions whih satisfy the desired growth ondition.Proof of Theorem 2. We show that the operator T de�ned by the right-hand side of (3) is a ontration from the spae E2,φ
S into itself with respetto the norm ‖ · ‖2,φ,ψL

.Let z, z ∈ E2,φ
S and u = T[z], u = T[z]. Owing to the de�nition of themapping T and the operator F,

|ui(t, x) − ui(t, x)| ≤
t\
0

\
Rm

|Γ i(t, x; τ, ξ)| |f i(τ, ξ, z) − f i(τ, ξ, z)| dξ dτ

=

t\
0

\
Rm

|Γ i(t, x; τ, ξ)| |Fi[z](τ, ξ) − F
i[z](τ, ξ)| dξ dτ
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=

t\
0

\
Rm

|Γ i(t, x; τ, ξ)| |Fi[z](τ, ξ) − F
i[z](τ, ξ)|

ψL(τ)[φ(τ)]m/2 exp(φ(τ)|ξ|2)

× ψL(τ)[φ(τ)]m/2 exp(φ(τ)|ξ|2) dξ dτ.By ondition (L) and Lemma 1 one an further estimate as follows:
|ui(t, x) − ui(t, x)|

≤ L‖z − z‖2,φ,ψL

t\
0

\
Rm

|Γ i(t, x; τ, ξ)|ψL(τ)[φ(τ)]m/2 exp(φ(τ)|ξ|2) dξ dτ

≤ L‖z − z‖2,φ,ψL

t\
0

ψL(τ)[φ(τ)]m/2
\

Rm

|Γ i(t, x; τ, ξ)| exp(φ(τ)|ξ|2) dξ dτ

≤ L‖z − z‖2,φ,ψL

t\
0

ψL(τ)[φ(τ)]m/2
\

Rm

c(t− τ)−m/2

× exp

(
−µ

∗|x− ξ|2
4(t− τ)

)
exp(φ(τ)|ξ|2) dξ dτ.Now, from Lemma 2 we obtain

|ui(t, x) − ui(t, x)|

≤ cL‖z − z‖2,φ,ψL

t\
0

ψL(τ)[φ(τ)]m/2(t− τ)−m/2
(

4π(t− τ)

µ∗ − 4φ(τ)(t− τ)

)m/2

× exp

(
µ∗φ(τ)|x|2

µ∗ − 4φ(τ)(t− τ)

)
dτ

≤ cL‖z − z‖2,φ,ψL

t\
0

ψL(τ)

(
4πφ(τ)

µ∗ − 4φ(τ)(t− τ)

)m/2

× exp

(
µ∗φ(τ)|x|2

µ∗ − 4φ(τ)(t− τ)

)
dτ.Due to the property of the funtion φ(t) we have

exp

(
µ∗φ(τ)|x|2

µ∗ − 4φ(τ)(t− τ)

)
≤ exp(φ(t)|x|2),whih implies

|ui(t, x) − ui(t, x)|

≤ cL

(
4π

µ∗

)m/2

‖z − z‖2,φ,ψL
[φ(t)]m/2 exp(φ(t)|x|2)

t\
0

ψL(τ) dτ

≤ [φ(t)]m/2ψL(t) exp(φ(t)|x|2)θ‖z − z‖2,φ,ψL
.
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(7) ‖T [z] − T [z]‖2,φ,ψL

≤ θ‖z − z‖2,φ,ψL
.This means that the operator T is a ontration with respet to the weightednorm ‖·‖2,φ,ψL

. The inequality (7) also implies the boundedness of T[z] withrespet to this norm:
‖T[z]‖2,φ,ψL

≤ ‖T[0]‖2,φ,ψL
+‖T[z]−T[0]‖2,φ,ψL

≤ C(K+M0T )+θ‖z‖2,φ,ψL
.Therefore, from the Banah ontration priniple it follows that thereexists a unique �xed point u = {ui}i∈S in E2,φ

S of the mapping T, whihmeans that the problem (1), (2) has a unique C-solution satisfying the growthondition |ui(t, x)| ≤ D exp(φ(t)|x|2) in Ω. Theorem 2 is proved.
Remark 3. In Theorem 2 we assumed that the operator generated bythe right-hand sides of (1) satis�es the Lipshitz type ondition with respetto the weighted norm ‖ · ‖2,φ,ψL

. This ondition is stronger than the lassialone, but the example for the heat equation with funtional dependene from[9℄ shows that the latter is not enough for the funtional ase when the initialdata and right-hand sides are unbounded. But, in the ase of non-funtionaldependene as well as in the ase of funtional dependene but in spaes ofbounded ontinuous funtions, the lassial Lipshitz ondition is su�ient,as was shown in [10℄.If we know more about funtional dependene and an e�etively es-timate the norm of the operator whih determines that dependene, theLipshitz ondition with respet to the weighted norm an be weakened, butnot to the lassial one. An example is the Hale operator and the resultsinluded in [3℄.As in the previous setion we an allow a weak singularity at t = 0+ byformulating the theorem under a Carathéodory type ondition.
Assumption 4.(Ct) f i(t, ·, s) ∈ C(Rm) and f i(·, x, s) ∈ L1[0, T ] for all i ∈ S;(Bt) ∃M0 ∈ L1[0, T ] ∀i ∈ S ∀(t, x) ∈ Ω

|f i(t, x, 0)| ≤M0(t) exp(φ(t)|x|2).
Theorem 3. Let (H) and (P) hold. Let φ ∈ C+ be a funtion satisfying

µ∗φ(τ)

µ∗ − 4φ(τ)(t− τ)
≤ φ(t) for 0 ≤ τ ≤ t ≤ T,where µ∗ is the onstant whih appeared in Lemma 1. Let ondition (K)from Assumption 3 be satis�ed and let ψL(t) := exp{(C/θ)

Tt
0 L(τ) dτ}, where

0 < θ < 1 and L ∈ L1[0, T ]. Moreover , suppose that Assumption 4 holds andthe funtion f = {f i}i∈S satis�es the following Lipshitz ondition:



Existene for in�nite systems of paraboli equations 135(Lt ) ∃L ∈ L1[0, T ] ∀i ∈ S ∀(t, x) ∈ Ω ∀s, s̃ ∈ E2,φ
S

|f i(t, x, s) − f i(t, x, s̃)| ≤ L(t)‖s− s̃‖2,φ,ψL
ψL(t)[φ(t)]m/2 exp (φ(t)|x|2).Then there exists a unique solution u ∈ E2,φ

S of the problem (1), (2).We omit the proof, sine it is analogous to the proof of Theorem 2.
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