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A Green’s function for f-incomplete polynomials

by JOE CALLAGHAN (Toronto)

Abstract. Let K be any subset of CY. We define a pluricomplex Green’s function
Vi, for f-incomplete polynomials. We establish properties of Vi ¢ analogous to those
of the weighted pluricomplex Green’s function. When K is a regular compact subset of
RY, we show that every continuous function that can be approximated uniformly on K
by #-incomplete polynomials, must vanish on K \supp (ddCVK’g)N . We prove a version of
Siciak’s theorem and a comparison theorem for f-incomplete polynomials. We compute
supp (dd°Vi 9)™ when K is a compact section.

1. Introduction

DEFINITION 1.1. For 0 < 6 < 1, the set m, ¢ shall denote the collection
of all polynomials P of the form P(z) = Z‘”Od:[ng] ca2®. Here z € CN and
[x] denotes the least integer greater than or equal to z. If P € 7, ¢ for some
n > 0 then we will refer to P as a 0-incomplete polynomial.

That is, a -incomplete polynomial is a polynomial that has no terms of
degree smaller than 6 times the degree of the polynomial. For the collection
of all polynomials of degree at most n we will simply write 7,,. #-incomplete
polynomials of several variables have previously been defined in [2] as poly-
nomials of the form P(z) = Z‘Q:me | Caz® where [x] denotes the integer
part of x, which yields a slightly different class of polynomials. However,
the results in [2] can be verified for the new definition with essentially the
same proofs. The new definition is convenient for the purpose of this paper
because we would like the function n~!log|P| to be in Ly when P € Tn.6-
Also, under the new definition the class of #-incomplete polynomials is closed
under multiplication.

By the Weierstrass approximation theorem we know that every contin-
uous function on the closed interval [0,1] can be approximated uniformly
by polynomials. The following result of Lorentz, Saff, von Golitschek and
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Kuijlaars ([7], [9], [4], [6]) gives a version of the Weierstrass theorem for
f-incomplete polynomials.

THEOREM 1.2. For the interval [0,1] C C and f € CI0,1] there exists
P, € mp g with Py, — f uniformly as n — oo if and only if f =0 on [0,62].

In other words, on the interval [0, 1], uniform limits of -incomplete poly-
nomials (in the above sense) are precisely the continuous functions that van-
ish on the subinterval [0, 6%]. Given a compact set K C RV, let C(K) be
the Banach algebra of all continuous functions on K with the supremum
norm. Let Cy(K) be the subalgebra consisting of all functions f € C(K)
admitting uniform approximation P, — f as n — oo on K by a sequence of
¢-incomplete polynomials P, € 7, 9. Let Zy = {z € K : f(z) =0 for all f €
Cy(K)}. The following result is a consequence of the Stone—Weierstrass the-
orem.

THEOREM 1.3 ([2]). For every compact set K C RN c CN we have
Co(K)={feC(K): f=0on Zp}.

For certain sets K C R™ that generalize the interval [0, 1], the set Zp
can be determined explicitly to be 02K (see [2]).

We make the following definitions, analogous to the Lelong classes L
and LT and the Siciak extremal function Vi (see [10]).

DEFINITION 1.4. For # € R and K ¢ CV, we let
Ly:={ueL:u(z) <0logl|z| + C, on B(0,1)},
L} =={u € Ly : max{flog |z|,log ||} + C\, < u(2) for all z € C},
Viko(z) :=sup{u(z) :u <0on K, u € Ly}.

Here the constant C, depends on the function u. Observe that if P € m, ¢
then n~!log |P| € Ly. The main purpose of this paper will be to establish the
basic properties of Vi g analogous to those of Vi . In particular we prove a
version of Siciak’s theorem for 6-incomplete polynomials. Then we establish:

THEOREM 1.5. If K C RY is a regular compact set, then K \ Sy C Zy.

Here Sp = supp (ddVi ). We will conclude by using this result to
compute Sy for certain subsets of R"™. The second section of the paper will
review some basic facts from pluripotential theory and weighted pluripo-
tential theory. Many of the results in the third section are similar to results
about Vi which can be found in [5]. Finally, I would like to thank the referee,
who suggested the general statement of Theorem 4.13 and whose comments
have improved the overall coherence and quality of this exposition.

2. Background material. We let CV denote complex N-space and we
will write z = (21,...,2n) where z; € C for elements of CV. An N-multi-



Green’s function for 0-incomplete polynomials 23

indez is an N-tuple of non-negative integers o = («, ..., ay). We will use
the multi-index notation z* to denote the monomial z{"* - - - 23~. The degree
of this monomial is |a| = a; + --- + ay. The open unit ball in CV is de-
noted by B(0, 1). The Lelong class, the class of logarithmically homogeneous
plurisubharmonic functions and the pluricomplex Green function for K are
defined respectively as (see [10])

L := {u € PSH(CY) : u(z) < log|z| + C, on CV \ B(0,1)},
H := {u € PSH(CY) : u(\z) = u(z)+log |\| for all A € C and z € CV},
Vi (z) :==sup{u(z) :u <0on K, u € L}.

For every function f on an open set U € C", the upper semicontinuous
regularization of f is defined as f*(z) := limsup,,_,, f(w). A set P is called
pluripolar if for every x € P there is a neighbourhood U of z and v € PSH(U)
with v = —oo on UNP. A set P is called L-polar if P C {x € CV : v = —c}
for some v € L. It is known from [5] that a set P is pluripolar if and only
if it is L-polar. A property is said to hold quasi-everywhere (q.e.) if it holds
everywhere except possibly on a pluripolar set. A subset K ¢ CV is said to
be non-pluripolar in a neighbourhood of any of its points if for every x € K
and for every neighbourhood U of z the intersection K NU is non-pluripolar.
Let || f||% := inf{||f||x\p : P a pluripolar subset of K}. Note that if f is a
continuous function on K and K is non-pluripolar in a neighbourhood of
any of its points then || f||% = ||f|lx. A compact set K C CV is said to be
regqular if Vi =0 on K. We will need the following comparison theorem.

THEOREM 2.1 ([5]). Let G C CV be a bounded open set. Suppose that u
and v are bounded plurisubharmonic functions on G such that
liminf (u(z) —v(z)) >0  for all w € OG.
Z—w, 2€
Then
| ddv)N < | (ddu)™.
{u<v} {u<v}
We will also need the following result of Siciak [10].

THEOREM 2.2. If u € L then there exists a sequence n; ,/* 0o, polynomi-
als Py ; with deg Py, j <n; and integerst; such that nj_l max;<p<¢;10g| Py ;(2)]
decreases to u(z) as j — oo.

We state the following definitions and results from weighted pluripoten-
tial theory for reference, as they are similar to the definitions and results in
this paper. A good introduction to weighted pluripotential theory is given
in Appendix B of [8].

DEFINITION 2.3. If K € CV is a closed set and w is a non-negative real-
valued function on K then w is called a weight function. A weight function
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w is called admissible if

(i) w is upper semicontinuous,
(ii) the set of points in K where w is strictly greater than zero is non-
pluripolar,
(iii) if K is unbounded then ||z||w(z) — 0 as ||z]| — oo in K.
Define Q(z) = —logw(z). Then the weighted pluricomplex Green func-
tion of K with respect to @ is

Vikg(z) :=sup{u(z) :u < Q on K, u € L}.
Let VI?,Q(Z) denote its upper semicontinuous regularization. Let p,, :=
(ddCVfg’Q)N and Sy, := Supp fiy-
The following result on weighted approximation appears in [2].

THEOREM 2.4. Suppose that K C RN c CV is closed, and that w is a
continuous admissible weight on K. Then there exists a closed set Z,, C K
such that there exists Pp(z) € m, with w"P,(z) — f uniformly on K as
n — oo if and only if f € C(K) and f =0 on Z.

The next theorem relates the sets S, and Z,,.

THEOREM 2.5. If K c RN < CV s closed and non-pluripolar in a
neighbourhood of any of its points, and if w is a continuous admissible weight

on K, then K\ Sy C Zy.

DEFINITION 2.6. If K is a closed set and w is an admissible weight on
K then

Sp =1z € K:Vigg(2) > Q(2)},

By o(2) := sup{|Pu(2)|Y™ : |w" Pyl < 1, Py € 7y, n > 1},

Uk o(2) = sup{|Pn(2)|™ : [|w" Po|[i <1, Py € mn, n > 1}.
THEOREM 2.7 ([8]). If K C CV is a closed set and w is an admissible

weight on K then S, C Sy and Sy, is non-pluripolar.

If P €, and |w"P| < M q.e. on Sy, then |P| < Me"V&@ on CV.
If P € mp, then [[w" P} = [|w"P||5, -
If S C K is closed and || w™P||§ = ||w"P||} for all P € 7, then S, C S.
Finally, Vi, = log Pk g and V¢ o = (log¥k.q)*.

Let I' be a compact subset of a hyperplane L c R™ \ {0}. The set
K :={tr :0<t<1x € I'} is called a compact section if it is non-
pluripolar in a neighbourhood of any of its points. If the hyperplane is given
by the equation Z;V:l cjrj = d then the associated linear form for K is
defined as I(z) = d ! Zj\;l cjrj. For a compact section and an appropriate
weight w, the zero set Z,, and the set S,, are known explicitly.
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THEOREM 2.8 ([2]). If K C RN C CV is a compact section and w(zx) =
1(x)? =9 where (z) is the linear form associated with K and 0 < 6 < 1,
then Z, = 0*°K and S, = K \ 02K.

3. Basic properties of Vi . We will begin by making a simple obser-
vation regarding Vi p:
Vi o(z) = sup{u(z) :u <0on K, u € Ly}
= Olog | 7|

-l-(l—@)sup{li

7 (u(z) —0loglz|) :u<0on K,u € Lg}

> 0log|z| + (1 —0) sup{v(z) cv € Lyv(z) < 1__99 log |z| on K}

=0log|z| + (1 - 0)Vkg(z)

where Q = —logw and w = |2|®/(1=9, The inequality can be seen by tak-
ing u(z) = (1 — @)v(z) + flog|z| for a given v. When N = 1 we can take
v =(1-0)"Y(u(z) — flog|z|) for a given u, because in one complex vari-
able, the function u(z) —6log |z| is a subharmonic function with a removable
singularity at the origin. However, for NV > 1, this function is not necessar-
ily plurisubharmonic. We summarize the above discussion in the following
theorem.

THEOREM 3.1. If K C CV is a compact set then Vi g(z) > 0log|z| +
(1 —0)Vkg(2) where Q = —logw and w = |2|?/0=9). If N = 1, that is, if
K C C, then equality holds.

Hence in one complex variable, the function Vi g is essentially given by
the weighted pluricomplex Green’s function for the weight w = |z|9/ (1-0),

For 6 < 0, we have L = Ly because in this case the additional condition
is redundant.

ProrosIiTION 3.2. [ = H.

Proof. First suppose that v € H. Then u(0) = —oco and for any z €
CN\ {0} we can write u(z) = u(z/|z|) +1log|z| < llullap(o,1) +log || on CN.
This shows that v € Lq. Conversely, suppose that v € Li. Then on any
C-line through the origin the function v(z) = u(z) — log|z| is subharmonic
on C\ {0} and is bounded from above. From the removable singularity
theorem for subharmonic functions it follows that v extends (on this line) to
an entire subharmonic function that is bounded above. Hence v is constant
on lines through the origin. The last statement is equivalent to saying that
u€eH. m

PROPOSITION 3.3. For 6 > 1, we have Ly = {—o0}.
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Proof. Let u € Ly. As in the above proof, the extension of the function
v to any line through the origin must be constant. But clearly, v(0) = —ooc.
So, v = —oo. Consequently, u = —o0. =

Note that when 67 < 0 we have Ly, C Lg, and consequently Vi g, <
VK,Gl'

ExAMPLE 3.4. For the unit ball, Vm’e(z) = max{flog|z|,log |z|}.

A set P is called Lg-polar if it is contained in the set {u = —oo} for
some u € Ly.

LEMMA 3.5. For0< 60 <1 and P C CV, P is Lg-polar if and only if P
is L-polar.

Proof. Suppose that P is L-polar. Take u = —oco on P, u € L. Then the
function v(z) = flog |z| + (1 —0)u(z) € Ly and v = —oo on P. The converse
is immediate. m

LEMMA 3.6. If E C CV is pluripolar then Vi g =00

Proof. Take w € Ly, w = —oo on E. Then w4+ n < Vgg for all n. It
follows that Vg g = oo except possibly on the pluripolar set {w = —oo}. So
be’g =00. m

LEMMA 3.7. If E Cc CV is bounded and non-pluripolar then Vio € L+.

Proof. Observe that VE@ < V5. Because £ is non-pluripolar we have
Vi € L. Consequently, VE@ € L. To show that Vi € Ly observe that
Vig < M on B(0,1) for some constant M. Let u be in the defining class
of Vgg. Then 6~ (u — M) is a non-positive plurisubharmonic function on
B(0,1) with a logarithmic pole at the origin. Letting gp(o,1)(2,0) denote
the Green function [5] for the unit ball with logarithmic pole at the origin,
namely log|z|, we conclude that 6! (u — M) < gp(1)(2,0) on B(0,1). It
follows that u(z) < #log|z| + M on B(0,1). Taking the supremum over all
such u we conclude that Vi, < 0log|z| + M on B(0,1). Thus Vg, € Ly.
Letting |E| := sup,¢g |2| we conclude that max{&log(!zl/|E|) log(|z|/|E])}
is a candidate for Vg g. It follows that VEﬂ € L

LEmMMA 3.8. If P C CY s pluripolar and E C C~ is bounded then
VE*\P,G = E*,e-
Proof. If P is pluripolar then P is L-polar and hence Lg-polar. Take

u € Ly withu <0on E\ P. Take v € Ly with v <0on £\ P and v = —0
on P. Then

(I—e)ut+ev<Vgg < Vg
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Letting € go to zero we conclude that u < VE’(, g.e., hence everywhere.
Therefore, VE*\ po < VE*ﬂ. The reverse inequality is immediate so the result
follows. =

LEmMA 3.9. If Kj are compact sets such that Kj ~\, K then Vi, g9 /
Vk.g.

Proof. Let uw € Ly, w < 0 on K and € > 0. Then the set {u < €} is
a neighbourhood of K, so there exists jp such that whenever j > jy we
have K; C {u < €}. In other words, u —e < 0 on Kj for all j > jo. So,
u—¢e < Vg, g for all j > jo. It follows that u — e < lim; 0o Vi; 9 < V.
The result follows by taking the supremum over all such functions u. =

LEMMA 3.10. Let E C CVN be bounded and 0 < 6 < 1. Then VEo+e /
VEp as e\, 0.

Proof. Suppose that u € Ly, that v < 0 on F and that € > 0 is so small
that 0 + ¢ < 1. Let

1—-0—¢ € H
= —— log —-.
ve(2) = g u@) + g les

Then v. <0 on E. Furthermore,

1-6—¢ £ H
T4 (max{flog|z|,log ||} + Cy) + T log ~—-

E|
1-60-—¢ €
— Cy — ——log |E|.
=g G 1glelEl
So, v:(2) < Vg ate(2). Letting € N\, 0, we get u(z) < liminfo_o Vg gy <
limsup. o VE¢+e < VEg. The result follows by taking the supremum over
all such functions u. =

ve(z) <

= max{(f + ¢) log |z[, log |z[} +

LEMMA 3.11. If K C CN is a reqular compact set then Vf?,o =Vkp.

Proof. Since K is regular it is non-pluripolar, hence Vicy € Lo by Lem-
ma 3.7. Also Vi y < Ve =0 on K. Hence Vi 4 is in the family defining Vi g.
Consequently, Vj;g <Vkp. =

We have established that if E is non-pluripolar and bounded then VE’(,
is in the class L, . Consequently, (dd°V} ;)" is well defined [5].

THEOREM 3.12. If E C CN is bounded and non-pluripolar then
(ddCVE*ﬁ)N =0 on CN\ EU{0}.

Proof. Let G ¢ CN \ EU{0} be a bounded open set. Let u be a
plurisubharmonic function on G majorized by Vj , on JG. Then the func-
tion v(z) := max{u(z), Vg 4(2)} on G and := Vj 5(2) elsewhere on CN has
v € Lg and v <0 g.e. on E. So, v is non-positive on E except possibly on a
pluripolar set F'. Take w € Ly with w = —oo on F' and w non-positive on E.
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Then (1+4¢) ! (v+ew) is a candidate for Vg g. So, (1+¢) (v +ew) < Vi g
Letting € — 0 we conclude that v < Vi 4 g.e. in G, hence everywhere in G.
So, Vi ¢ is a maximal plurisubharmonic function on CN'\ Eu{0}. But on
this set, Vj 4 is locally bounded. Hence, (ddCVE’(,)N =0on CN\EU{0}. =

THEOREM 3.13. If E C CV is non-pluripolar and bounded then for some
e > 0 sufficiently small, we have (dd°V} ,)N =0 on B(0,¢) \ {0}.

Proof. The set E is non-pluripolar, so £\ B(0, ) is non-pluripolar for §
sufficiently small. Fix such a §. Then V]_j'j‘\ B(0,6),0 has a pole at the origin. This
means that there exists ¢ such that 0 < e < with Vi, 5 59 < 0on B(0,¢).
Now fix such an e. Then Vi, g ) < 0 on B(0,¢). Hence, VB <0
g.e. on E. By the same argument used in the preceding proof we conclude
that VE\ B(0,6).0 < Vgﬁ q.e., hence everywhere. Thus equality holds. So, on

B(0,¢) \ {0}, we have (ddCVE*ﬁ)N = (ddCVE*\B(O’a),@)N =0. =

THEOREM 3.14. If E C CV is non-pluripolar and bounded then in some
neighbourhood of the origin, (dd°V )N = (2m0)N 8y where & is the Dirac
delta measure.

Proof. By Theorem 3.9 in [3] or Theorem 6.3.5 in [5] we know that
(dd°V )N = (2m0)N 6y at the origin. By the previous theorem we know
that (ddCVE*’e)N = 0 elsewhere near the origin. =

The following theorem and proof are exact counterparts of Lemma 6.5
in [1].

THEOREM 3.15. If u € Lg, v € Lg™, and u < v holds (ddv)™ -almost
everywhere, then u < v.

Proof. Without loss of generality, we can make the following two as-
sumptions:

(1) v(z) > Olog|z| + ((1 — 0)/2)log 3 on B(0,1).

(2) v(2) > log(2 + |2|?) on CN \ B(0,1).
Also, because max{6 log |2|,log|z|} +C < v(z) on CV, we can replace u with
max{u(z),0log|z| + C,log |z| + C}. Now suppose that u > v at some point
in CV (note that this point is not the origin).

Select €,4,n in such a way that e < nf <nf +06(1 —0) <e, § < e and

L loga 1 |2P) > 1 +e>v<z>}

is non-empty. Then this set must have positive Lebesgue measure. For |z|

large enough, we have

1-4
2

Seom = {z € CN :u(2) +nflog|z| + 6

1
u(z)+nblog|z|+6 log(2 + ]z]2) < (1 —1—5)5 log(2 + |z|2) < (1+4¢)v(z).
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For |z| small enough, we have
1-0
2

u(z) + nblog 2| + 6 log(2 + |2[*)

2

It follows that Sc s, is a bounded set that is also bounded away from
zero. In other words, S. 5, C A for some set A of the form A = {z € CN .
r < |z| < R}. The functions u(z) + nflog|z| + 6((1 — 0)/2)log(2 + |2|?)
and (1 +¢)v(z) are bounded plurisubharmonic functions on A, and we have
verified that on the boundary of A the condition necessary to apply Theorem
2.1 is satisfied. So,

0< | <ddc<51;610g(2+|z|2)>>]v

Se,é,n

<(l+4¢€)|0log|z| + log3| < (1+¢)v(z).

IN

1-6 N
S ddc<u(z)+n910g|z|~l—5 5 log(2+|z|2)>>

Se,s.n
< | @+oNdaw)N.
Se,6,m
On S; s5,, we have
1-140
2
1—40
2
(dd®v)N-almost everywhere. This implies that on Se 5, We have

(14+¢e)v(z) <u(z) +nblog|z| + ¢ log(2 + |2[%)

<w(z) +nflog|z[ + 6 log(2 + |2/*)

2
(dd°v)N-almost everywhere. But on the unit ball,

log(2 + |2[*)

0 5
v(z) < Plog 2| + 2
g g

_ 0 51—
v(z) > Olog |z| + 5 log3 > %log |z + — log(2 + |2]?),
while on the complement of the unit ball we have
1 0 01—
v(z) 2 5 log(2+ |+I?) = T log 2| + = —5—log(2 + |2]).

Consequently, Se 5, is a set of (dd°v)N measure zero.
This contradicts the integral inequality derived earlier. Thus, u < v
on CV. w

DEFINITION 3.16. Let K € CV be non-pluripolar and bounded. Let
g = (ddCV[’g@)N, Sp »= supp pig and Sg :={z € K : Vi, > 0}.
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LEMMA 3.17. If K € CV is a non-pluripolar compact set then Sy \ {0}
C S, and the set Sp\ {0} is non-pluripolar in a neighbourhood of any of its
points.

Proof. We will prove the first assertion by contradiction so suppose that
zo ¢ Sp and zg € Sp \ {0}. Then Vi y(x0) < 0. Next, Vi, = Vie\(zo}.0°
Let v = lim._,¢ Vig\ B(z0,6),0° It is easy to see that Ly is closed under limits
of decreasing sequences, so v € Ly. Furthermore, v < 0 g.e. on K \ {zo}.
So by the standard argument, Vé\{wo}ﬁ > wv. For each ¢ > 0, we have
Vie\Blaoe)o = Vico- Hence v > Vi o So, v =V 5. So Vg, g o p(w0) < 0 for
some £ > 0. It follows that Vi, g, .y <0 on some B(xp,d) where 0 < 6 <
e. Then Vit g 59 < 0 01 B(xo,d). We conclude that Vi 4 > Vi\B(a0,6).0°
The opposite inequality is immediate so it follows that Vfgﬁ = Vl’g\ B(20,6),0°
Hence, (ddCVI"}ﬂ)N = 0 on B(xg,d). Therefore, z¢ is not contained in Sy. To
see the second assertion, note that on CV \ {0}, Vi ¢ 1s a locally bounded
plurisubharmonic function. Hence, py places no mass on pluripolar subsets
of CV\ {0}. By the definition of support of a measure, 1y must have positive
mass in any neighbourhood of any point of Sy. =

REMARK 3.18. Because Vi g = Vi 4 q.e. on CV it follows that Vo <0
g.e. on K and that Vx g =0 q.e. on Sp.

4. Incomplete polynomials and approximation

THEOREM 4.1. If P(z) = Z\TILM:M@] Canz® is a 0-incomplete polynomial
and |P(2)| < M q.e. on Sy then |P(z)] < Me™Vko on CN.

Proof. Observe that

1. |P(2)]
2
n 8T

<0 q.e. on Sy.
Consequently,
1. |P(2)|
“log —2% < V¢ .e. on Sy.
—log == < Viy a.e onSp

By Theorem 3.15, this inequality must hold on all of CV. =

THEOREM 4.2. If P(z) = ZTZ\ZMGW Can2® 18 a O-incomplete polynomial
then | Pllyc = | P,
Proof. We have |P(z)| < ||P[|5, qe. on Sp. Therefore, |P(z)] <

HPHggenvfzﬂ on CN. Consequently, |P(z)| < [P|5, a.e. on K. Hence,
[Pl% < IPll5,- So equality holds. =
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DEFINITION 4.3. For K C CV a compact set, let
(1) B p(2) := sup{|Pu(2)[Y" : |Pullk <1, n > 1, P, € Tnp},
(2)  Wicolz) = sp{IPa(2)[ V7 [Pallic <1, > 1, Py € 7).
The cases §# = 0 and 6 = 1 of the following theorem are proved in [10].
THEOREM 4.4. For K ¢ CN compact, we have Vg = log ok g.
Proof. Let ¢ > 0. Suppose that u € Ly, and that u < 0 on K. By

Theorem 2.2 we have

1
lim — log |P,
u(z) = Jim o= max 10g Py (2)];

where the sequence is decreasing and each P, ; is a polynomial of degree at
most n;.

Write Py ;(2) := Z|a\ 0 Cark,j2* and let Py ;(2) := ZL‘] écak]z where
|| is the greatest integer that is less than or equal to z. That is, P} ;(z) is

the part of Py ;(2) consisting of monomials of degree smaller than or equal
o [n;0]. Now,

ni: + N
P . <[ . ar ... an
1P ()]l < ( N )(ogi?ffim ’Ca,k,J’)(OS%?gnjlzl‘ |Zn[*Y)
n; + N j
<[ 1 n;j
< ( N >(0<;?<L GJ! akgl)(max{1, |z1],...,]zn]})

By Cauchy’s estimate, for any R < 1 we have

max Jeans < max 1Pe5ll P(o,R) < ||Pk,jHF"(O,R)
0<|al<[n;0) 0<lal<[n;0) R Rlni?]

Moreover, u(z) < (§+¢)log|z| +M on B(0,1). So, u(z) < (f+¢)log N'/?R

+ M on the Shilov boundary of the polydisc of radius R centered at the

origin denoted by dsP(0,R) = {(z1,...,2n) : |z1| = -+ = |zn| = R}. By

Dini’s theorem there exists jy such that whenever j > jo we have

1
— max log|Pk]( 2)| < (0+¢e)logNY?R+M+1  on 85P(0, R).

n; 1<k<
Hence, Hpk,ng(EJR HPkJHng 0.R) < < (NV2R)0+eeM+1 Therefore, for all
z € CN we have
e (7 ) BT ety
Hence,
NV2RIE M (max (1, 1], .., |2n|})

lims ax |P 1nj <
1§riogpln§€><|k()| < 70
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Since this holds for any 1 > R > 0 sufficiently small, we have
li Pl(2)|Y"i =0 at e CV.
I?LSOBP llgrfgij | Py, ;(2)] at every z

Applying the triangle inequality repeatedly, we get

li P (2) = P ()| /7

im sup lg}fgjl ki (2) — P i(2)]

j—oo 1%

< 1 P . Pl . 1/713'
< lim sup gﬂkaéj(l kil + 1 Prjl)

j—oo 1>

<1 P ()Y 1P ()Y = P ()|
< 1?1_}801;1) g}ﬁaéjﬂ ki (2) 7+ | Py (2)]779) jggofgr}%}ij' i (2))]

P / 1/n; / 1/n;
< liminf max (Pry(z) — PLy(2)|!/* +PLy(2)™)

= lim inf Py j(2) — P (2)[Y/".
iminf mex [Pej(2) = Fy(2)]

This shows that

.1 /
= o , os P = Pl

We have expressed u as a pointwise limit using #-incomplete polynomi-
als. However, unlike the original sequence, this sequence is not necessarily
decreasing. So instead of Dini’s theorem we use Hartogs’ lemma. The new
sequence can readily be seen to be uniformly bounded on any ball centered
at the origin just by applying Cauchy estimates and the fact that the original
sequence is uniformly bounded on P(0, 1).

Hence, Hartogs’ lemma gives us a j; such that whenever j > j; we have

1
— max log|P,;— P .| <e; onK.
nj 1<k<t; g‘ »J k,j’—

It follows that

1

— log | P, ; — P} :|e 1" < log®Pk .

s 15, og | Py — P jle < log Pk,
Thus, u(z) — &1 < logPk g(2). So, u(z) < log Pk . Taking the supremum
over all such u, we infer that Vi g, < log®@g . Letting ¢ — 0 we obtain
Vs < log P g. The reverse inequality follows from the definition. m

COROLLARY 4.5. If K C CN is a compact set and 0 < 6 < 1 then the
function Vi g is lower semicontinuous on CN \ {0}.

Proof. We see that @ g is lower semicontinuous since it is a supremum
over a family of continuous functions. The result follows from the theorem
since the logarithm of a non-negative lower semicontinuous function is lower
semicontinuous wherever the function is non-zero. Now, Vi g > log(|z|/|K|)
on CV so @y 4 is non-zero on CV \ {0}. =



Green’s function for 0-incomplete polynomials 33

COROLLARY 4.6. If K C CN is a regular compact set then Vi 1s a
plurisubharmonic function that is continuous on CV \ {0}.

COROLLARY 4.7. For K C CV compact, we have (log Wk )* = Ve

Proof. By the definitions, @k g < ¥k g. It follows that Vi , < (log ¥k 9)*
For the reverse inequality, let P, be any polynomial of degree at most n
from the defining family for W y. Then, n~'log|P,| < 0 q.e. on K. So,
n~llog|P,| < Vi a.e. on Sy. Hence, n~1llog|P,| < Vit on all of CcN.
Therefore, log Wx g < VI’Q’Q. "

THEOREM 4.8. If S C K C CN are compact sets with the property that
|P||s = || P||5% for all 0-incomplete polynomials P then Sy C S U {0}.

Proof. From the previous corollary we conclude that Vs*,e = Vfé,e- So,
Sp = supp (dch[’gﬁ)N = supp (ddCVS*ﬁ)N CSU{0}. m

THEOREM 4.9. Suppose that K is non-pluripolar and bounded and that a
sequence { P, } € my g converges uniformly on Sy as n—o0. Then |Py(z0)|—0
asn — oo for all zg € {z € CNV : V% ,(2) < 0}.

Proof. Let zo € {Vi 4 < 0}. Then |Py(20)| < \|Pn||*sgenvf*<,9(zo). Conse-
quently, |P,(z0)] = 0asn — oco. m

The following result is a counterpart of Theorem 3.2 in [2]. Its proof will
require the Stone—Weierstrass theorem, in the following form:

THEOREM 4.10. Let X be a compact Hausdorff space and let C(X) :=
{f: X =R, f continuous}. Let A C C(X) and Z(A) :={x € X : f(x)=0
for all f € A}. Suppose further that A has the following four properties:

(i) closedness under addition and real scalar multiplication,
(ii) closedness under multiplication,
(iii) closedness under uniform limits,
(iv) for all 1 # x9 in X \ Z(A) there exists f € A with f(x1) # f(z2).

Then A={feC(X): f=0onZ(A)}.

THEOREM 4.11. Let K ¢ RN < CV be a compact set that is non-
pluripolar in a neighbourhood of any of its points. If a sequence {P,} with
P, € m,p converges uniformly on Sg as n — oo then {P,(w)} converges
to 0 for every w € K\ Sy.

Proof. Suppose that P, € m, ¢ with P,, — fo uniformly on Sy as n — oo
and let w = (wy,...,wy) € K \ Sp. Define p(z) = p(z1,...,2y5) = (27 +---
+22)7((z1 —w1)?+ - + (25 — wn)?)? where v and 3 are positive integers
such that v/(y + 8) > 0. With this choice, p is a f#-incomplete polynomial.
Furthermore, since K C RY, p only vanishes on K at w and at the origin.



34 J. Callaghan

Now, Sy and

A={f € C[Sg]: 3Qn € mp with Q, — f uniformly as n — oo

and Qn(w) = 0}

satisfy the hypotheses of the Stone—Weierstrass theorem.

Hence p(z) fo(z) € A iff p(2) fo(z) =0 on Z(A) iff fo(z) =0 on Z(A) iff
fo(Z) e A

The second equivalence holds since Z(A) C Sp and fp(0) = 0. Hence,
fo € A. It follows that there exist @, € m, ¢ with @, — fo on Sp uniformly
as n — 00, with Qp(w) = 0. Thus |P,(w)| < ||@Qn — Pallx = [|@n — Pull) =
1@n — Pull*s, = [1Qn — Pullg,- Letting n — oo we get |Py(w)| — 0. u

COROLLARY 4.12. K \ Sy C Zy.

Proof. Any sequence P, € m, ¢ converging uniformly on K satisfies the
hypotheses of the previous theorem. m

THEOREM 4.13. If K C RN is an intersection of compact sections and
18 non-pluripolar in a neighbourhood of any of its points then

Sy =K\ 62K U{0}.

Proof. From [2] we have Zy = §? K. Moreover the inclusion K \ Sy C Zy
gives K\ 6?K C Sy. We also know that {0} C Sp. Now if HPH;{\W =|Pl%

for all #-incomplete polynomials P then by Theorem 4.8, Sy C K \ 02K

U {0} and we are done. Otherwise we have ||P||;(\W < ||P||} for some

f-incomplete polynomial P. Consequently, || P HK\TK < |[|P]|x. In this case
take ¢ € 02K with |P(q)| = ||P||x. Because K is an intersection of com-
pact sections, it is starlike with respect to the origin, so restricting to the
line through the origin and ¢ we get a one-variable #-incomplete polyno-
mial p with [p(q)| > ||plljp2,1), where ¢ < 6%, This contradicts the fact that
I2llj92,17 = [Iplljo,1) for all f-incomplete polynomials p. u
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