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Controllability results for �rst and seond order evolutioninlusions with nonloal onditionsby L. Górniewicz (Toru«), S. K. Ntouyas (Ioannina)and D. O’Regan (Galway)Abstrat. We prove ontrollability results for �rst and seond order semilinear dif-ferential inlusions in Banah spaes with nonloal onditions.1. Introdution. In this paper, we give some ontrollability results for�rst and seond order semilinear di�erential inlusions in a real Banahspae, with nonloal onditions.In Setion 3 we study ontrollability for �rst order semilinear nonloalinitial value problems of the form
y′(t) ∈ Ay(t) + F (t, y(t)) + Bu(t), t ∈ J := [0, b],(1.1)

y(0) + f(y) = y0,(1.2)where F : J × E → P(E) is a multivalued map (P(E) is the family of allnonempty subsets of E), A : D(A) ⊂ E → E is the in�nitesimal generatorof a semigroup {T (t) : t ≥ 0}, y0 ∈ E, f : C(J,E) → E is ontinuous and Ea real separable Banah spae with norm | · |. Also the ontrol funtion u(·)is in L2(J, U), where U is a Banah spae. Finally, B is a bounded linearoperator from U to E.A speial ase of the nonloal ondition is studied in Setion 4. In Se-tion 5 we onsider the problem (1.1)�(1.2) where A : D(A) ⊂ E → E is anondensely de�ned losed linear operator.In Setion 6 we study ontrollability for initial value problems of the form
y′′(t) ∈ Ay(t) + F (t, y(t)) + Bu(t), t ∈ J,(1.3)
y(0) + f(y) = y0, y′(0) + f1(y) = η,(1.4)2000 Mathematis Subjet Classi�ation: Primary 93B05.Key words and phrases: semilinear di�erential inlusions, ontrollability, nonloal on-ditions, semigroup, osine funtions, integrated semigroups, �xed point, nonlinear alter-native. [65℄



66 L. Górniewiz et al.where A is the in�nitesimal generator of a family of osine operators {C(t) :
t ≥ 0}, η ∈ E and F, y0, f,B, u are as in problem (1.1)�(1.2) and f1 :
C(J,E) → E is ontinuous.The study of nonloal onditions for evolution equations was initiatedby Byszewski. We refer the reader to [5℄ and the referenes therein for amotivation. The nonloal onditions an be applied in physis and are morenatural than the lassial initial ondition y(0) = y0. For example, f(y) maybe given by

f(y) =

p∑

i=1

ciy(ti),where ci, i = 1, . . . , p, are given onstants and 0 < t1 < · · · < tp ≤ b.Reently in [11℄ we studied existene results for the problems (1.1)�(1.2)and (1.3)�(1.4) where B = 0, by assuming the existene of maximal solutionsto appropriate problems. Controllability results for these problems (with
f1 = 0) were given in [3℄. However, the results in [3℄ are inorret sinethe onstants M0 on page 39 and M0 on page 103 depend on the solution.Here we orret these results using �xed point methods, in partiular thenonlinear alternative for single-valued and Kakutani maps, Kakutani's �xedpoint theorem and a seletion theorem for lower semiontinuous maps.2. Preliminaries. In this setion, we introdue notations, de�nitions,and preliminary fats that are used throughout this paper.Let X be a subset of a metri linear spae. We onsider the followingsubsets of P(X) = {Y ⊂ X : Y 6= ∅}:

Pcl(X) = {Y ∈ P(X) : Y closed},

Pb(X) = {Y ∈ P(X) : Y bounded},

Pc(X) = {Y ∈ P(X) : Y convex},

Pcp(X) = {Y ∈ P(X) : Y compact},

Pc,cp(X) = Pc(X) ∩ Pcp(X) etc.A multivalued map G : X → P(X) is onvex-valued (resp. losed-valued) if
G(x) is onvex (resp. losed) for all x ∈ X. G is bounded on bounded sets if
G(B) :=

⋃
x∈BG(x) is bounded in X for all B ∈ Pb(X).

G is alled upper semiontinuous (u.s..) on X if for eah x0 ∈ X theset G(x0) is a nonempty, losed subset of X, and for eah open subset U of
X ontaining G(x0), there exists an open neighborhood V of x0 suh that
G(V) ⊆ U .

G is said to be ompletely ontinuous if G(B) is relatively ompat forevery B ∈ Pb(X). If G is ompletely ontinuous with nonempty ompatvalues, then G is u.s.. if and only if G has losed graph (i.e. xn → x∗,
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yn → y∗, yn ∈ G(xn) imply y∗ ∈ G(x∗)). G has a �xed point if there is x ∈ Xsuh that x ∈ G(x). The �xed point set of the multivalued operator G willbe denoted by FixG.A multivalued map N : J → Pcl(E) is said to be measurable if for every
y ∈ E, the funtion t 7→ d(y,N(t)) = inf{|y − z| : z ∈ N(t)} is measurable.For more details on multivalued maps see the books of Aubin and Cellina [2℄,Deimling [8℄, Górniewiz [10℄ and Hu and Papageorgiou [15℄.Let E be a Banah spae and B(E) be the Banah spae of boundedlinear operators on E.Definition 2.1. A C0 semigroup or a semigroup of lass (C0) is a one-parameter family {T (t) : t ≥ 0} ⊂ B(E) satisfying the onditions:(i) T (t) ◦ T (s) = T (t+ s) for t, s ≥ 0,(ii) T (0) = I (the identity operator in E),(iii) the map t 7→ T (t)x is strongly ontinuous for eah x ∈ E, i.e.

lim
t→0

T (t)x = x, ∀x ∈ E.The semigroup is uniformly ontinuous if
lim
t→0

‖T (t) − I‖ = 0.We note that if a semigroup T (t) is of lass (C0), then we have the growthondition ‖T (t)‖B(E) ≤ Meβt for 0 ≤ t < ∞, with some onstants M > 0and β ∈ R. If, in partiular, M = 1 and β = 0, i.e. ‖T (t)‖B(E) ≤ 1 for t ≥ 0,then T (t) is alled a ontration C0 semigroup.Definition 2.2. Let T (t) be a C0 semigroup on E. The in�nitesimalgenerator A of T (t) is the linear operator de�ned by
A(x) = lim

h→0

T (h)x− x

h
for x ∈ D(A),where

D(A) =

{
x ∈ E : lim

h→0

T (h)x− x

h
exists in E}

.Proposition 2.1. The in�nitesimal generator A is a losed linear anddensely de�ned operator in E. If x ∈ D(A), then T (t)x is a C1-map and
d

dt
T (t)x = A(T (t)x) = T (t)A(x) on [0,∞).It is well known ([18℄) that an operator A generates a C0 semigroup if(i) D(A) = E,(ii) the Hille�Yosida ondition holds, that is, there exist M ≥ 0 and

ω ∈ R suh that (ω,∞) ⊂ ̺(A), sup{(λI − ω)n|(λI −A)−n| : λ > ω,
n ∈ N} ≤M,where ̺(A) is the resolvent set of A and I is the identity operator.



68 L. Górniewiz et al.We say that a family {C(t) : t ∈ R} ⊂ B(E) is a strongly ontinuousosine family if(i) C(0) = I,(ii) C(t+ s) + C(t− s) = 2C(t)C(s) for all s, t ∈ R,(iii) the map t 7→ C(t)x is strongly ontinuous for eah x ∈ E.The strongly ontinuous sine family {S(t) : t ∈ R}, assoiated to a givenstrongly ontinuous osine family {C(t) : t ∈ R}, is de�ned by(2.1) S(t)x =

t\
0

C(s)x ds, x ∈ E, t ∈ R.The in�nitesimal generator A : E → E of a osine family {C(t) : t ∈ R} isde�ned by
A(x) =

d2

dt2
C(t)x

∣∣∣∣
t=0

.For more details on strongly ontinuous osine and sine families, we refer thereader to the books of Goldstein [12℄, Heikkila and Lakshmikantham [14℄ andFattorini [9℄, and the papers [20℄ and [21℄.Proposition 2.2 ([20℄). Let C(t), t ∈ R, be a strongly ontinuous osinefamily in E. Then:(i) there exist onstants M1 ≥ 1 and ω ≥ 0 suh that ‖C(t)‖ ≤ M1e
ω|t|for all t ∈ R;(ii) ‖S(t1) − S(t2)‖ ≤M1|

Tt1
t2
eω|s| ds| for all t1, t2 ∈ R.Definition 2.3. A multivalued map F : J ×E → Pc,cp(E) is said to be

L1-Carathéodory if:(i) t 7→ F (t, u) is measurable for eah u ∈ E;(ii) u 7→ F (t, u) is upper semiontinuous on E for almost all t ∈ J ;(iii) for eah ̺ > 0, there exists h̺ ∈ L1(J,R+) suh that
‖F (t, u)‖: = sup{|v| : v ∈ F (t, u)} ≤ h̺(t)for all |u| ≤ ̺ and for a.e. t ∈ J.The onsiderations of this paper are based on the following alternatives([13℄).Theorem 2.1 (Nonlinear alternative for single-valued maps). Let E bea Banah spae, C a losed , onvex subset of E, U an open subset of C and

0 ∈ U. Suppose that F : U → C is a ontinuous, ompat map (that is, F (U)is a relatively ompat subset of C). Then either(i) F has a �xed point in U, or(ii) there are u ∈ ∂U (the boundary of U in C) and λ ∈ (0, 1) with
u = λF (u).



Controllability results for evolution inlusions 69Theorem 2.2 (Nonlinear alternative for Kakutani maps). Let E be aBanah spae, C a losed onvex subset of E, U an open subset of C and
0 ∈ U. Suppose that F : U → Pc,cp(C) is an upper semiontinuous ompatmap. Then either(i) F has a �xed point in U, or(ii) there are u ∈ ∂U and λ ∈ (0, 1) with u ∈ λF (u).3. Controllability for �rst order semilinear di�erential inlusionswith nonloal onditions. We give ontrollability results for the problem(1.1)�(1.2) when the right hand side has onvex or nononvex values. Weassume �rst that F : J ×E → P(E) is ompat- and onvex-valued.Let us start by de�ning what we mean by a mild solution of problem(1.1)�(1.2).Definition 3.1. A funtion y ∈ C(J,E) is said to be a mild solutionof (1.1)�(1.2) if y(0) + f(y) = y0 and there exists v ∈ L1(J,E) suh that
v(t) ∈ F (t, y(t)) a.e. on J, and

y(t) = T (t)[y0 − f(y)] +

t\
0

T (t− s)[Bu(s) + v(s)] ds.Definition 3.2. The system (1.1)�(1.2) is said to be nonloally on-trollable on the interval J if for every y0, y1 ∈ E there exists a ontrol
u ∈ L2(J, U) suh that there exists a mild solution y(t) of (1.1)�(1.2) satis-fying y(b) + f(y) = y1.Theorem 3.1. Let F : J × E → Pc,cp(E). Suppose that :(3.1.1) F is L1-Carathéodory ;(3.1.2) B is a ontinuous operator from U to E and the linear operator W :

L2(J, U) → E, de�ned by
Wu =

b\
0

T (b− s)Bu(s) ds,has a bounded inverse W−1 : E → L2(J, U) suh that ‖B‖ ≤M1 and
‖W−1‖ ≤M2 for some positive onstants M1,M2;(3.1.3) f : C(J,E) → E is ontinuous and ompletely ontinuous (i.e. ftakes bounded subsets in C(J,E) into relatively ompat sets in E)and there exists a onstant G > 0 suh that |f(y)| ≤ G for all
y ∈ C(J,E);(3.1.4) A : D(A) ⊂ E → E is the in�nitesimal generator of a stronglyontinuous semigroup T (t), t ≥ 0, suh that for every t > 0, T (t) is aompat (ompletely ontinuous) operator and there exists a onstant
M > 0 suh that ‖T (t)‖B(E) ≤M for all t ≥ 0;



70 L. Górniewiz et al.(3.1.5) there exists a ontinuous nondereasing funtion ψ : [0,∞) → (0,∞)and p ∈ L1(J,R+) suh that
‖F (t, u)‖ ≤ p(t)ψ(|u|) for (t, u) ∈ J × Eand there exists a onstant M∗ > 0 with

M∗

C1 + (C2 +M)ψ(M∗)
Tb
0 p(s) ds

> 1,where
C1 = M(|y0| +G) + bMM1M2(|y1| +G+M |y0| +MG),

C2 = bM2M1M2;(3.1.6) given ε > 0, for any bounded subset D of C(J,E) there exists a δ > 0with |(T (h) − I)f(y)| < ε for all y ∈ D and h ∈ [0, δ].Then the problem (1.1)�(1.2) is nonloally ontrollable on J.Proof. Using hypothesis (3.1.2), for any y ∈ C(J,E) de�ne the ontrol
uy(t) = W−1

[
y1 − f(y) − T (b)(y0 − f(y)) −

b\
0

T (b− s)v(s) ds
]
(t),where

v ∈ SF,y := {v ∈ L1(J,E) : v(t) ∈ F (t, y(t)) for a.e. t ∈ J}.We will show that the operator N : C(J,E) → P(C(J,E)) de�ned by
N(y) :=

{
h ∈ C(J,E) : h(t) = T (t)[y0 − f(y)]

+

t\
0

T (t− s)[Buy(s) + v(s)] ds : v ∈ SF,y

}

has a �xed point, by proving that N is a ompletely ontinuous multivaluedmap, u.s.. with onvex values. The proof will be given in several steps.
Step 1. N(y) is onvex for eah y ∈ C(J,E).This is obvious, sine F has onvex values.
Step 2. N maps bounded sets into bounded sets.Indeed, it is enough to show that there exists a positive onstant ℓ suhthat for eah h ∈ N(y) with y ∈ Bq = {y ∈ C(J,E) : ‖y‖ = supt∈J |y(t)|

≤ q} one has ‖h‖ ≤ ℓ. If h ∈ N(y), then there exists v ∈ SF,y suh that foreah t ∈ J we have
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h(t) = T (t)[y0 − f(y)] +

t\
0

T (t− s)[Buy(s) + v(s)] ds.Observe that
|uy(t)| ≤M2

[
|y1| +G+M |y0| +MG+M

b\
0

|v(s)| ds
]

≤M2[|y1| +G+M |y0| +MG+M‖hq‖L1 ] =: H0;here hq is hosen as in De�nition 2.3. Thus for eah t ∈ J we get
|h(t)| ≤M |y0| +MG+ bMM1H0 +M

t\
0

|v(s)| ds

≤M |y0| +MG+ bMM1H0 +M‖hq‖L1 =: ℓ.Hene for eah h ∈ N(Bq) we have ‖h‖ ≤ ℓ.

Step 3. N sends bounded sets into equiontinuous sets.We onsider Bq as in Step 2 and let h ∈ N(y) for y ∈ Bq. Let ε > 0 and
τ1, τ2 ∈ J with τ2 > τ1. We onsider two ases.
Case 1. If τ1 > ε then

|h(τ2) − h(τ1)| ≤ |[T (τ2) − T (τ1)][y0 − f(y)]|

+

τ1−ε\
0

|[T (τ2 − s) − T (τ1 − s)][Buy(s) + v(s)]| ds

+

τ1\
τ1−ε

|[T (τ2 − s) − T (τ1 − s)][Buy(s) + v(s)]| ds

+

τ2\
τ1

|T (τ2 − s)[Buy(s) + v(s)]| ds

≤ |[T (τ2) − T (τ1)]y0| +M‖T (τ2 − τ1 + ε) − T (ε)‖B(E)|f(Bq)|

+M‖T (τ2 − τ1 + ε) − T (ε)‖B(E)

τ1−ε\
0

[M1H0 + hq(s)] ds

+ 2M

τ1\
τ1−ε

[M1H0 + hq(s)] ds+M

τ2\
τ1

[M1H0 + hq(s)] ds,where we have used the semigroup identities
T (τ2 − s) = T (τ2 − τ1 + ε)T (τ1 − s− ε), T (τ1 − s) = T (τ1 − s− ε)T (ε),

T (τ2) = T (τ2 − τ1 + ε)T (τ1 − ε), T (τ1) = T (τ1 − ε)T (ε).
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Case 2. Let τ1 ≤ ε. For τ2 − τ1 < ε we get
|h(τ2) − h(τ1)| ≤ |[T (τ2) − T (τ1)][y0 − f(y)]|

+

τ2\
0

|T (τ2 − s)[Buy(s) + v(s)]| ds

+

τ1\
0

|T (τ1 − s)[Buy(s) + v(s)]| ds

≤ |[T (τ2) − T (τ1)]y0| +M |T (τ2 − τ1)f(y) − f(y)|

+M

2ε\
0

[M1H0 + hq(s)] ds+M

ε\
0

[M1H0 + hq(s)] ds.Now equiontinuity follows sine (i) T (t), t ≥ 0, is a strongly ontinuoussemigroup, (ii) (3.1.6) holds and (iii) T (t) is ompat for t > 0 (so T (t) isontinuous in the uniform operator topology for t > 0).Fix 0 < t ≤ b and 0 < ε < t. For y ∈ Bq and v ∈ SF,y we de�ne
hε(t) = T (t)[y0 − f(y)] +

t−ε\
0

T (t− s)[Buy(s) + v(s)] ds

= T (t)[y0 − f(y)] + T (ε)

t−ε\
0

T (t− s− ε)[Buy(s) + v(s)] ds.Note that
{t−ε\

0

T (t− s− ε)[Buy(s) + v(s)] ds : y ∈ Bq and v ∈ SF,y

}

is a bounded set sine
∣∣∣
t−ε\
0

T (t− s− ε)[Buy(s) + v(s)] ds
∣∣∣ ≤M

t−ε\
0

[M1H0 + hq(s)] ds.Now sine T (t) is a ompat operator for t > 0, the set Yε(t) = {hε(t) : y ∈
Bq and v ∈ SF,y} is relatively ompat in E for every 0 < ε < t. Moreoverfor h = h0 we have

|h(t) − hε(t)| ≤M

t\
t−ε

[M1H0 + hq(s)] ds.Therefore, the set Y (t) = {h(t) : y ∈ Bq and v ∈ SF,y} is totally bounded.Hene Y (t) is relatively ompat in E.As a onsequene of Steps 2, 3 and the Arzelà�Asoli theorem we onludethat N : C(J,E) → P(C(J,E)) is ompletely ontinuous.
Step 4. N has losed graph.



Controllability results for evolution inlusions 73This step was proved in [3℄. For ompleteness we inlude the proof. Let
yn → y∗, hn ∈ N(yn) and hn → h∗. We shall prove that h∗ ∈ N(y∗). Now
hn ∈ N(yn) means that there exists vn ∈ SF,yn

suh that
hn(t) = T (t)[y0 − f(yn)] +

t\
0

T (t− s)[Buyn
(s) + vn(s)] ds, t ∈ J,where

uyn
(t) = W−1

[
y1 − f(yn) − T (b)(y0 − f(yn)) −

b\
0

T (b− s)vn(s) ds
]
(t).We must prove that there exists v∗ ∈ SF,y∗ suh that

h∗(t) = T (t)[y0 − f(y∗)] +

t\
0

T (t− s)[Buy∗ + v∗(s)] ds, t ∈ J,where
uy∗(t) = W−1

[
y1 − f(y∗) − T (b)(y0 − f(y∗)) −

b\
0

T (b− s)v∗(s) ds
]
(t).Set

uy(t) = W−1[y1 − f(y) − T (b)(y0 − f(y))](t).Sine f and W−1 are ontinuous, uyn
(t) → uy∗(t) for t ∈ J.We have

∥∥∥
(
hn − T (t)[y0 − f(yn)] −

t\
0

T (t− s)Buyn
(s) ds

)

−
(
h∗ − T (t)[y0 − f(y∗)] −

t\
0

T (t− s)Buy∗(s) ds
)∥∥∥ → 0

as n→ ∞. Consider the operator Γ : L1(J,E) → C(J,E) de�ned by
(Γv)(t) =

t\
0

T (t− s)
[
BW−1

(b\
0

T (b− τ)v(τ) dτ
)
(s) + v(s)

]
ds.Clearly, Γ is linear and ontinuous. Indeed,

‖Γv‖ ≤ bM(bMM1M2 + 1)‖v‖L1.It follows that Γ ◦ SF has losed graph ([17℄). Moreover,
hn(t) − T (t)[y0 − f(yn)] −

t\
0

T (t− s)Buyn
(s) ds ∈ Γ (SF,yn

).



74 L. Górniewiz et al.Sine yn → y∗, it follows that
h∗(t) = T (t)[y0 − f(y∗)] +

t\
0

T (t− s)[Buy∗(s) + v∗(s)] ds, t ∈ J,for some v∗ ∈ SF,y∗ .
Step 5. There exists an open set U ⊆ C(J,E) with y /∈ λNy for λ ∈

(0, 1) and y ∈ ∂U.Let λ ∈ (0, 1) and assume y ∈ λN(y). Then there exists v ∈ SF,y suhthat
y(t) = λT (t)[y0 − f(y)] + λ

t\
0

T (t− s)[Buy(s) + v(s)] ds, t ∈ J.This implies by our assumptions that for eah t ∈ J we have
|y(t)| ≤M(|y0| +G) +M

t\
0

p(s)ψ(‖y‖) ds+M

t\
0

|Buy(s)| ds

≤M(|y0| +G) +M

t\
0

p(s)ψ(‖y‖) ds

+MM1M2b
(
|y1| +G+M |y0| +MG+M

b\
0

p(s)ψ(‖y‖) ds
)

≤ C1 + C2ψ(‖y‖)
b\
0

p(s) ds+Mψ(‖y‖)
t\
0

p(s) ds.Consequently,
‖y‖

C1 + (C2 +M)ψ(‖y‖)
Tb
0 p(s) ds

≤ 1.Then by (3.1.5), there exists M∗ suh that ‖y‖ 6= M∗. Set
U = {y ∈ C(J,E) : ‖y‖ < M∗}.From the hoie of U there is no y ∈ ∂U suh that y ∈ λN(y) for some

λ ∈ (0, 1). As a onsequene of Theorem 2.2 we dedue that N has a �xedpoint and therefore the problem (1.1)�(1.2) is nonloally ontrollable.Remark 3.1. If ψ(u) = Aua + B where A ≥ 0, B ≥ 0, 0 ≤ a < 1 thenlearly (3.1.5) holds sine
lim

x→∞

x

C +Dxa
= ∞ for any C ≥ 0, D ≥ 0.For at most linear growth of F we have the followingTheorem 3.2. Assume that onditions (3.1.1)�(3.1.4) and (3.1.6) hold.In addition suppose that :



Controllability results for evolution inlusions 75(3.2.1) there exist p ∈ L1(J,R+) and positive onstants A1 and B1 suh that
‖F (t, u)‖ ≤ p(t)[A1|u| +B1] for (t, u) ∈ J ×E;(3.2.2) A1C2e

A1M
T
b

0
p(s)ds

b\
0

p(t)e−A1M
T
t

0
p(s)dsdt < 1, C2 = bM2M1M2.Then the problem (1.1)�(1.2) is nonloally ontrollable on J.Proof. Let λ ∈ (0, 1) and assume y ∈ λN(y) where N is as in Theorem3.1. For eah t ∈ J we have

|y(t)| ≤ C1 + C2

b\
0

p(s)[A1|y(s)| +B1] ds+M

t\
0

p(s)[A1|y(s)| +B1] ds.Let v(t) =
Tt
0 p(s)[A1|y(s)| +B1] ds. Then v(0) = 0 and

v′(t) = p(t)[A1|y(t)| +B1] ≤ p(t){A1[C1 + C2v(b) +Mv(t)] +B1}

≤ p(t)A1Mv(t) + p(t)A1C2v(b) + p(t)(A1C1 +B1).Multiply both sides by e−A1M
T
t

0
p(s)ds to get

(v(t)e−A1M
T
t

0
p(s) ds)′ ≤ A1C2v(b)p(t)e

−A1M
T
t

0
p(s) ds

+ p(t)(A1C1 +B1)e
−A1M

T
t

0
p(s) ds.Integrating from 0 to b we get

v(b)e−A1M
T
b

0
p(s) ds ≤ A1C2v(b)

b\
0

p(t)e−A1M
T
t

0
p(s) ds dt

+ (A1C1 +B1)

b\
0

p(t)e−A1M
T
t

0
p(s) ds dt,or

v(b) ≤
(A1C1 +B1)

Tb
0 p(t)e

−A1M
T
t

0
p(s) ds dt

e−A1M
T
b

0
p(s) ds −A1C2

Tb
0 p(t)e

−A1M
T
t

0
p(s) ds dt

=: K0.Thus ‖v‖ ≤ K0, so ‖y‖ ≤ C1 + (C2 + M)K0 ≡ K1. Set M∗ = K1 + 1 andnow apply the nonlinear alternative as in Theorem 3.1.Remark 3.2. Suppose ‖F (t, u)‖ ≤ A|u|a + B for A ≥ 0, B ≥ 0 and
0 ≤ a < 1. Now sine 0 ≤ a < 1 we may hoose A1 as small as we wish (inpartiular, so that (3.2.2) is satis�ed) and B1 large enough so that Axa+B ≤
A1x+B1 for x ≥ 0.In the next theorems we weaken the boundedness assumption on thefuntion f.Theorem 3.3. Suppose (3.1.1), (3.1.2), (3.1.4) and (3.1.6) hold. In ad-dition assume that :



76 L. Górniewiz et al.(3.3.1) f : C(J,E) → E is ontinuous and ompletely ontinuous and thereexists a ontinuous nondereasing funtion ψ : [0,∞) → [0,∞) with
|f(y)| ≤ ψ(‖y‖) for y ∈ C(J,E), lim sup

q→∞

ψ(q)

q
= α;(3.3.2) there exists a ontinuous funtion p ∈ L1[0, b] and a ontinuous non-dereasing funtion g : [0,∞) → [0,∞) suh that

‖F (t, y)‖ ≤ p(t)g(|y|), t ∈ J, y ∈ E,and
lim sup

q→∞

1

q
g(q)

b\
0

p(s) ds = β,where α+ β < 1.Then the problem (1.1)�(1.2) is nonloally ontrollable on J.Proof. We show that there exists a positive integer n0 ≥ 1 suh that
N(Bn0

) ⊂ Bn0
.Suppose that N(Bn0

) 6⊆ Bn0
for all n0 ≥ 1. Then there exist yn ∈ C(J,E)and hn ∈ N(yn) suh that ‖yn‖ ≤ n and ‖hn‖ > n. Then for every n ≥ 1,

n < ‖hn‖ ≤M |y0| +Mψ(‖yn‖) +M

t\
0

p(s)g(n) ds

+MM1M2b
(
|y1| + ψ(‖yn‖) +M |y0| +Mψ(‖yn‖)

+M

b\
0

p(s)g(n) ds
)
.Divide both sides by n to obtain

1 <
M |y0|

n
+
Mψ(‖yn‖)

n
+
M

n

t\
0

p(s)g(n) ds

+
1

n

[
MM1M2b

(
|y1| + ψ(‖yn‖) +M |y0| +Mψ(‖yn‖)

+M

b\
0

p(s)g(n) ds
)]

≤
M |y0|

n
+
Mψ(n)

n
+
M

n

t\
0

p(s)g(n) ds

+
1

n

[
MM1M2b

(
|y1| + ψ(n) +M |y0| +Mψ(n) +M

b\
0

p(s)g(n) ds
)]
.



Controllability results for evolution inlusions 77Now take the lim sup using (3.3.1) and (3.3.2), to onlude that 1 ≤ α+ β,whih is not true. Therefore there exists n0 ∈ N suh that N(Bn0
) ⊂ Bn0

.The proofs of the other steps are similar to those in Theorem 3.1. Weomit the details.Theorem 3.4. Suppose (3.1.1), (3.1.2), (3.1.4) and (3.1.6) hold. In ad-dition assume that :(3.4.1) f : C(J,E) → E is ontinuous and ompletely ontinuous and thereexists a ontinuous nondereasing funtion ψ : [0,∞) → [0,∞) with
|f(y)| ≤ ψ(‖y‖) for y ∈ C(J,E);(3.4.2) there exist a ontinuous nondereasing funtion g : [0,∞) → (0,∞)and p ∈ L1(J,R+) suh that

‖F (t, u)‖ ≤ p(t)g(|u|) for (t, u) ∈ J ×Eand there exists a onstant M ′
∗ > 0 with
M ′

∗

C ′
1 + [M + C2(1 +M)]ψ(M ′

∗) + (C2 +M)g(M ′
∗)
Tb
0 p(s) ds

> 1,where
C ′

1 = M |y0| + bMM1M2(|y1| +M |y0|), C2 = bMM1M2.Then the problem (1.1)�(1.2) is nonloally ontrollable on J.Proof. De�ne N as in the proof of Theorem 3.1. As there, we an provethat N is ompletely ontinuous. Let λ ∈ (0, 1) and assume y ∈ λN(y). Thenfor t ∈ J we have
y(t) = λT (t)[y0 − f(y)] + λ

t\
0

T (t− s)[Buy(s) + v(s)] ds.This implies that for eah t ∈ J ,
|y(t)| ≤M |y0| +Mψ(‖y‖) +M

t\
0

p(s)g(‖y‖) ds

+MM1M2b
(
|y1| + ψ(‖y‖) +M |y0| +Mψ(‖y‖)

+M

b\
0

p(s)g(‖y(s)‖) ds
)

≤ C ′
1 +Mψ(‖y‖) + C2(1 +M)ψ(‖y‖)

+ C2g(‖y‖)
b\
0

p(s) ds+Mg(‖y‖)
t\
0

p(s) ds.



78 L. Górniewiz et al.Consequently,
‖y‖

C ′
1 + (M + C2(1 +M))ψ(‖y‖) + (C2 +M)g(‖y‖)

Tb
0 p(s) ds

≤ 1.Then by (3.4.2), there exists M ′
∗ suh that ‖y‖ 6= M ′

∗. Set
U = {y ∈ C(J,E) : ‖y‖ < M ′

∗}.From the hoie of U there is no y ∈ ∂U suh that y = λN(y) for some
λ ∈ (0, 1). As a onsequene of Theorem 2.2, N has a �xed point y in U,and therefore the problem (1.1)�(1.2) is nonloally ontrollable.Next, we study the ase where F is not neessarily onvex-valued. Ourapproah here is based on Theorem 2.1 ombined with a seletion theoremdue to Bressan and Colombo [4℄ for lower semiontinuous multivalued oper-ators with deomposable values.Theorem 3.5. Suppose that :(3.5.1) F : J ×E → Pcp(E) and(a) (t, u) 7→ F (t, u) is L ⊗ B-measurable;(b) u 7→ F (t, u) is lower semiontinuous for a.e. t ∈ J ;(3.5.2) for eah ̺ > 0, there exists h̺ ∈ L1(J,R+) suh that

‖F (t, u)‖ ≤ h̺(t) for a.e. t ∈ J and u ∈ E with |u| ≤ ̺.In addition suppose (3.1.2)�(3.1.6) are satis�ed. Then the initial value prob-lem (1.1)�(1.2) has at least one solution.Proof. Assumptions (3.5.1) and (3.5.2) imply that F is lower semion-tinuous. Then there exists ([4℄) a ontinuous map p : C(J,E) → L1(J,E)suh that p(y) ∈ SF,y for all y ∈ C(J,E).Consider the problem
y′(t) −Ay(t) − Bu(t) = p(y)(t), t ∈ J,(3.1)

y(0) + f(y) = y0.(3.2)It is obvious that if y ∈ C(J,E) is a solution of the problem (3.1)�(3.2), then
y is a solution to (1.1)�(1.2).We transform the problem (3.1)�(3.2) into a �xed point problem by on-sidering the operator N : C(J,E) → C(J,E) de�ned by

N(y)(t) := T (t)[y0 − f(y)] +

t\
0

T (t− s)[Buy(s) + p(y)(s)] ds.We prove that N : C(J,E) → C(J,E) is ontinuous.Let yn → y in C(J,E). Then there is an integer q suh that ‖yn‖ ≤ q forall n ∈ N and ‖y‖ ≤ q. Then
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|N(yn)(t) −N(y)(t)|

≤M |f(yn) − f(y)| +MM1

t\
0

|uyn
(s) − uy(s)| ds

+M

t\
0

|p(yn)(s) − p(y)(s)| ds

≤M |f(yn) − f(y)| +MM1M2

t\
0

[
(1 +M)|f(yn) − f(y)|

+M

b\
0

|p(yn)(τ) − p(y)(τ)| dτ
]
ds+M

b\
0

|p(yn)(s) − p(y)(s)| ds.Then by the dominated onvergene theorem
‖N(yn) −N(y)‖ ≤M |f(yn) − f(y)| + bMM1M2(1 +M)|f(yn) − f(y)|

+ bM2M1M2‖p(yn) − p(y)‖L1 +M‖p(yn) − p(y)‖L1 → 0.Thus N is ontinuous. Also the argument in Theorem 3.1 shows that N isompletely ontinuous and that there is no y ∈ ∂U (U as de�ned in Theo-rem 3.1) suh that y = λN(y) for some λ ∈ (0, 1).As a onsequene of Theorem 2.1, N has a �xed point y whih is a solu-tion to problem (3.1)�(3.2), and hene the problem (1.1)�(1.2) is nonloallyontrollable.Theorem 3.6. Assume that (3.1.2), (3.1.4), (3.1.6), (3.4.1), (3.4.2),(3.5.1) and (3.5.2) are satis�ed. Then the problem (1.1)�(1.2) is nonloallyontrollable on J.4. A speial ase. In this setion we onsider a speial ase of thenonloal ondition, i.e. we onsider the following problem:
y′(t) ∈ Ay(t) + F (t, y(t)) + Bu(t), t ∈ J := [0, b],(4.1)

y(0) +

p∑

k=1

cky(tk) = y0,(4.2)where A,F, y0,B, u are as in (1.1)�(1.2) and 0 ≤ t1 < · · · < tp ≤ b, p ∈ N,
ck 6= 0, k = 1, . . . , p.As remarked by Byszewski [6℄ if ck 6= 0, k = 1, . . . , p, the results an beapplied to kinematis to determine the evolution t 7→ y(t) of the loation of aphysial objet for whih we do not know the positions y(0), y(t1), . . . , y(tp),but instead we know that the nonloal ondition (4.2) holds. Consequently,to desribe some physial phenomena, the nonloal ondition an be moreuseful than the standard initial ondition y(0) = y0. From (4.2) it is learthat when ck = 0, k = 1, . . . , p, we have the lassial initial ondition.



80 L. Górniewiz et al.A ontrollability result for the problem (4.1)�(4.2) was given in [3℄. How-ever, the result in [3℄ is inorret sine the onstant M̂ on page 74 dependson the solution. Here we prove ontrollability results for (4.1)�(4.2) usingTheorem 2.2.In the following we assume that the following ondition is satis�ed:(B1) The inverse operator
Θ :=

(
I +

p∑

k=1

ckT (tk)
)−1

exists and Θ ∈ B(E).Notie that Θ exists if M ∑p
k=1 |ck| < 1.Definition 4.1. A funtion y ∈ C(J,E) is said to be a mild solution of(4.1)�(4.2) if y(0) +

∑p
k=1 cky(tk) = y0 and there exists v ∈ L1(J,E) suhthat v(t) ∈ F (t, y(t)) a.e. on J, and

y(t) = T (t)Θy0 −

p∑

k=1

ckT (t)Θ

tk\
0

T (tk − s)v(s) ds

+

t\
0

T (t− s)[Bu(s) + v(s)] ds.Definition 4.2. The system (4.1)�(4.2) is said to be nonloally on-trollable on the interval J if for every y0, y1 ∈ E there exists a ontrol
u ∈ L2(J, U) suh that there exists a mild solution y(t) of (4.1)�(4.2) satis-fying y(b) +

∑p
k=1 cky(tk) = y1.Theorem 4.1. Let F : J × E → Pc,cp(E). Assume that (B1), (3.1.1),(3.1.2) and (3.1.4) hold. In addition suppose that :(4.1.1) there exists a ontinuous nondereasing funtion ψ : [0,∞) → (0,∞)and p ∈ L1(J,R+) suh that

‖F (t, u)‖ ≤ p(t)ψ(|u|) for (t, u) ∈ J × Eand there exists a onstant M∗∗ > 0 with
(1 −K1

∑p
k=1 |ck|)M∗∗

K2 +K3ψ(M∗∗)
Ttk
0 p(t) dt+M(1 +K1)ψ(M∗∗)

Tb
0 p(s) ds

> 1,where
K1 = bMM1M2, K2 = M‖Θ‖B(E)|y0| +K2(|y1| +M‖Θ‖B(E)|y0|),

K3 = (1 +K1)M
2‖Θ‖B(E)

p∑

k=1

|ck|
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K1

p∑

k=1

|ck| < 1;(4.1.2) given ε > 0, there exists a δ > 0 with ‖T (h) − I‖B(E) < ε for all
h ∈ [0, δ].Then the nonloal problem (4.1)�(4.2) is nonloally ontrollable on J.Proof. Using hypothesis (3.1.2), for y ∈ C(J,E) de�ne the ontrol

uy(t) = W−1
[
y1 −

p∑

k=1

cky(tk) − T (b)Θy0 +

p∑

k=1

ckT (b)Θ

tk\
0

T (tk − s)v(s) ds

−
b\
0

T (b− s)v(s) ds
]
(t),where v ∈ SF,y. We will show that the operator N : C(J,E) → P(C(J,E))de�ned by

N(y) :=
{
h ∈ C(J,E) : h(t) = T (t)Θy0 −

p∑

k=1

ckT (t)Θ

tk\
0

T (tk − s)v(s) ds

+

t\
0

T (t− s)[Buy(s) + v(s)] ds : v ∈ SF,y

}

has a �xed point. This �xed point is then a solution of the system (4.1)�(4.2).Note that y1 −
∑p

k=1 cky(tk) ∈ (Ny)(b).We shall show that N is ompletely ontinuous with bounded, losed,onvex values and it is upper semiontinuous. The proof mimiks the proofof Theorem 3.1.
Step 1. N(y) is onvex for eah y ∈ C(J,E).This is obvious, sine F has onvex values.
Step 2. N maps bounded sets into bounded sets.Indeed, if h ∈ N(y) and y ∈ Bq, then there exists v ∈ SF,y suh that foreah t ∈ J ,

h(t) = T (t)Θy0 −

p∑

k=1

ckT (t)Θ

tk\
0

T (tk − s)v(s) ds

+

t\
0

T (t− s)[Buy(s) + v(s)] ds.Observe that
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|uy(t)| ≤M2

[
|y1| +

p∑

k=1

|ck| |y(tk)| +M‖Θ‖B(E)|y0|

+

p∑

k=1

|ck|M
2‖Θ‖B(E)

tk\
0

hq(s)ds+M

b\
0

hq(s) ds
]

≤M2

[
|y1| +

p∑

k=1

|ck|q +M‖Θ‖B(E)|y0|

+

p∑

k=1

|ck|M
2‖Θ‖B(E)

tk\
0

hq(s)ds+M‖hq‖L1

]
:= H1,with hq as in De�nition 2.3. Thus for eah t ∈ J ,

|h(t)| ≤M‖Θ‖B(E)|y0| +M2‖Θ‖B(E)

p∑

k=1

|ck|

tk\
0

hq(s) ds

+ bMM1H1 +M‖hq‖L1 .

Step 3. N sends bounded sets into equiontinuous sets.Let h ∈ N(y) for y ∈ Bq. Let ε > 0 and τ1, τ2 ∈ J with τ2 > τ1.

Case 1. If τ1 > ε then
|h(τ2) − h(τ1)| ≤ |[T (τ2) − T (τ1)]Θy0|

+M‖Θ‖B(E)‖T (τ2) − T (τ1)‖B(E)

p∑

k=1

|ck|

tk\
0

|v(s)| ds

+

τ1−ε\
0

|[T (τ2 − s) − T (τ1 − s)][Buy(s) + v(s)]| ds

+

τ1\
τ1−ε

|[T (τ2 − s) − T (τ1 − s)][Buy(s) + v(s)]| ds

+

τ2\
τ1

|T (τ2 − s)[Buy(s) + v(s)]| ds

≤ |[T (τ2) − T (τ1)]Θy0|

+M‖Θ‖B(E)‖T (τ2) − T (τ1)‖B(E)

p∑

k=1

|ck|

tk\
0

hq(s) ds

+M‖T (τ2 − τ1 + ε) − T (ε)‖B(E)

τ1−ε\
0

[M1H1 + hq(s)] ds

+ 2M

τ1\
τ1−ε

[M1H1 + hq(s)] ds+M

τ2\
τ1

[M1H1 + hq(s)] ds.
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Case 2. Let τ1 ≤ ε. For τ2 − τ1 < ε we get
|h(τ2) − h(τ1)| ≤ |[T (τ2) − T (τ1)]Θy0|

+M‖Θ‖B(E)‖T (τ2) − T (τ1)‖B(E)

p∑

k=1

|ck|

tk\
0

hq(s) ds

+

τ2\
0

‖T (τ2 − s)‖B(E)[M1H1 + hq(s)] ds

+

τ1\
0

‖T (τ2 − s)‖B(E)[M1H1 + hq(s)] ds

≤ |[T (τ2) − T (τ1)]Θy0|

+M2‖Θ‖B(E)‖T (τ2 − τ1) − I‖B(E)

p∑

k=1

|ck|

tk\
0

hq(s) ds

+M

2ε\
0

[M1H1 + hq(s)] ds+M

ε\
0

[M1H1 + hq(s)] ds.Now equiontinuity follows as in Theorem 3.1, with (4.1.2) replaing (3.1.6).Fix 0 < t ≤ b and 0 < ε < t. For y ∈ Bq and v ∈ SF,y we de�ne
hε(t) = T (t)Θy0 −

p∑

k=1

ckT (t)Θ

tk\
0

T (tk − s)v(s) ds

+

t−ε\
0

T (t− s)[Buy(s) + v(s)] ds

= T (t)Θy0 −

p∑

k=1

ckT (t)Θ

tk\
0

T (tk − s)v(s) ds

+T (ε)

t−ε\
0

T (t− s− ε)[Buy(s) + v(s)] ds.Note that ∣∣∣Θ
tk\
0

T (tk − s)v(s) ds
∣∣∣ ≤M‖Θ‖B(E)

tk\
0

hq(s) ds.Also
{t−ε\

0

T (t− s− ε)[Buy(s) + v(s)] ds : y ∈ Bq and v ∈ SF,y

}

is a bounded set sine
∣∣∣
t−ε\
0

T (t− s− ε)[Buy(s) + v(s)] ds
∣∣∣ ≤M

t−ε\
0

[M1H1 + hq(s)] ds.



84 L. Górniewiz et al.Now sine T (t) is ompat for t > 0, the set Yε(t) = {hε(t) : y ∈ Bq and
v∈SF,y} is relatively ompat in E for every 0<ε<t. Moreover for h = h0,

|h(t) − hε(t)| ≤M

t\
t−ε

[M1H1 + hq(s)] ds.Therefore, Y (t) = {h(t) : y ∈ Bq and v ∈ SF,y} is totally bounded and hene
Y (t) is relatively ompat in E.As a onsequene of Steps 2, 3 and the Arzelà�Asoli theorem we onludethat N : C(J,E) → P(C(J,E)) is ompletely ontinuous.
Step 4. N has losed graph.This step was proved in [3℄. For ompleteness we inlude the proof. Let

yn → y∗, hn ∈ N(yn) and hn → h∗. There exists vn ∈ SF,yn
suh that

hn(t) = T (t)Θy0 −

p∑

k=1

ckT (t)Θ

tk\
0

T (tk − s)vn(s) ds

+

t\
0

T (t− s)[Buyn
(s) + vn(s)] ds, t ∈ J,where uy(t) is as de�ned at the beginning of the proof. We must prove thatthere exists v∗ ∈ SF,y∗ suh that

h∗(t) = T (t)Θy0 −

p∑

k=1

ckT (t)Θ

tk\
0

T (tk − s)v∗(s) ds

+

t\
0

T (t− s)[Buy∗(s) + v∗(s)] ds, t ∈ J.Set
uy = W−1

[
y1 −

p∑

k=1

cky(tk) − T (b)Θy0 +

p∑

k=1

ckT (b)Θ

tk\
0

T (tk − s)v(s) ds
]
.

Sine f and W−1 are ontinuous, uyn
(t) → uy∗(t) for t ∈ J.We have

∥∥∥
(
hn − T (t)Θy0 −

t\
0

T (t− s)Buyn
(s) ds

)

−
(
h∗ − T (t)Θy0 −

t\
0

T (t− s)Buy∗(s) ds
)∥∥∥ → 0 as n→ ∞.

Consider the operator Γ : L1(J,E) → C(J,E) de�ned by
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(Γv)(t) =

t\
0

T (t− s)v(s) ds−

p∑

k=1

ckT (b)Θ

tk\
0

T (tk − s)v(s) ds

+

t\
0

T (t− s)BW−1
(b\

0

T (b− τ)v(τ) dτ
)
(s) ds.Clearly, Γ is linear and ontinuous. Indeed,

‖Γv‖ ≤M
(
1 +M‖Θ‖B(E)

p∑

k=1

|ck| + bMM1M2

)
‖v‖L1 .It follows that Γ ◦ SF has losed graph ([17℄). Moreover,

hn(t) − T (t)Θy0 −
t\
0

T (t− s)Buyn
(s) ∈ Γ (SF,yn

).Sine yn → y∗, it follows that
h∗(t) = T (t)Θy0 −

p∑

k=1

ckT (t)Θ

tk\
0

T (tk − s)v∗(s) ds

+

t\
0

T (t− s)[Buy∗(s) + v∗(s)] ds, t ∈ J,for some v∗ ∈ SF,y∗ .
Step 5. There exists an open set U ⊆ C(J,E) with y /∈ λNy for λ ∈

(0, 1) and y ∈ ∂U.Let λ ∈ (0, 1) and assume y ∈ λN(y). Then for t ∈ J we have
y(t) = λT (t)Θy0 − λ

p∑

k=1

ckT (t)Θ

tk\
0

T (tk − s)v(s) ds

+ λ

t\
0

T (t− s)[Buy(s) + v(s)] ds.This implies that for eah t ∈ J ,
|y(t)| ≤M‖Θ‖B(E)|y0| +M2‖Θ‖B(E)

p∑

k=1

|ck|

tk\
0

p(s)ψ(‖y‖) ds

+ bMM1M2

[
|y1| +

p∑

k=1

|ck| ‖y‖ +M‖Θ‖B(E)|y0|

+

p∑

k=1

|ck|M
2‖Θ‖B(E)

tk\
0

p(s)ψ(‖y‖) ds+M

b\
0

p(s)ψ(‖y‖) ds
]

+M

t\
0

p(s)ψ(‖y‖) ds
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≤ K2 + (1 +K1)M

2‖Θ‖B(E)

p∑

k=1

|ck|ψ(‖y‖)

tk\
0

p(s) ds

+K1

p∑

k=1

|ck|‖y‖ +M(1 +K1)ψ(‖y‖)
b\
0

p(s) ds.Consequently,
(1 −K1

∑p
k=1 |ck|)‖y‖

K2 +K3ψ(‖y‖)
Ttk
0 p(t) dt+M(1 +K1)ψ(‖y‖)

Tb
0 p(s) ds

≤ 1.Then by (4.1.1), there exists M∗∗ suh that ‖y‖ 6= M∗∗. Set
U = {y ∈ C(J,E) : ‖y‖ < M∗∗}and apply Theorem 2.2 to onlude the proof.If we have at most linear growth then we have the followingTheorem 4.2. Assume that (3.1.1), (3.1.2), (3.1.4), (B1) and (4.1.2)hold. In addition suppose that :(4.2.1) there exists p ∈ L1(J,R+) and positive onstants A1 and B1 suhthat

‖F (t, u)‖ ≤ p(t)[A1|u| +B1] for (t, u) ∈ J ×E;

(4.2.2) A1K2e
−A1M

T
b

0
p(s) ds

b\
0

p(t)e−A1M
T
t

0
p(s) ds dt < 1,

K1 = M‖Θ‖B(E)|y0|, K2 = M2‖Θ‖B(E)

p∑

k=1

|ck|.Then the problem (4.1)�(4.2) is nonloally ontrollable on J.Proof. Let λ ∈ (0, 1) and assume y = λN(y) where N is as in Theo-rem 4.1. For eah t ∈ J we have
|y(t)| ≤ K1 +K2

p∑

k=1

|ck|

tk\
0

p(s)[A1|y(s)|+B1] ds+M

t\
0

p(s)[A1|y(s)|+B1] ds.

Let v(t) =
Tt
0 p(s)[A1|y(s)| +B1] ds. Then v(0) = 0 and

v′(t) ≤ p(t)A1K2

p∑

k=1

|ck|v(tk) + p(t)A1Mv(t) + p(t)[A1K1 +B1]

≤ p(t)A1K2

p∑

k=1

|ck|v(b) + p(t)A1Mv(t) + p(t)[A1K1 +B1].
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T
t

0
p(s) ds to get

(v(t)e−A1M
T
t

0
p(s) ds)′ ≤ p(t)A1K2

p∑

k=1

|ck|v(b)e
−A1M

T
t

0
p(s) ds

+ p(t)[A1K1 +B1]e
−A1M

T
t

0
p(s) ds.Integrate from 0 to b to obtain

v(b)e−A1M
T
b

0
p(s) ds ≤ A1K2v(b)

p∑

k=1

|ck|
b\
0

p(t)e−A1M
T
t

0
p(s) ds dt

+ [A1K1 +B1]

b\
0

p(t)e−A1M
T
t

0
p(s) ds dt,or

v(b) ≤
[A1K1 +B1]

Tb
0 p(t)e

−A1M
T
t

0
p(s) ds

e−A1M
T
b

0
p(s) ds −A1K2

∑p
k=1 |ck|

Tb
0 p(t)e

−A1M
T
t

0
p(s) ds

=: K ′.Thus ‖v‖ ≤ K ′, so ‖y‖ ≤ K1+(K2
∑p

k=1 |ck|+M)K ′ ≡ K ′
1. SetM∗ = K ′

1+1and apply the nonlinear alternative as in Theorem 4.1.For the lower semiontinuous ase we state without proof the followingresults.Theorem 4.3. Assume that (3.1.2), (3.1.4), (3.5.1), (3.5.2), (B1), (4.1.1)and (4.1.2) are satis�ed. Then the problem (4.1)�(4.2) is nonloally ontrol-lable on J.Theorem 4.4. Assume that (3.1.2), (3.1.4), (3.5.1), (3.5.2), (B1), (4.1.2),(4.2.1) and (4.2.2) are satis�ed. Then the nonloal problem (4.1)�(4.2) isnonloally ontrollable on J.5. Controllability for semilinear evolution inlusions with non-loal onditions and nondense domain. In Theorem 3.1 the operator
A was densely de�ned. However, as indiated in [7℄, we sometimes need todeal with nondensely de�ned operators. For example, when we look at aone-dimensional heat equation with Dirihlet onditions on [0, 1] and on-sider A = ∂2/∂x2 in C([0, 1],R) in order to measure the solutions in thesup-norm, then the domain

D(A) = {φ ∈ C2([0, 1],R) : φ(0) = φ(1) = 0}is not dense in C([0, 1],R) with the sup-norm. See [7℄ for more examples andremarks onerning nondensely de�ned operators. We an extend the resultsfor problem (1.1)�(1.2) to the ase where A is nondensely de�ned. The basitool for this study is the theory of integrated semigroups.



88 L. Górniewiz et al.Definition 5.1 ([1℄). Let E be a Banah spae. An integrated semigroupis a family (S(t))t≥0 of bounded linear operators S(t) on E with the followingproperties:(i) S(0) = 0;(ii) t 7→ S(t) is strongly ontinuous;(iii) S(s)S(t) =
Ts
0(S(t+ r) − S(r)) dr for all t, s ≥ 0.If A is the generator of an integrated semigroup (S(t))t≥0 whih is loallyLipshitz, then from [1℄, S(·)x is ontinuously di�erentiable if and only if

x ∈ D(A). In partiular S′(t)x := (d/dt)S(t)x de�nes a bounded operatoron the set E1 := {x ∈ E : t 7→ S(t)x is ontinuously di�erentiable on [0,∞)}and (S′(t))t≥0 is a C0 semigroup on D(A). Here and hereafter, we assumethat A satis�es the Hille�Yosida ondition.Let (S(t))t≥0 be the integrated semigroup generated by A.We note that,sine A satis�es the Hille�Yosida ondition, ‖S′(t)‖B(E) ≤ Meωt, t ≥ 0,where M and ω are from the Hille�Yosida ondition (see [16℄).We give some results on the existene of solutions of the problem
y′(t) = Ay(t) + f(t), t ≥ 0,(5.1)
y(0) = y0 ∈ E,(5.2)where A satis�es the Hille�Yosida ondition, without being densely de�ned.Theorem 5.1 ([16℄). Let f : J → E be a ontinuous funtion. Then for

y0 ∈ D(A), there exists a unique ontinuous funtion y : J → E suh that(i) t\
0

y(s) ds ∈ D(A) for t ∈ J,

(ii) y(t) = y0 +A

t\
0

y(s) ds+

t\
0

f(s) ds, t ∈ J,

(iii) |y(t)| ≤Meωt
(
|y0| +

t\
0

e−ωs|f(s)| ds
)
, t ∈ J.Moreover , y satis�es the following variation of onstants formula:(5.3) y(t) = S′(t)y0 +

d

dt

t\
0

S(t− s)f(s) ds, t ≥ 0.

Let Bλ = λR(λ,A) := λ(λI−A)−1. Then ([16℄) for all x ∈ D(A) we have
Bλx→ x as λ→ ∞. Also from the Hille�Yosida ondition (with n = 1) it iseasy to see that limλ→∞ |Bλx| ≤M |x|, sine

‖Bλ‖ = ‖λ(λI −A)−1‖ ≤
Mλ

λ− ω
.



Controllability results for evolution inlusions 89Thus limλ→∞ ‖Bλ‖ ≤M. Also if y satis�es (5.3), then(5.4) y(t) = S′(t)y0 + lim
λ→∞

t\
0

S′(t− s)Bλf(s) ds, t ≥ 0.We are now in a position to de�ne what we mean by an integral solutionof the problem (1.1)�(1.2).Definition 5.2. We say that y : J → E is an integral solution of (1.1)�(1.2) if(i) y ∈ C(J,E),(ii) Tt0 y(s) ds ∈ D(A) for t ∈ J,(iii) there exists a funtion v ∈ L1(J,E) suh that v(t) ∈ F (t, y(t)) a.e.in J and
y(t) = S′(t)[y0 − f(y)] +

d

dt

t\
0

S(t− s)[Bu(s) + v(s)] ds.From (ii) we know that y(t) ∈ D(A) for all t ≥ 0. Also from (iii) wededue that y0 − f(y) ∈ D(A). Hene, if y0 ∈ D(A) then f(y) ∈ D(A).Theorem 5.2. Assume that (3.1.1), (3.1.3) and (3.1.4) hold and in ad-dition:(5.2.1) A satis�es the Hille�Yosida ondition;(5.2.2) S′(t) is ompat in D(A) whenever t > 0;(5.2.3) y0 ∈ D(A);(5.2.4) B is a ontinuous operator from U to E and the linear operator W :
L2(J, U) → E, de�ned by

Wu = lim
λ→∞

b\
0

S′(b− s)BλBu(s) ds,has a bounded inverse W−1 : E → L2(J, U) suh that ‖B‖ ≤M1 and
‖W−1‖ ≤M2 for some positive onstants M1,M2;(5.2.5) there exists a ontinuous nondereasing funtion ψ : [0,∞) → (0,∞)and p ∈ L1(J,R+) suh that

‖F (t, u)‖ ≤ p(t)ψ(|u|) for (t, u) ∈ J × Eand there exists a onstant M∗ > 0 with
M∗

Z2 +M∗(1 + Z1)ψ(M∗)
Tb
0 p(s) ds

> 1,where
Z1 = bM∗M1M2, Z2 = M∗[|y0|+G] +Z1[|y1|+G+M∗(|y0|+G)]and M∗ = max{eωb, 1};



90 L. Górniewiz et al.(5.2.6) given ε > 0, for any bounded subset D of C(J,E) there exists a δ > 0with |[S′(h) − I]f(y)| < ε for all y ∈ D and h ∈ [0, δ].Then the problem (1.1)�(1.2) has at least one integral solution on J.Proof. Using hypothesis (5.2.4), for any y ∈ C(J,E) de�ne the ontrol
uy(t) = W−1

[
y1 − f(y) − S′(b)(y0 − f(y)) − lim

λ→∞

b\
0

S′(b− s)Bλv(s) ds
]
(t),where v ∈ SF,y. We will show that the operator N : C(J,E) → P(C(J,E))de�ned by

N(y) :=

{
h ∈ C(J,E) : h(t) = S′(t)[y0 − f(y)]

+
d

dt

t\
0

S(t− s)[Buy(s) + v(s)] ds : v ∈ SF,y

}

has a �xed point.
Step 1. N(y) is onvex for eah y ∈ C(J,E).This is obvious, sine F has onvex values.
Step 2. N maps bounded sets into bounded sets.Indeed, if h ∈ N(y) and y ∈ Bq, then there exists v ∈ SF,y suh that foreah t ∈ J we have

h(t) = S′(t)[y0 − f(y)] +
d

dt

t\
0

S(t− s)[Buy(s) + v(s)] ds.Observe that
|uy(t)| ≤M2

[
|y1| +G+Meωt(|y0| +G) +Meωt

t\
0

e−ωs|v(s)| ds
]

≤M2

[
|y1| +G+M∗(|y0| +G) +M∗

t\
0

e−ωshq(s) ds
]

:= H∗

with hq as in De�nition 2.3 and M∗ = eωb if ω > 0 or M∗ = 1 if ω ≤ 0.Then
‖h‖ ≤M∗[|y0| +G] +M∗

b\
0

e−ωshq(s) ds+ bM∗M1M2H
∗.

Step 3. N sends bounded sets into equiontinuous sets.Let h ∈ N(y) for y ∈ Bq. Let ε > 0 and τ1, τ2 ∈ J with τ2 > τ1.
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Case 1. If τ1 > ε then

|h(τ2) − h(τ1)| ≤ |[S′(τ2) − S′(τ1)][y0 − f(y)]|

+
∣∣∣ lim
λ→∞

τ1−ε\
0

[S′(τ2 − s) − S′(τ1 − s)]Bλ[Buy(s) + v(s)] ds
∣∣∣

+
∣∣∣ lim
λ→∞

τ1\
τ1−ε

[S′(τ2 − s) − S′(τ1 − s)]Bλ[Buy(s) + v(s)] ds
∣∣∣

+
∣∣∣ lim
λ→∞

τ2\
τ1

S′(τ2 − s)Bλ[Buy(s) + v(s)] ds

∣∣∣∣

≤ |(S′(τ2) − S′(τ1))y0|

+M‖S′(τ2 − τ1 + ε) − S′(ε)‖B(E)|f(Bq)|

+M∗‖S′(τ2 − τ1 + ε) − S′(ε)‖B(E)

τ1−ε\
0

e−ωs[M1H
∗ + hq(s)] ds

+ 2M∗
τ1\

τ1−ε

e−ωs[M1H
∗ + hq(s)] ds+M∗

τ2\
τ1

e−ωs[M1H
∗ + hq(s)] ds.

Case 2. Let τ1 ≤ ε. For τ2 − τ1 < ε we get
|h(τ2) − h(τ1)| ≤ |(S′(τ2) − S′(τ1))y0| +M |S′(τ2 − τ1)f(y) − f(y)|

+M∗
2ε\
0

e−ωs[M1H
∗ + hq(s)] ds

+M∗
ε\
0

e−ωs[M1H
∗ + hq(s)] ds.Now equiontinuity follows as in Theorem 3.1 with (5.2.5) replaing (3.1.6).Fix 0 < t ≤ b and 0 < ε < t. For y ∈ Bq and v ∈ SF,y we de�ne

hε(t) = S′(t)[y0 − f(y)] + lim
λ→∞

t−ε\
0

S′(t− s)Bλ[Buy(s) + v(s)] ds

= S′(t)[y0 − f(y)]

+ S′(ε) lim
λ→∞

t−ε\
0

S′(t− s− ε)Bλ[Buy(s) + v(s)] ds.Note that
{

lim
λ→∞

t−ε\
0

S′(t− s− ε)Bλ[Buy(s) + v(s)] ds : y ∈ Bq and v ∈ SF,y

}



92 L. Górniewiz et al.is a bounded set sine
∣∣∣ lim
λ→∞

t−ε\
0

S′(t− s− ε)Bλ[Buy(s) + v(s)] ds
∣∣∣

≤M∗
t−ε\
0

e−ωs[M1H
∗ + hq(s)] ds.Sine S′(t) is a ompat operator for t > 0, the set Yε(t) = {hε(t) : y ∈ Bqand v ∈ SF,y} is relatively ompat in E for every 0 < ε < t. Moreover for

h = h0,
|h(t) − hε(t)| ≤M

t\
t−ε

e−ωs[M1H
∗ + hq(s)] ds.Therefore, Y (t) = {h(t) : y ∈ Bq and v ∈ SF,y} is totally bounded and henerelatively ompat in E.As a onsequene of Steps 2, 3 and the Arzelà�Asoli theorem we anonlude that N : C(J,E) → P(C(J,E)) is ompletely ontinuous.

Step 4. N has losed graph.Let yn → y∗, hn ∈ N(yn) and hn → h∗. Then there exists vn ∈ SF,ynsuh that
hn(t) = S′(t)[y0 − f(yn)] + lim

λ→∞

t\
0

S′(t− s)Bλ[Buyn
(s) + vn(s)] ds, t ∈ J.We must prove that there exists v∗ ∈ SF,y∗ suh that

h∗(t) = S′(t)[y0 − f(y∗)] + lim
λ→∞

t\
0

S′(t− s)Bλ[Buy∗(s) + v∗(s)] ds, t ∈ J.We have
∥∥∥
(
hn − S′(t)[y0 − f(yn)] − lim

λ→∞

t\
0

S′(t− s)BλBuyn
(s) ds

)

−
(
h∗ − S′(t)[y0 − f(y∗)] − lim

λ→∞

t\
0

S′(t− s)BλBuy∗(s) ds
)∥∥∥ → 0as n→ ∞. Consider the ontinuous linear operator Γ : L1(J,E) → C(J,E)de�ned by

(Γv)(t) = lim
λ→∞

t\
0

S′(t− s)Bλv(s) ds.It follows that Γ ◦ SF has losed graph ([17℄). Moreover,
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hn(t) − S′(t)[y0 − f(yn)] − lim

λ→∞

t\
0

S′(t− s)BλBuyn
(s) ds ∈ Γ (SF,yn

).Sine yn → y∗, it follows that
h∗(t) − S′(t)[y0 − f(y∗)] − lim

λ→∞

t\
0

S′(t− s)BλBuy∗(s) ds

= lim
λ→∞

t\
0

S′(t− s)Bλv∗(s) dsfor some v∗ ∈ SF,y∗ .
Step 5. There exists an open set U ⊆ C(J,E) with y /∈ σNy for all

σ ∈ (0, 1) and y ∈ ∂U.Let σ ∈ (0, 1) and assume y ∈ σN(y). Then
y(t) = σS′(t)[y0 − f(y)] + σ lim

λ→∞

t\
0

S′(t− s)Bλ[Buy(s) + v(s)] ds.Thus
|y(t)| ≤Meωt[|y0| +G] +Meωt

t\
0

e−ωsp(s)ψ(‖y‖) ds+Meωt

t\
0

|Buy(s)| ds

≤M∗[|y0| +G] +M∗
t\
0

e−ωsp(s)ψ(‖y‖) ds

+ bM∗M1M2

(
|y1| +G+M∗(|y0| +G) +M∗

b\
0

e−ωsp(s)ψ(‖y‖) ds
)

≤ Z2 +M∗
b\
0

e−ωsp(s)ψ(‖y‖) ds+ Z1M
∗

b\
0

e−ωsp(s)ψ(‖y‖) ds.Consequently,
‖y‖

Z2 +M∗(1 + Z1)ψ(‖y‖)
Tb
0 p(s) ds

≤ 1.Then by (5.2.5), there existsM∗ suh that ‖y‖ 6= M∗. Set U = {y ∈ C(J,E) :
‖y‖ < M∗} and onlude as before.We also state without proof a result onerning the lower semiontinuousase for nondensely de�ned operators.Theorem 5.3.Assume that (3.1.3), (3.1.4), (3.5.1), (3.5.2), (5.2.1)�(5.2.6)are satis�ed. Then the problem (1.1)�(1.2) is nonloally ontrollable on J.



94 L. Górniewiz et al.6. Controllability for seond order semilinear di�erential inlu-sions with nonloal onditions. In this setion we study the problem(1.3)�(1.4).Definition 6.1. A funtion y ∈ C(J,E) is said to be a mild solution of(1.3)�(1.4) if y(0)+f(y) = y0, y
′(0)+f1(y) = η and there exists v ∈ L1(J,E)suh that v(t) ∈ F (t, y(t)) a.e. on J and

y(t) = C(t)[y0 − f(y)] + S(t)[η − f1(y)] +

t\
0

S(t− s)[Bu(s) + v(s)] ds.Definition 6.2. The system (1.3)�(1.4) is said to be nonloally on-trollable on the interval J if for every y0, η, y1 ∈ E there exists a ontrol
u ∈ L2(J, U) suh that there exists a mild solution y(t) of (1.3)�(1.4) satis-fying y(b) + f(y) = y1.Theorem 6.1. Let F : J × E → Pc,cp(E). Assume (3.1.1) and the fol-lowing onditions:(6.1.1) f, f1 : C(J,E) → E are ontinuous and ompletely ontinuous andthere exist onstants G,G1 > 0 suh that |f(y)| ≤ G and |f1(y)| ≤ G1for all y ∈ C(J,E);(6.1.2) A : D(A) ⊂ E → E is the in�nitesimal generator of a stronglyontinuous osine family {C(t) : t ∈ J}, and there exist onstants

N1, N2 ≥ 1 suh that ‖C(t)‖B(E) ≤ N1, ‖S(t)‖B(E) ≤ N2 for all
t ∈ R;(6.1.3) B is a ontinuous operator from U to E and the linear operator W :
L2(J, U) → E, de�ned by

Wu =

b\
0

S(b− s)Bu(s) ds,has a bounded inverse W−1 : E → L2(J, U) suh that ‖B‖ ≤M1 and
‖W−1‖ ≤M2 for some positive onstants M1,M2;(6.1.4) for eah bounded Q ⊆ C(J,E), and t ∈ J the set
{
C(t)[y0 − f(y)] + S(t)[η − f1(y)]

+

t\
0

S(t− s)[Buy(s) + v(s)] ds : v ∈ SF,Q

}

is relatively ompat in E, where y ∈ B and SF,Q =
⋃
{SF,y : y ∈ Q}and

uy(t) = W−1
[
y1 − f(y) − C(b)(y0 − f(y)) − S(b)(η − f1(y))

−
b\
0

S(b− s)v(s) ds
]
(t), v ∈ SF,y;



Controllability results for evolution inlusions 95(6.1.5) there exists a ontinuous nondereasing funtion ψ : [0,∞) → (0,∞)and p1 ∈ L1(J,R+) suh that
‖F (t, u)‖ ≤ p(t)ψ(|u|) for (t, u) ∈ J × Eand there exists a onstant M∗∗ > 0 with

M∗∗

Λ1 + (Λ2 +N2)ψ(M∗∗)
Tb
0 p1(s) ds

> 1,where
Λ1 = N1|y0| +N1G+N2|η| +N2G1

+ bN2M1M2[|y1| +G+N1|y0| +N1G+N2|η| +N2G1],

Λ2 = bN2
2M1M2;(6.1.6) given ε > 0, for any bounded subset D of C(J,E) there exists a δ > 0with |[C(τ2) − C(τ1)]f(y)]| < ε for all y ∈ D and τ1, τ2 ∈ [0, δ].Then the problem (1.3)�(1.4) is nonloally ontrollable on J.Proof. Using hypothesis (6.1.3), for any y ∈ C(J,E) de�ne the ontrol

uy(t) = W−1
[
y1 − f(y) − C(b)(y0 − f(y)) − S(b)(η − f1(y))

−
b\
0

S(b− s)v(s) ds
]
(t),where v ∈ SF,y. We will show that the operator N : C(J,E) → P(C(J,E))de�ned by

N(y) :=
{
h ∈ C(J,E) : h(t) = C(t)[y0 − f(y)] + S(t)[η − f1(y)]

+

t\
0

S(t− s)[Buy(s) + v(s)] ds : v ∈ SF,y

}

has a �xed point.
Step 1. N(y) is onvex for eah y ∈ C(J,E).
Step 2. N maps bounded sets into bounded sets.Indeed, if h ∈ N(y) and y ∈ Bq, then there exists v ∈ SF,y suh that foreah t ∈ J ,
h(t) = C(t)[y0 − f(y)] + S(t)[η − f1(y)] +

t\
0

S(t− s)[Buy(s) + v(s)] ds.Observe that
|uy(t)| ≤M2[|y1| +G+N1|y0| +N1G+N2|η| +N2G1 +N2‖hq‖L1 ] := H2with hq as in De�nition 2.3. Thus for eah t ∈ J we get
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|h(t)| ≤ N1|y0| +N1G+N2|η| +N2G1 + bN2M1H2 +N2

t\
0

|v(s)| ds

≤ N1|y0| +N1G+N2|η| +N2G1 + bN2M1H2 +N2‖hq‖L1 .

Step 3. N sends bounded sets into equiontinuous sets.Fix τ1, τ2 ∈ J with τ2 > τ1. For y ∈ Bq, using Proposition 2.2 we have
|h(τ2) − h(τ1)| ≤ |[C(τ2) − C(τ1)]y0| + |[C(τ2) − C(τ1)]f(y)]|

+ |[S(τ2) − S(τ1)]η| + |[S(τ2) − S(τ1)]f1(y)]|

+

τ1\
0

|[S(τ2 − s) − S(τ1 − s)][Buy(s) + v(s)]| ds

+

τ2\
τ1

|S(τ2 − s)[Buy(s) + v(s)]| ds

≤ |[C(τ2) − C(τ1)]y0| + |[C(τ2) − C(τ1)]f(y)]|

+ |[S(τ2) − S(τ1)]η| +G1N2

τ2\
τ1

eωxdx

+

τ1\
0

τ2−s\
τ1−s

eωx dx |Buy(s) + v(s)| ds

+N2

τ2\
τ1

[M1H2 + hq(s)] ds

≤ |[C(τ2) − C(τ1)]y0| + |[C(τ2) − C(τ1)]f(y)]|

+ |[S(τ2) − S(τ1)]η| +G1N2e
ωb(τ2 − τ1)

+ eωb(τ2 − τ1)

τ1\
0

[M1H2 + hq(s)] ds

+N2

τ2\
τ1

[M1H2 + hq(s)] ds.As a onsequene of Steps 2, 3, (6.1.4) and the Arzelà�Asoli theorem,
N is ompletely ontinuous.
Step 4. N has losed graph.Let yn → y∗, hn ∈ N(yn) and hn → h∗. Then there exists vn ∈ SF,ynsuh that

hn(t) = C(t)[y0 − f(yn)] + S(t)[η − f1(yn)]

+

t\
0

S(t− s)[Buyn
(s) + vn(s)] ds, t ∈ J,
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(t) is as in (6.1.4). We must prove that there exists v∗ ∈ SF,y∗ suhthat

h∗(t) = C(t)[y0 − f(y∗)] + S(t)[η − f1(y∗)] +

t\
0

S(t− s)[Buy∗(s) + v∗(s)] dsfor t ∈ J . Set
uy(t) = W−1[y1 − f(y) − C(b)(y0 − f(y)) − S(b)(η − f1(y))].Sine f and W−1 are ontinuous, uyn

(t) → uy∗(t), for t ∈ J.We have
∥∥∥
(
hn − C(t)[y0 − f(yn)] − S(b)[η − f1(yn)]) −

t\
0

T (t− s)Buyn
(s) ds

)

−
(
h∗ − T (t)[y0 − f(y∗)] − S(b)[η − f1(y∗)] −

t\
0

T (t− s)Buy∗(s) ds
)∥∥∥ → 0as n→ ∞. Consider the operator Γ : L1(J,E) → C(J,E) de�ned by

(Γv)(t) =

t\
0

S(t− s)
[
BW−1

( b\
0

S(b− τ)v(τ) dτ
)
(s) + v(s)

]
ds.Clearly, Γ is linear and ontinuous. Indeed,

‖Γv‖ ≤ bN2(bN2M1M2 + 1)‖v‖L1.It follows that Γ ◦ SF has losed graph ([17℄). Moreover
hn(t) − C(t)[y0 − f(yn)] − S(t)[η − f1(yn)] −

t\
0

T (t− s)Buyn
(s) ∈ Γ (SF,yn

).Sine yn → y∗, it follows that
h∗(t) = C(t)[y0 − f(y∗)] + S(t)[η − f1(y∗)]

+

t\
0

T (t− s)[Buy∗(s) + v∗(s)] ds, t ∈ J,for some v∗ ∈ SF,y∗ .
Step 5. There exists an open set U ⊆ C(J,E) with y /∈ λNy for any

λ ∈ (0, 1) and y ∈ ∂U.Let λ ∈ (0, 1) and assume y ∈ λN(y). Then for t ∈ J ,
|y(t)| ≤ N1|y0| +N1G+N2|η| +N2G1

+N2

t\
0

|Buy(s)| ds+N2

t\
0

p(s)ψ(‖y‖) ds
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≤ N1|y0| +N1G+N2|η| +N2G1

+ bN2M1M2

[
|y1| +G+N1|y0| +N1G+N2|η| +N2G1

+N2

b\
0

p(s)ψ(‖y‖) ds
]

+N2

t\
0

p(s)ψ(‖y‖) ds

≤ Λ1 + Λ2ψ(‖y‖)
b\
0

p(s) ds+N2ψ(‖y‖)
t\
0

p(s) ds.Consequently,
‖y‖

Λ1 + (Λ2 +N2)ψ(‖y‖)
Tb
0 p(s) ds

≤ 1.Then by (6.1.5), there exists M∗∗ suh that ‖y‖ 6= M∗∗. Set
U = {y ∈ C(J,E) : ‖y‖ < M∗∗}and �nish the proof as before.Remark 6.1. If E is �nite-dimensional then (6.1.4) is satis�ed. Condi-tion (6.1.4) is only needed to guarantee that {Ny(t) : y ∈ Bq} is relativelyompat for eah t ∈ J so the Arzelà�Asoli theorem an be applied. Con-ditions of the type (6.1.4) have been disussed extensively in the literature.In the next result we give the analogue of Theorem 3.4 for the problem(1.3)�(1.4). The proof follows losely the ideas of Theorem 3.4 and is omitted.Theorem 6.2. Suppose (3.1.1), (3.4.1), (6.1.2), (6.1.3), (6.1.4) and (6.1.6)hold. In addition assume that :(6.2.1) f1 : C(J,E) → E is ontinuous and ompletely ontinuous and thereexists a ontinuous nondereasing funtion ψ1 : [0,∞) → [0,∞) with
|f1(y)| ≤ ψ1(‖y‖) for y ∈ C(J,E);(6.2.2) there exists a ontinuous nondereasing funtion g1 : [0,∞) → (0,∞)and p1 ∈ L1(J,R+) suh that

‖F (t, u)‖ ≤ p1(t)g1(|u|) for (t, u) ∈ J × Eand there exists a onstant M ′
∗∗ > 0 with

M ′
∗∗

Λ′
1 + [Λ′

2 +N1Λ′
3)]ψ(M ′

∗∗) +N2Λ′
3ψ1(M ′

∗∗) +N2Λ′
3g1(M

′
∗∗)
Tb
0 p1(s) ds

> 1,where
Λ′

1 = N1|y0| +N2|η| + bN2M1M2[|y1| +N1|y0| +N2|η|],

Λ′
2 = bN2M1M2,

Λ′
3 = 1 + Λ′

2.Then the problem (1.3)�(1.4) is nonloally ontrollable on J.



Controllability results for evolution inlusions 99If we have at most linear growth then we have the followingTheorem 6.3. Assume that (3.1.1), (6.1.1)�(6.1.4) and (6.1.6) hold. Inaddition suppose that :(6.3.1) there exists p ∈ L1(J,R+) and positive onstants A1 and B1 suhthat
‖F (t, u)‖ ≤ p(t)[A1|u| +B1] for (t, u) ∈ J ×E;(6.3.2) A1Λ2e

A1N2

T
b

0
p(s) ds

b\
0

p(t)e−A1N2

T
t

0
p(s) dsdt < 1, Λ2 = b3N2

2M1M2.Then the problem (1.3)�(1.4) is nonloally ontrollable on J.Proof. Let λ ∈ (0, 1) and assume y ∈ λN(y) where N is as in Theo-rem 6.1. For eah t ∈ J we have
|y(t)| ≤ Λ1 + Λ2

b\
0

p(s)[A1|y(s)| +B1] ds+N2

t\
0

p(s)[A1|y(s)| +B1] ds.Let v(t) =
Tt
0 p(s)[A1|y(s)| +B1] ds. Then v(0) = 0 and

v′(t) = p(t)[A1|y(t)| +B1]

≤ p(t){A1[Λ1 + Λ2v(b) +N2v(t)] +B1}

≤ p(t)A1N2v(t) + p(t)A1Λ2v(b) + p(t)(A1Λ1 +B1).Multiply both sides by e−A1N2

T
t

0
p(s) ds to get

(v(t)e−A1N2

T
t

0
p(s) ds)′ ≤ A1Λ2v(b)p(t)e

−A1N2

T
t

0
p(s) ds

+ p(t)(A1Λ1 +B1)e
−A1N2

T
t

0
p(s) ds.Integrating from 0 to b we get

v(b)e−A1N2

T
b

0
p(s) ds ≤ A1Λ2v(b)

b\
0

p(t)e−A1N2

T
t

0
p(s) ds dt

+ (A1Λ1 +B1)

b\
0

p(t)e−A1N2

T
t

0
p(s) ds dt,or

v(b) ≤
(A1Λ1 +B1)

Tb
0 p(t)e

−A1N2

T
t

0
p(s) dsdt

e−A1N2

T
b

0
p(s) ds −A1Λ2

Tb
0 p(t)e

−A1N2

T
t

0
p(s) dsdt

=: K ′
0.Thus ‖v‖ ≤ K ′

0, so ‖y‖ ≤ Λ1 + (Λ2 + N2)K
′
0 ≡ K ′

1. Set M∗ = K ′
1 + 1 andapply the nonlinear alternative as in Theorem 6.1.For the lower semiontinuous ase we state without proof the followingresult.



100 L. Górniewiz et al.Theorem 6.4. Assume that (3.5.1), (3.5.2), (6.1.1)�(6.1.6) are satis�ed.Then the problem (1.3)�(1.4) is nonloally ontrollable on J.Remark 6.2. The above method an be used to enlarge the lass of se-ond order problems, for example to nonloal quasilinear damped di�erentialinlusions of the form
y′′(t) −By′(t) ∈ Ay(t) + F (t, y(t)) + Bu(t), t ∈ J := [0, b],(6.1)

y(0) + f(y) = y0, y′(0) + f1(y) = η,(6.2)where A,F, y0, f, f1,B, u, η are as in problem (6.1)�(6.2) and B is a boundedlinear operator in E.
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