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Expli
it di�eren
e s
hemes for nonlineardi�erential fun
tional paraboli
 equationswith time dependent 
oe�
ients�
onvergen
e analysisby A. Poliński (Gda«sk)
Abstra
t. We study the initial-value problem for paraboli
 equations with time de-pendent 
oe�
ients and with nonlinear and nonlo
al right-hand sides. Nonlo
al termsappear in the unknown fun
tion and its gradient. We analyze 
onvergen
e of expli
it�nite di�eren
e s
hemes by means of dis
rete fundamental solutions.1. Introdu
tion. The paper presents a 
onvergen
e analysis for expli
it�nite di�eren
e methods (FDM's) 
onsistent with paraboli
 equations whoseleading terms are time dependent. The right-hand side 
ontains nontrivialnonlo
al operators (delays, integrals), a
ting on the unknown fun
tion andits derivatives. We show that dis
rete solutions and their spatial di�eren
equotients 
onverge uniformly to the exa
t solution and its gradient. Unlike[1℄, [4℄, [7℄, [8℄ the maximum prin
iple is not appli
able in that 
ase be
ausethe gradient essentially depends on fun
tional arguments (delays, integrals).We generalize some results of [6℄, where an analogous 
onvergen
e theoremhas been proven for a nonlo
al heat equation, i.e., the leading term wasjust the Lapla
ean. Our nonlo
al terms, main assumptions and ideas arebasi
ally the same. We exploit the 
on
ept of mat
hing sequen
es of indi
es,whi
h leads to an a priori estimate of di�eren
es of the dis
rete fundamentalsolution. Unlike [6℄ we do not arrive at these estimates by dire
t analysis ofpaired sequen
es, but by an elegant 
ombinatorial Lemma 4, whose idea isadapted from some results of Littlewood, O�ord, Katona and Kleitman [5℄.Owing to this lemma it be
omes possible to estimate 
ompli
ated expressionsin the presen
e of variable 
oe�
ients ak(t).The organization of the paper is as follows: 1) formulation of the di�eren-tial-fun
tional problem and standard assumptions on 
oer
ivity and bound-2000 Mathemati
s Subje
t Classi�
ation: Primary 35R10; Se
ondary 65M06, 65M12,35K15.Key words and phrases: �nite di�eren
e, stability, paraboli
, nonlo
al.[97℄



98 A. Poli«skiedness of the leading term, 2) formulation of the di�eren
e s
heme and aux-iliary lemmas on the positivity of its 
oe�
ients and properties of a dis
retefundamental solution, 3) the 
ru
ial Lemma 5 on estimates of �nite dif-feren
es between two values of the fundamental solution, 4) formulation ofassumptions on the right-hand side fun
tion, natural in the 
onsisten
y andstability theory of di�eren
e s
hemes, 5) dedu
tion of the 
onvergen
e the-orem from the 
onsisten
y and stability lemmas, 6) numeri
al experimentsin R
2.1.1. Formulation of the di�erential and di�eren
e problem. Given d > 0and τ0, τ1, . . . , τn ∈ R+, set [−τ, τ ] = [−τ1, τ1] × . . . × [−τn, τn], E = [0, d]

×R
n, E0 = [−τ0, 0]×R

n and B = [−τ0, 0]×[−τ, τ ]. Denote by C(B, R) the setof all 
ontinuous fun
tions from B to R. If u : E0 ∪ E → R and (t, x) ∈ E,then we de�ne the Hale-type fun
tional u(t,x) : B → R by u(t,x)(s, y) =
u(t + s, x + y) for (s, y) ∈ B. If U = (u1, . . . , un) : E0 ∪ E → R

n, then
U(t,x) = ((u1)(t,x), . . . , (un)(t,x)).Suppose that ak : [0, d] → R and φ : E0 → R are 
ontinuous, f : Ω → R,where Ω := E × C(B, R) × C(B, Rn). Consider the Cau
hy problem

∂tu(t, x) =
n∑

k=1

ak(t)∂xkxk
u(t, x) + f(t, x, u(t,x), (∂xu)(t,x)) on E,(1)

u(t, x) = φ(t, x) on E0.(2)We will use the following assumptions; the �rst implies 
oer
ivity of thedi�erential operator −∑n
k=1 ak(t)∂xkxk

, whereas the se
ond guarantees thestability of the di�eren
e problem, as well as the uniform boundedness ofthe 
oe�
ients ak(·).Assumption 1. ak(t) ≥ ε0 > 0 for k = 1, . . . , n and t ∈ [0, d].Assumption 2. There are positive numbers C1, . . . , Cn su
h that
1 −

n∑

k=1

2C2
kak(t) ≥ 0, t ∈ [0, d].Fix C1, . . . , Cn ∈ (0,∞). De�ne the set of admissible steps:

(3) IC = {h = (h0, h
′) : h0 ∈ (0, d), h′ = (h1, . . . , hn) ∈ R

n
+,

h2
i C

2
i = h0 (i = 1, . . . , n)}.It is seen that the time step h0 is proportional to h2

i . Re
all that expli
its
hemes are stable for su�
iently small 
oe�
ients Ci.We introdu
e a regular mesh. Set tα = αh0 and xβ = (β1h1, . . . , βnhn) for
α ∈ Z and β ∈ Z

n. Let Zh = {(tα, xβ) : (α, β) ∈ Z
1+n}. De�ne E0

h = E0∩Zh,
Eh = E ∩ Zh, Ẽh = E0

h ∪ Eh, E+
h = {(tα, xβ) ∈ Eh : (tα+1, xβ) ∈ Eh}, Bh =
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B ∩ Zh. We will use the di�eren
e operators δ+

0 , δk and δkk (k = 1, . . . , n)de�ned by
δ+
0 u(α,β) =

u(α+1,β) − u(α,β)

h0
,

δku
(α,β) =

u(α,β+ek) − u(α,β−ek)

2hk
,

δkku
(α,β) =

u(α,β+ek) − 2u(α,β) + u(α,β−ek)

h2
k

,where ek = (δ1,k, . . . , δn,k) and δj,k is the Krone
ker symbol for j, k =
1, . . . , n. The di�eren
e operators δ+

0 , δk, δkk approximate the respe
tivepartial derivatives ∂t, ∂xk
and ∂xkxk

. For all tα ∈ [0, d] de�ne
c
(α)
0 = 1 −

n∑

k=1

2h0

h2
k

ak(t
α), c

(α)
± ek

=
h0

h2
k

ak(t
α) (k = 1, . . . , n).

Put c
(α)
s = 0 for all remaining multiindi
es s ∈ Z

n and all α ≥ 0.Lemma 1. If Assumptions 1 and 2 are satis�ed and h ∈ IC , then
∑

s∈Zn

c(α)
s = 1, c(α)

s ≥ 0, for tα ∈ [0, d], s ∈ Z
n.

The �nite di�eren
e approximation of problem (1)�(2) takes the form
δ+
0 u(α,β) =

n∑

k=1

a
(α)
k δkku

(α,β) + f [u](α,β) on E+
h ,(4)

u(α,β) = φ
(α,β) on E0

h,(5)where a
(α)
k = ak(t

α), φ is a dis
rete perturbed 
ounterpart of φ,
f [u](α,β) = fh(tα, xβ, u[α,β], (δu)[α,β]), δu = (δ1u, . . . , δnu),(6)

u[α,β](t
α̃, xβ̃) = u(tα̃+α, xβ̃+β) for (tα̃, xβ̃) ∈ Bh,

(δu)[α,β] = ((δ1u)[α,β], . . . , (δnu)[α,β]),and fh : E+
h × BhR × (BhR)n → R. Here BhR denotes the set of all realfun
tions de�ned on Bh. Equation (4) 
an be rewritten in the expli
it form

u(α+1,β) =
∑

s∈Zn

c(α)
s u(α,β+s) + h0f [u](α,β).(7)

Formula (7) is 
ru
ial in our further theoreti
al 
onsiderations. First weinvestigate basi
 properties of solutions of su
h equations.



100 A. Poli«ski1.2. Auxiliary statementsLemma 2. Suppose that Assumptions 1 and 2 are satis�ed. If h ∈ IC ,
g : E+

h → R and u : Ẽh → R satis�es the equation
u(α+1,β) =

∑

s∈Zn

c(α)
s u(α,β+s) + h0g

(α,β) on E+
h ,(8)then

‖u‖∞(α + 1) ≤ ‖u‖∞(0) + h0

α∑

µ=0

‖g‖∞(µ)(9)
≤ ‖u‖∞(0) + tα+1‖g‖∞(α),where ‖v‖∞(α) = supα̃≤α, β∈Zn |v(α̃,β)| for any dis
rete fun
tion (α, β) 7→

v(α,β), and there exists a unique representation of the solution
u(α,β) =

∑

η∈Zn

Γ (α,β,0,η)u(0,η)(10)
+h0

α∑

ζ=1

∑

η∈Zn

Γ (α,β,ζ,η)g(ζ−1,η) on Eh,

where Γ (α,β,ζ,η) is the dis
rete fundamental solution, determined by the re-
urren
e relations
Γ (α,β,α,η) = δ0,|β−η|,(11)

Γ (α+1,β,ζ,η) =
∑

s∈Zn

c(α)
s Γ (α,β+s,ζ,η), 0 ≤ ζ ≤ α,(12)where δ0,|β−η| is the Krone
ker symbol.Proof. It follows from (8) that

|u(α+1,β)| ≤
∑

s∈Zn

|c(α)
s u(α,β+s)| + h0|g(α,β)|.By Lemma 1 we have the re
urren
e inequality

‖u‖∞(α + 1) ≤ ‖u‖∞(α) + h0‖g‖∞(α).This 
ompletes the proof of estimate (9).Now we prove (10)�(12) by indu
tion on α. For α = 0, (10) follows from(11), whi
h is obvious. Assume that (10) holds for some α ≥ 0. It followsfrom (8), (10) and (12) that
u(α+1,β) =

∑

s∈Zn

c(α)
s

{ ∑

η∈Zn

Γ (α,β+s,0,η)u(0,η) + h0

α∑

ζ=1

∑

η∈Zn

Γ (α,β+s,ζ,η)g(ζ−1,η)
}

+ h0g
(α,β)
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=

∑

η∈Zn

u(0,η)
∑

s∈Zn

c(α)
s Γ (α,β+s,0,η)

+ h0

α∑

ζ=1

∑

η∈Zn

g(ζ−1,η)
∑

s∈Zn

c(α)
s Γ (α,β+s,ζ,η) + h0g

(α,β).

Sin
e this relation holds for arbitrary fun
tions u(0,η) and g, we have (12),and (10) for α + 1. This 
ompletes the proof.Remark 1. It follows from Lemma 2 that
Γ (α,β,ζ,η) =

∑

s1∈Zn

. . .
∑

sα−ζ∈Zn

α−ζ∏

i=1

c(α−i)
si

δ
0,|η−β−

∑α−ζ
i=1

si|
.We now give further properties of the dis
rete fundamental solution. Thefollowing lemma is a simple 
onsequen
e of Lemma 1 and the re
urren
erelations (11) and (12).Lemma 3. Under the assumptions of Lemma 2 we have

Γ (α,β,ζ,η) ≥ 0,
∑

η∈Zn

Γ (α,β,ζ,η) = 1(13)for α, ζ = 0, 1, . . . with α ≥ ζ and β ∈ Z
n.To obtain a priori estimates of the di�eren
e operators for the fundamen-tal solution we will use the following lemma. The symbol ⌊r⌋ stands for theinteger part of r ∈ R, i.e., the integer k su
h that k ≤ r < k + 1.Lemma 4. If 0 < b ≤ 1/2, then

i∑

k=0

(
i

k

)
(1 − 2b)i−kbk

(
k

⌊k/2⌋

)
≤ 1√

2b(i + 1)
.Proof. From a version of the Stirling formula [5℄ we have

i∑

k=0

(
i

k

)
(1 − 2b)i−kbk

(
k

⌊k/2⌋

)
≤

i∑

k=0

(
i

k

)
(1 − 2b)i−kbk 2k

√
k + 1

.By the S
hwarz inequality, we get
i∑

k=0

(
i

k

)
(1 − 2b)i−kbk 2k

√
k + 1

≤
( i∑

k=0

(
i

k

)
(1 − 2b)i−k(2b)k 1

k + 1

)1/2( i∑

k=0

(
i

k

)
(1 − 2b)i−k(2b)k

)1/2

=

( i∑

k=0

(
i

k

)
(1 − 2b)i−k(2b)k 1

k + 1

)1/2

.



102 A. Poli«skiSin
e (
i

k

)
1

k + 1
=

(
i + 1

k + 1

)
1

i + 1
,we have

i∑

k=0

(
i

k

)
(1 − 2b)i−k(2b)k 1

k + 1
≤ 1

(i + 1)2b

i+1∑

k=0

(
i + 1

k

)
(1 − 2b)i+1−k(2b)k

=
1

(i + 1)2b
.Hen
e the assertion follows.Lemma 5. If Assumptions 1 and 2 are satis�ed , and h ∈ IC , then

α∑

ζ=1

∑

η∈Zn

|Γ (α,β+ej ,ζ,η) − Γ (α,β−ej ,ζ,η)| ≤ 4

√
α√
2εwhere

0 < ε = min
j=1,...,n, α≥0

c
(α)
+ej

.Proof. We prove this in three steps:(a) some redu
tions and simpli�
ations are made in
∆Γ (α,ζ) =

∑

η∈Zn

|Γ (α,β+ej ,ζ,η) − Γ (α,β−ej ,ζ,η)|,

(b) ∆Γ (α,ζ) is shown to be an a�ne and de
reasing fun
tion in the vari-ables c
(γ)
±ej

(ζ ≤ γ < α),(
) the assertion of Lemma 5 is dedu
ed from Assumption 1 and Lem-ma 4.
Step (a). Without loss of generality we assume that j = 1, hen
e

∆Γ (α,ζ) =
∑

η∈Zn

|Γ (α,β+e1,ζ,η) − Γ (α,β−e1,ζ,η)|.

Thus from Remark 1 we have
∆Γ (α,ζ) =

∑

η∈Zn

∣∣∣
∑

s1∈Zn

. . .
∑

sα−ζ∈Zn

α−ζ∏

i=1

c(α−i)
si

δ
0,|η−β−e1−

∑α−ζ
i=1

si|

−
∑

s1∈Zn

. . .
∑

sα−ζ∈Zn

α−ζ∏

i=1

c(α−i)
si

δ
0,|η−β+e1−

∑α−ζ
i=1

si|

∣∣∣.

Be
ause ea
h multiindex in Z
n 
an be de
omposed as me1 +η, where η1 = 0and m ∈ Z, we rearrange the above formula as follows:
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(14) ∆Γ (α,ζ) =

∑

m∈Z

∑

η∈Zn, η1=0

∣∣∣
∑

∑
i si=(m+1)e1+η

α−ζ∏

i=1

c(α−i)
si

−
∑

∑
i si=(m−1)e1+η

α−ζ∏

i=1

c(α−i)
si

∣∣∣.

Observe that
∑

∑
i si=(m+1)e1+η

α−ζ∏

i=1

c(α−i)
si

−
∑

∑
i si=(m−1)e1+η

α−ζ∏

i=1

c(α−i)
si

≥ 0(15)
i� |m + 1| ≤ |m − 1|, i.e., m ≤ 0. This follows from the fa
t that c

(γ)
s =

c
(γ)
−s . Thus for all m ≤ 0, there is an inje
tion from the set of multiindi
es

(s1, . . . , sα−ζ) for whi
h
∑

i

si = (m − 1)e1 + η, η1 = 0to the set of multiindi
es (s1, . . . , sα−ζ) for whi
h
∑

i

si = (m + 1)e1 + η, η1 = 0.A similar (reverse) inje
tion 
an be found for all m > 0. The 
onstru
-tion of the inje
tion is based on a proper repla
ement of some 
oe�
ients
c
(α−l)
sl

= c
(α−l)
+e1

by c
(α−l)
s̄l

= c
(α−l)
−e1

. In the 
ase of m = 0, the above inje
tion
(s1, . . . , sα−ζ) 7→ (s1, . . . , sα−ζ) be
omes a bije
tion. Hen
e by (14) and (15)we have

∆Γ (α,ζ) =
∑

η∈Zn,η1=0

( ∑
∑

i si=−e1+η

α−ζ∏

i=1

c(α−i)
si

+
∑

∑
i si=η

α−ζ∏

i=1

c(α−i)
si

+
∑

∑
i si=η

α−ζ∏

i=1

c(α−i)
si

+
∑

∑
i si=+e1+η

α−ζ∏

i=1

c(α−i)
si

)
,

be
ause all remaining terms 
an
el ea
h other. Sin
e c
(γ)
+e1

= c
(γ)
−e1

we 
anrewrite the above formula as
∆Γ (α,ζ) = 2

∑

η∈Zn, η1=0

( ∑
∑

i si=η

α−ζ∏

i=1

c(α−i)
si

+
∑

∑
i si=+e1+η

α−ζ∏

i=1

c(α−i)
si

)(16)
or ∆Γ (α,ζ) = ∆Γ

(α,ζ)
0 + ∆Γ

(α,ζ)
+1 , where

∆Γ (α,ζ)
m = 2

∑

η∈Zn, η1=0

∑
∑

i si=me1+η

α−ζ∏

i=1

c(α−i)
si

, m ∈ Z.(17)
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e we have to 
onsider only sequen
es (s1, . . . , sα−ζ) su
h that
( α−ζ∑

i=1

si = 0 + η, η1 = 0
) or ( α−ζ∑

i=1

si = +e1 + η, η1 = 0
)
.(18)The sequen
es will be 
lassi�ed a

ording to the appearan
e of si = +e1,

si = −e1 and other indi
es. Let J = {1, . . . , α − ζ}. Denote by A and Bany disjoint subsets of J whose 
ardinalities satisfy either #A = #B or
#B = #A − 1. The set A is related to indi
es s = +e1, while the set B toindi
es s = −e1, so 
ondition (18) is met. Sin
e A∩B = ∅ and A∪B ⊂ J itis obvious that 2#A ≤ #J +1. We have c

(γ)
+e1

= c
(γ)
−e1

and A∩B = ∅, so it will
ause no 
onfusion if we use c
(γ)
±e1

instead of c
(γ)
+e1

and c
(γ)
−e1

to simplify someof the formulas. For any �xed k ∈ J and any (si)i6=k, the sum over sk ∈ Z
n,

sk 6= ±e1 (part of the sum over η in (16)), yields (1−2c
(α−k)
±e1

)
∏

i∈J,i6=k c
(α−i)
si .Thus we 
an represent ∆Γ (α,ζ) as follows:

(19) ∆Γ (α,ζ) = 2
∑

A,B⊂J
A∩B=∅

#A−#B∈{0,1}

∏

k∈A

c
(α−k)
+e1

∏

k∈B

c
(α−k)
−e1

∏

k∈J\(A∪B)

(1 − 2c
(α−k)
±e1

).

This �nishes the proof of step (a).
Step (b). It follows from (19) that ∆Γ (α,ζ) is an a�ne fun
tion withrespe
t to c

(α−k)
±e1

for all k ∈ J . Indeed, this is straightforward be
ause kbelongs either to A, B or J \ (A ∪ B). Now we show by indu
tion on α > ζthat ∆Γ (α,ζ) is de
reasing with respe
t to all arguments c
(γ)
±e1

. This is obviousfor α = ζ + 1 (see (16) for ∆Γ (ζ+1,ζ)). Assume that ∆Γ (α,ζ) de
reases in all
c
(γ)
±e1

. We will prove it for ∆Γ (α+1,ζ). It su�
es to 
onsider c
(α)
±e1

, be
ause theproof for arbitrary ζ ≤ γ ≤ α is analogous. We will show that
∆Γ (α,ζ)(1 − c

(α)
±e1

) ≤ ∆Γ (α+1,ζ) ≤ ∆Γ (α,ζ) − c
(α)
±e1

∏

i∈J

(1 − 2c
(α−i)
±e1

),(20)i.e., ∆Γ (α+1,ζ) is an a�ne fun
tion, bounded by two a�ne de
reasing fun
-tions with the same value at 0. Thus ∆Γ (α+1,ζ) is de
reasing in c
(α)
±e1

.Now we prove (20). By multiplying c
(α)
s by appropriate ∆Γ

(α,ζ)
m (see (17)and (18)) and summing them over s ∈ Z

n, we get the re
urren
e formula for
∆Γ (α+1,ζ):

∆Γ (α+1,ζ) =(1 − c
(α)
+e1

− c
(α)
−e1

)∆Γ
(α,ζ)
0 + c

(α)
+e1

∆Γ
(α,ζ)
0 + c

(α)
−e1

∆Γ
(α,ζ)
+2(21)

+(1 − c
(α)
+e1

− c
(α)
−e1

)∆Γ
(α,ζ)
+1 + c

(α)
+e1

∆Γ
(α,ζ)
−1 + c

(α)
−e1

∆Γ
(α,ζ)
+1

= ∆Γ (α,ζ) − c
(α)
±e1

(∆Γ
(α,ζ)
0 − ∆Γ

(α,ζ)
+2 ).By omitting in (21) the nonnegative terms c

(α)
−e1

∆Γ
(α,ζ)
+1 and c

(α)
−e1

∆Γ
(α,ζ)
+2 , we
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e ∆Γ
(α,ζ)
0 
ontains sequen
es of 
oe�
ientswithout any indi
es si = ±e1, whi
h sum to ∏

i∈J (1 − 2c
(α−i)
±e1

), we get thestronger version of (15), namely ∆Γ
(α,ζ)
0 ≥ ∆Γ

(α,ζ)
+2 +

∏
i∈J(1−2c

(α−i)
±e1

). Thisgives the upper bound in (20). This �nishes the proof of (b).
Step (
). It follows from Assumption 1 that c

(γ)
±e1

≥ ε > 0. From step(b) and formula (19) we have the inequality
∆Γ (α,ζ) ≤ 2

∑

A,B⊂J
A∩B=∅

#A−#B∈{0,1}

∏

k∈A∪B

ε
∏

k∈J\(A∪B)

(1 − 2ε).

Let i = #(A∪B). Observe that 0 ≤ i ≤ α− ζ. Thus by basi
 
ombinatori
swe have
∆Γ (α,ζ) ≤ 2

α−ζ∑

i=0

(
α − ζ

i

)(
i

⌊i/2⌋

)
(1 − 2ε)α−ζ−iεi.Applying Lemma 4, we get

∆Γ (α,ζ) ≤ 2
1√

2ε(α − ζ + 1)
.(22)Finally, summing over ζ in (22) yields

α∑

ζ=1

∑

η∈Zn

|Γ (α,β+e1,ζ,η) − Γ (α,β−e1,ζ,η)| ≤ 4

√
α√
2ε

.Hen
e the proof of Lemma 5 is 
omplete.Now from Lemmas 2, 3 and 5 we getCorollary 1.
|δju

(α+1,β)| ≤ ‖δju‖∞(0) + Cj

√
2tα+1

√
ε

‖g‖∞(α).

2. Stability and 
onvergen
e. The defe
t of s
heme (4)�(5) will bede�ned by
Θ[u, h](α,β) = δ+

0 u(α,β) −
n∑

k=1

a
(α)
k δkku

(α,β) − f [u](α,β).If Θ[u, h](α,β) ≡ 0, then {u(α,β)} is a solution of s
heme (4)�(5). We formulatesu�
ient 
onsisten
y and stability 
onditions. All supremum norms will bedenoted by ‖ · ‖∞.Assumption 3. There are 
onstants L1, L2 ∈ R+ su
h that
|fh(t, x, p, q) − fh(t, x, p̃, q̃)| ≤ L1‖p − p̃‖∞ + L2‖q − q̃‖∞for all (t, x, p, q), (t, x, p̃, q̃) ∈ E+

h × BhR × (BhR)n.



106 A. Poli«skiThe above assumption is similar to the third part of Assumption H[fh, σh℄in [2℄.Assumption 4. The dis
rete fun
tion fh = f [u](α,β) (see (6)) satis�es
|fh(tα, xβ , u[α,β], (δu)[α,β]) − f(tα, xβ, u(tα,xβ), (∂xu)(tα,xβ))| ≤ C‖h‖∞for all (tα, xβ) ∈ E+

h , with a 
onstant C depending on u, ∂x1
u, . . . , ∂xnu,where u : E0 ∪ E → R.It 
an be shown (see [3℄) that there exists an interpolation operator Thsu
h that Thw ∈ C(B, R) for arbitrary w : Bh → R, and there exist 
onstants

C̆, C > 0 su
h that
|Th(v|Bh

)(t, x) − v(t, x)| ≤ C̆‖h‖∞ for v ∈ C1(B)and
‖Thw − Thw‖∞ ≤ C‖w − w‖∞ for w, w : Bh → R.If we de�ne

fh(t, x, p, q) = f(t, x, Thp, Thq)for (t, x, p, q) ∈ E+
h ×BhR×(BhR)n, then Assumption 4 is satis�ed, providedthat f = f(t, x, p, q) ful�lls the Lips
hitz 
ondition with respe
t to p, q and

u ∈ C2(E0 ∪ E, R).Assumption 5. There exists a unique solution u ∈ C2,3(E0 ∪ E, R) ofthe Cau
hy problem (1), (2).Lemma 6 (
onsisten
y). Suppose that Assumptions 4 and 5 are satis�edand ‖φ(α,β)−φ
(α,β)‖∞ → 0 as ‖h‖∞ → 0. Then s
heme (4), (5) is 
onsistentwith the Cau
hy problem (1), (2) on its solution u ∈ C2,3(E0 ∪ E, R).Proof. The 
onsisten
y is obtained by using the Taylor expansions atnodal points (an analogous result was proved in [6℄).Lemma 7 (stability). If u, v : Ẽh → R and Assumption 3 is satis�ed ,and

|u(α,β) − v(α,β)| ≤ Č‖h‖∞ on E0
h,

|δj(u − v)(α,β)| ≤ C̃‖h‖∞ on E0
h, j = 1, . . . , n,

Θ[u, h](α,β) = 0, |Θ[v, h](α,β)| ≤ C‖h‖∞ on E+
h ,

L1d + Ĉ
√

2/ε
√

d L2 < 1, where Ĉ = max
j∈{1,...,n}

Cjthen
sup
α,β

‖(u(α,β) − v(α,β), δ(u − v)(α,β))‖∞ → 0 as ‖h‖∞ → 0.
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tional equations 107Proof. Set
ω(α,β) = u(α,β) − v(α,β), γ(α,β) = f [u](α,β) − f [v](α,β) − Θ[v, h](α,β).From Lemma 2 and Corollary 1 it follows that
‖ω‖∞(α + 1) ≤ ‖ω‖∞(0) + tα+1‖γ‖∞(α)

≤ ‖ω‖∞(0) + tα+1{L1‖ω‖∞(α) + L2‖δω‖∞(α)} + tα+1C‖h‖∞and
‖δω‖∞(α + 1) ≤ ‖δω‖∞(0) + Ĉ

√
2/ε

√
tα+1 ‖γ‖∞(α)

≤ ‖δω‖∞(0) + Ĉ
√

2/ε
√

tα+1 {L1‖ω‖∞(α) + L2‖δω‖∞(α)}
+CĈ

√
2/ε

√
tα+1 ‖h‖∞.Observe that

L1t
α+1 + Ĉ

√
2/ε

√
tα+1 L2 ≤ κ < 1 for 0 ≤ tα+1 ≤ d,where κ := L1d + Ĉ

√
2/ε

√
d L2. If we set

ζ(α) = L1‖ω‖∞(α) + L2‖δω‖∞(α),then
ζ(α+1) ≤ ζ(0) + (L1t

α+1 + Ĉ
√

2/ε
√

tα+1 L2)ζ
(α)

+(L1t
α+1 + Ĉ

√
2/ε

√
tα+1 L2)C‖h‖∞.Hen
e

‖ζ‖∞ ≤ 1

1 − κ
(C̃‖h‖∞ + Č‖h‖∞) +

κ

1 − κ
C‖h‖∞.Thus ‖ζ‖∞ tends to 0 as ‖h‖∞ → 0, whi
h means that so do ‖ω‖∞ and

‖δω‖∞.Theorem 1 (
onvergen
e). Suppose that Assumptions 3�5 are satis�ed ,
L1d + Ĉ

√
2/ε

√
d L2 < 1 and
‖(φ(α,β) − φ

(α,β)
, δ(φ − φ)(α,β)‖∞ = O(‖h‖∞).(23)Then the solutions of s
heme (4), (5) 
onverge to the unique solution of thedi�erential-fun
tional problem (1), (2).Proof. The assertion follows from Lemmas 6 and 7.Remark 2. The assumption on the 
lass of the solution of (1), (2) inLemma 6 and Assumption 5 
an be weakened to C1,2, but in that 
ase we getin Theorem 1 only ‖ζ‖∞ = o(1) instead of ‖ζ‖∞ = O(‖h‖∞). If we assume
lass C2,4 and the estimate by O(‖h‖2

∞) in Assumption 4 and (23), then weget ‖ζ‖∞ = O(h0 + ‖h′‖2
∞) = O(‖h′‖2

∞) (see [3℄).



108 A. Poli«ski3. Numeri
al experiments. Fix n = 2 and 
onsider the equations
(24) ∂tu(t, x1, x2) −

2∑

k=1

ak(t)∂xkxk
u(t, x1, x2) = f1(t, x1, x2),

(25) ∂tu(t, x1, x2) −
2∑

k=1

ak(t)∂xkxk
u(t, x1, x2)

= sin(u(t, x1 + sin(x1), x2)) + f2(t, x1, x2),

(26) ∂tu(t, x1, x2) −
2∑

k=1

ak(t)∂xkxk
u(t, x1, x2)

= sin
(x1+1\

x1−1

u(t, s, x2) ds
)

+ f3(t, x1, x2),

(27) ∂tu(t, x1, x2) −
2∑

k=1

ak(t)∂xkxk
u(t, x1, x2)

= sin(∂x1
u(t, x1, x2)) + f4(t, x1, x2),

(28) ∂tu(t, x1, x2) −
2∑

k=1

ak(t)∂xkxk
u(t, x1, x2)

= sin(∂x1
u(t, x1 + sin(x1), x2)) + f5(t, x1, x2),

(29) ∂tu(t, x1, x2) −
2∑

k=1

ak(t)∂xkxk
u(t, x1, x2)

= sin(∂x1
u(t − τ0, x1, x2)) + f6(t, x1, x2),

(30) ∂tu(t, x1, x2) −
2∑

k=1

ak(t)∂xkxk
u(t, x1, x2)

= sin(u(t − τ0, x1, x2)) + f7(t, x1, x2),

(31) ∂tu(t, x1, x2) −
2∑

k=1

ak(t)∂xkxk
u(t, x1, x2)

= sin
( t\

t−τ0

x1+1\
x1−1

u(s, z, x2) dz ds
)

+ f8(t, x1, x2).

Consider two sample fun
tions (a1(t), a2(t)):
• 
ase I: a1(t) = a2(t) = 2 + sin(t),
• 
ase II: a1(t) = a2(t) =

{
1 + t, t ∈ [0, 0.5),

2 − t, t ∈ [0.5, 1].
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tional equations 109We have performed numeri
al experiments for equations (24)�(31) inboth 
ases. The results have been 
ompared with the pres
ribed solution
u(t, x, y) = cos(t sin(t + x1 + x2)).The right-hand sides f1(t, x1, x2), . . . , f8(t, x1, x2) are de�ned so as to make

u a solution. Sin
e the 
omputations require a large amount of time and 
om-puter memory (espe
ially for small h0), the domain 
onsidered in the 
om-putations is restri
ted to [0, 1]× [−11, 11]2 with boundary values equal to theinitial values at t = 0. This may 
ause large errors near the boundary, so wepresent the maximal errors on a smaller domain, namely [0, 1]× [−1, 1]2. Themaximal errors on [0, 1]×[−1, 1]2 are presented in Tables 1�2 and 3�4, respe
-tively. The errors for analogous tests on a smaller domain, e.g. [0, 1]×[−6, 6]2turn out to be larger than those listed above. All numeri
al experiments 
on-�rm 
onvergen
e of a dis
rete fun
tion to the exa
t solution.A
knowledgements. We are grateful to the reviewer for his valuableremarks, whi
h improved the entire paper.Table 1. The maximal error on [0, 1]×[−1, 1]2, h̃ = h1 = h2 = 1/n and h0 = 1/(12n2+1)

h̃ 1/5 1/10 1/20
t-interval [0, 0.5] [0, 1] [0, 0.5] [0, 1] [0, 0.5] [0, 1](24) 1.06e-03 3.85e-03 2.66e-04 9.58e-04 6.66e-05 2.41e-04(25) 1.14e-03 4.20e-03 2.85e-04 1.05e-03 7.13e-05 2.63e-04(26) 9.87e-04 3.66e-03 2.47e-04 9.11e-04 6.19e-05 2.29e-04(27) 1.09e-03 3.88e-03 2.73e-04 9.79e-04 6.86e-05 2.45e-04(28) 1.15e-03 3.96e-03 2.89e-04 9.85e-04 7.20e-05 2.50e-04(29) (τ0 = 0.5) 1.06e-03 3.83e-03 2.66e-04 9.53e-04 6.66e-05 2.39e-04(29) (τ0 = 0.25) 1.06e-03 3.77e-03 2.66e-04 9.39e-04 6.66e-05 2.36e-04(30) (τ0 = 0.5) 1.06e-03 3.81e-03 2.66e-04 9.49e-04 6.66e-05 2.38e-04(30) (τ0 = 0.25) 1.06e-03 3.76e-03 2.65e-04 9.35e-04 6.64e-05 2.35e-04(31) (τ0 = 0.5) 8.41e-04 1.73e-03 2.11e-04 4.35e-04 5.30e-05 1.09e-04(31) (τ0 = 0.25) 8.42e-04 1.73e-03 2.11e-04 4.36e-04 5.30e-05 1.09e-04

Table 2. The maximal error for ux(t, x, y) with the same parameters as in Table 1
h̃ 1/5 1/10 1/20
t-interval [0, 0.5] [0, 1] [0, 0.5] [0, 1] [0, 0.5] [0, 1](27) 2.02e-03 7.20e-03 5.08e-04 1.80e-03 1.28e-04 4.50e-04(28) 2.30e-03 7.98e-03 5.85e-04 2.02e-03 1.47e-04 5.06e-04(29) (τ0 = 0.5) 2.02e-03 7.13e-03 5.06e-04 1.78e-03 1.27e-04 4.45e-04(29) (τ0 = 0.25) 2.01e-03 7.27e-03 5.05e-04 1.81e-03 1.26e-04 4.54e-04



110 A. Poli«skiTable 3. The maximal error on [0, 1]× [−1, 1]2, h̃ = h1 = h2 = 1/n and h0 = 1/(6n2 +1)

h̃ 1/5 1/10 1/20
t-interval [0, 0.5] [0, 1] [0, 0.5] [0, 1] [0, 0.5] [0, 1](24) 1.34e-03 4.34e-03 3.37e-04 1.08e-03 8.47e-05 2.71e-04(25) 1.48e-03 5.05e-03 3.73e-04 1.26e-03 9.36e-05 3.16e-04(26) 1.20e-03 3.99e-03 3.02e-04 9.95e-04 7.58e-05 2.49e-04(27) 1.46e-03 4.79e-03 3.67e-04 1.20e-03 9.22e-05 2.99e-04(28) 1.47e-03 4.69e-03 3.74e-04 1.18e-03 9.32e-05 2.96e-04(29) (τ0 = 0.5) 1.34e-03 4.34e-03 3.37e-04 1.09e-03 8.47e-05 2.72e-04(29) (τ0 = 0.25) 1.32e-03 4.13e-03 3.37e-04 1.03e-03 8.44e-05 2.59e-04(30) (τ0 = 0.5) 1.34e-03 4.31e-03 3.37e-04 1.07e-03 8.47e-05 2.69e-04(30) (τ0 = 0.25) 1.33e-03 4.26e-03 3.36e-04 1.06e-03 8.43e-05 2.66e-04(31) (τ0 = 0.5) 1.67e-03 3.44e-03 4.22e-04 8.70e-04 1.06e-04 2.18e-04(31) (τ0 = 0.25) 1.67e-03 3.45e-03 4.22e-04 8.71e-04 1.06e-04 2.18e-04

Table 4. The maximal error for ux(t, x, y) with the same parameters as in Table 3
h̃ 1/5 1/10 1/20
t-interval [0, 0.5] [0, 1] [0, 0.5] [0, 1] [0, 0.5] [0, 1](27) 2.42e-03 8.52e-03 6.16e-04 2.16e-03 1.54e-04 5.39e-04(28) 2.91e-03 1.08e-02 7.44e-04 2.75e-03 1.89e-04 6.98e-04(29) (τ0 = 0.5) 2.40e-03 8.10e-03 6.05e-04 2.03e-03 1.52e-04 5.09e-04(29) (τ0 = 0.25) 2.35e-03 8.44e-03 5.92e-04 2.10e-03 1.49e-04 5.28e-04
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