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Boundary cross theorem in dimension 1

by PETER PFLUG (Oldenburg) and VIET-ANH NGUYEN (Trieste)

Abstract. Let X, Y be two complex manifolds of dimension 1 which are countable at
infinity, let D C X, G C Y be two open sets, let A (resp. B) be a subset of D (resp. 0G),
and let W be the 2-fold cross ((DU A) x B) U (A x (BUG)). Suppose in addition that D
(resp. G) is Jordan-curve-like on A (resp. B) and that A and B are of positive length. We
determine the “envelope of holomorphy” W of W in the sense that any function locally
bounded on W, measurable on A x B, and separately holomorphic on (A x G) U (D x B)

“extends” to a function holomorphic on the interior of W.

1. Introduction. In this paper we consider a boundary version of the
cross theorem in the spirit of the pioneer work of Malgrange—Zerner [16].
Epstein’s survey article [3] gives a historical discussion and motivation for
this kind of theorems.

The first results in this direction were obtained by Komatsu [8] and
Druzkowski [2], but only for some special cases. Recently, Gonchar [5, 6]
has proved a more general result for the one-dimensional case. In recent
works [10, 11] of the authors Gonchar’s result has been generalized to the
higher dimensional case.

However, in all cases considered so far in the literature the hypotheses on
the function being extended and its domain of definition are, in some sense,
rather restrictive. Therefore, the main goal of this work is to establish some
boundary cross theorems in more general (one-dimensional) cases with more
optimal hypotheses. This will perhaps be a first step towards understanding
the higher dimensional case in its full generality.

Our approach here is based on the previous work [10], the Gonchar—
Carleman operator developed in [5, 6], a new result of Zeriahi [15] and a
thorough geometric study of harmonic measures.
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2. Preliminaries. In order to recall the classical versions of the bound-
ary cross theorem and to discuss our motivation in more detail, we need to
introduce some notation and terminology. In fact, we keep the main notation
from [10]. In particular E' denotes the open unit disc in C and mes the lin-
ear measure (i.e. the one-dimensional Hausdorff measure). Throughout the
paper, for a topological space M, C(M) denotes the space of all continuous
functions f : M — C equipped with the “sup-norm” |f|a; := sup,/|f| €
[0, co]. Moreover, a function f : M — C is said to be locally bounded on M if,
for any point z € M, there are an open neighborhood U of z and a positive
number K = K, such that |f|y < K. Finally, for a complex manifold (2,
SH(£2) (resp. O(£2)) denotes the set of all subharmonic (resp. holomorphic)
functions on (2.

In this work all complex manifolds are supposed to be countable at in-
finity.

2.1. Open sets with partly Jordan-curve-like boundary. Let X be a com-
plex manifold of dimension 1. A Jordan curve in X is the image C :=
{7(t) : t € [a,b]} of a continuous one-to-one map = : [a,b] — X, where
a,b € R, a <b. The set {y(t) : t € (a,b)} is said to be the interior of the
Jordan curve. A Jordan domain is the image {I'(t) : t € E'} of a one-to-one
continuous map I' : E — X. A closed Jordan curve is the boundary of a
Jordan domain.

Consider an open set D C X. Then D is said to be Jordan-curve-like at
a point ( € 9D if there is a Jordan domain U C X such that ( € U and
UNOD is the interior of a Jordan curve. Then ( is said to be of type 1 if there
is a neighborhood V' of ¢ such that V' N D is a Jordan domain. Otherwise,
¢ is said to be of type 2. We see easily that if ( is of type 2, then there
are an open neighborhood V' of { and two Jordan domains Vj, Va2 such that
VD = V; UV, Moreover, D is said to be Jordan-curve-like on a subset A
of D if D is Jordan-curve-like at all points of A.

Now let D C X be an open set which is Jordan-curve-like on a set
A C 0D. In the remaining part of this subsection we will introduce various
notions. We point out that they are all intrinsic, i.e., do not depend on any
choice (of open neighborhoods, Jordan domains, conformal mappings etc.)
we made in their definitions.

A is said to be Jordan-measurable if for every ¢ € A the following con-
dition is fulfilled:

e if ¢ is of type 1: there are an open neighborhood U = U of ¢ such
that UND is a Jordan domain and a conformal mapping ¢ = &, from UND
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onto the unit disc F which extends homeomorphically from U N D onto E
such that @(U N D N A) is Lebesgue measurable on 0F;

o if (is of type 2: there are an open neighborhood U = U; of ¢ such that
UNnD = Uy UU; with Jordan domains Uy = Uy ¢, Uz = Uz ¢, and conformal
mappings @; = ;¢ (j = 1,2) from U; onto E which extend homeomor-
phically from U; onto E such that ¢;(U; N A) is Lebesgue measurable (on
OFE).

A Jordan-measurable set A C 9D is said to be of zero length if for all
¢ € A, if one takes Uy, @ when ( is of type 1 (resp. U, @ when ( is
of type 2), then mes(®.(U; N D N A)) = 0 (resp. mes(®;(U;c NA)) =0,
j=1,2).

A Jordan-measurable set A C 0D is said to be of positive length if it is
not of zero length.

Suppose that D is Jordan-curve-like at a point ¢ € 9D. We define the
concept of angular approach regions at ¢ as follows. For any 0 < o < 7/2,
the Stolz region or angular approach region A,(() is given by:

o if ( is of type 1:
(%) <o)

An(C) = 45_1{75 €E:
where arg : C — (—m, 7] is the usual argument function;

o if ( is of type 2:
o(24957) <)

Aa(Q) = | dijl{t cE:
j=1,2
Geometrically, A,(() is the intersection of D with one or two “cones” of
aperture 2a and vertex ¢ according to the type of (.
Let ¢ € D be a point at which D is Jordan-curve-like and let U be an
open neighborhood of (. We say that a function f defined on U N D has
angular limit X at ( if

lim z)=A foralld < a<m/2.
zE.Aa(C),z—><f( ) /

Let A C 9D be a Jordan-measurable set and f: D — C, g: A — C be two
functions. Then f is said to have angular limit g(a) for Jordan a.e. a € A if
the set
{a € A: f does not have angular limit g(a) at a}
is of zero length. For simplicity, we only write “a.e.” instead of “Jordan a.e.”.
We conclude this subsection with a simple example which may clarify

the above definitions. Let G be the open square in C with vertices 1 + i,
—144, —1 —14, and 1 — 7. Define the domain

D:=G\[-1/2,1/2].
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Then D is Jordan-curve-like on 0G U (—1/2,1/2). Every point of G is of
type 1 and every point of (—1/2,1/2) is of type 2.

2.2. Harmonic measure. Let X be a complex manifold of dimension 1,
let D be an open subset of X and let A C dD. Consider the characteristic
function

I, CcaD\ A
Loap\a(¢) ::{0 EEA \

Then the harmonic measure of the set 0D\ A (denoted by w(-, A, D)) is the
Perron solution of the generalized Dirichlet problem with boundary data
lop\a- In other words,
w(-, A, D) :=supu,
ueU

where U = U(A, D) denotes the family of all subharmonic functions u on D
such that limsupps,_,c u(z) < 1gp\a(C) for each ¢ € ID.

It is well known (see, for example, the book of Ransford [13] for the case
X = C) that w(-, A, D) is harmonic on D.

For a point { € 9D at which D is Jordan-curve-like, we say that is a
locally regular point relative to A if

lim  w(z, ANU,DNU)=0
z—(,z€A4(C)

for any 0 < o < m/2 and any open neighborhood U of ¢. Obviously, ¢ € A.
If, moreover, ( € A, then ( is said to be a locally regular point of A. The
set, of all locally regular points relative to A is denoted by A*. Observe that,
in general, A* ¢ A and A ¢ A*. However, if A is open in 0D and D is
Jordan-curve-like on A, then A C A*.

As an immediate consequence of the subordination principle for the har-
monic measure (see Corollary 4.3.9 in [13]), one gets
(2.1) lim  w(z,A,D)=0, (€A, 0<a<m/2

ZHC,ZGAQ(C)
We extend the function w(-, A, D) to D U A* by simply setting
w(z,A,D):=0, zeA".

Geometric properties of the harmonic measure will be discussed in Sec-
tion 4 below. By Theorem 4.6, if either A is a Borel set or D C C, then
w(-, A, D) =w(-, A*, D).

2.3. Cross and separate holomorphy. Let X, Y be two complex mani-
folds of dimension 1, let D C X, G C Y be two open sets, let A (resp. B)
be a subset of D (resp. 0G) such that D (resp. G) is Jordan-curve-like on
A (resp. B) and that A and B are of positive length. We define a 2-fold
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cross W, its regular part W*, and its interior W° as
W :=X(A,B;D,G) :=(DUA) x B)U(A x (BUG)),
wW*:.=X(A*, B*; D, G),
W :=X°(A,B;D,G) :=(Ax G)U (D x B).
Moreover, put
w(z,w) =w(z,A", D)+ w(w,B*,G), (z,w)e (DUA")x(GUB").

It is clear that w|px g is harmonic.
For a 2-fold cross W := X(A, B; D, G) define its wedge

W =X(4,B; D,G) := {(z,w) € (DU A*) x (GUB*) : w(z,w) < 1}.
Then the set of all interior points of the wedge W is given by
W :=X°(A,B;D,G) = {(z,w) € D x G : w(z,w) < 1}.
In particular, if A (resp. B) is an open set of 9D (resp. OG), one has Ax B C

A*x B*and W C W* C W.

We say that a function f : W — C is separately holomorphic on W°,
and write f € Og(W°), if for any a € A (resp. b € B) the function f(a,-)|q
(resp. f(-,b)|p) is holomorphic on G (resp. on D).

We say that f: W — C (resp. f: A x B — C) is separately continuous
on W (resp. on A x B), and write f € Cs(W) (resp. f € Cs(A x B)), if it
is continuous with respect to any variable when the remaining variable is
fixed.

In the remaining part of this subsection we introduce two notions. As
in Subsection 2.1 we point out that these notions are intrinsic, i.e., they do
not depend on any choice we made in their definitions.

We say that a function f : A x B — C is Jordan-measurable on A x B
if for every point ¢ € A of type n (resp. n € B of type m) there is an
open neighborhood U of ¢ (resp. V of n) such that U N D = U1<j<n U;
(resp. VNG = Ujcper, Vi) With Jordan domains Uj, Vi, and confor-
mal mappings @; (resp. ¥) from U; (resp. Vi) onto E which extend
homeomorphically from U; (resp. V) onto E such that f(@;l('),wk_l(')) :
®;(U; N A) x (VN B) — C is Lebesgue measurable.

Two Jordan-measurable functions f,g: A x B — C are said to be equal
a.e. on A x B if for every point ¢ € A of type n (resp. n € B of type m),
the functions

F@71C), 9 ()), 9(@51 (), 91 () : 25(U; N A) x ¥ (Ve N B) — C
are equal a.e. (we keep the previous notation).

We say that f : W° — C has angular limit A € C at (a,b) € W if the
following limit relation holds:
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eif ae D and b€ G:
lim bf(z,w) =X\
eif ac A* and b e G:
li ,w)=A, 0<a<7/2;
z—a, ze.jlg%a),wﬂbf(z 'IU) “ 7T/
e if a €D and b e B*:
li yw)=A, 0<a<7/2;
z—>a,w—>1br,riue.z4a(b) f(Z ’UJ) @ 7T/
e if a € A" and b e B*:
li ,w)=A, 0<a<m/2
z—>a,z€Aa(a)1,IlIul—>b, wEAL(b) f(Z w) @ 7T/

2.4. Motivations for our work. We are now able to formulate what we
will refer to as the classical version of the boundary cross theorem.

THEOREM 1 (Gonchar [5, 6]). Let D,G C C be Jordan domains and A
(resp. B) a nonempty open set of the boundary 0D (resp. OG). Then, for

any f € C(W) N Oy(W°), there is a unique function f € C(W) N (’)(WO)

such that f: f on W. Moreover, if | flw < oo then
~ —w(z, 7 —
P ol < s 15, (zw) e W,
where W, W°, and W denote the 2-fold cross, its interior and its wedge,
respectively, associated to A, B, D, G.

Theorem 1 admits various generalizations. The following result was an-
nounced by Gonchar in [5].

THEOREM 2. Let D,G C C be Jordan domains and A (resp. B) a non-
empty open and rectifiable subset of 9D (resp. OG). Let f be a function
defined on the 2-fold cross W with the following properties:

(i) flwe € C(W?) N Os(W°);
(ii) f s locally bounded on W,
(iii) for any a € A (resp. b € B), the holomorphic function f(a,-)|a
(resp. f(-,b)|p) has angular limit fi(a,b) at b for a.e. b € B (resp.
fa(a,b) at a for a.e. a € A) and f1 = fo = f a.e. on A X B.
Then:

(1) There is a unique function fe (’)(WO) such that
__lim flzw) = f(Gm),  (Gom) € WP
(z,w)eW?, (z,w)—=((n)
(2) If, moreover, |flw < oo, then

~

1F(zw)] < | 155, (2,0) € WP
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(3) If, moreover, f is continuous at a point (a,b) € A x B, then

_lim f(z,w) = f(a,b).
(zw)eW?, (z,w)—(a,b)
On the other hand, the following result due to Druzkowski [2] has a
different flavor.

THEOREM 3. Let D,G C C be Jordan domains and A (resp. B) a non-
empty open connected subset of 0D (resp. OG). Let f be a function defined
on W with the following properties:

(i) fel(W)nOs(W°);
(ii) f s locally bounded on W,
(iii) flaxp is continuous on A x B.

Then all conclusions of Theorem 1 still hold.

Observe that all these theorems require the following very strong hy-
pothesis: D and G are Jordan domains in C and A x B is an open subset of
0D x 0G. Moreover, the boundedness and continuity assumptions on f are
rather restrictive.

A natural question is whether Theorems 1-3 are still true if D,G are
open sets in complex manifolds of dimension 1 and A (resp. B) is a not
necessarily open subset of 9D (resp. 0G). In addition, if one drops the
hypothesis on the local boundedness and continuity of f, can one obtain a
holomorphic extension of f and what are its properties? These matters seem
to be of interest, especially when one seeks to generalize Theorems 1-3 to
higher dimensions.

The present paper is motivated by these questions. Our first purpose is
to generalize Gonchar’s theorems to a very general situation, where D, G
are, in some sense, almost general open subsets of complex manifolds of
dimension 1 and where the boundary sets A, B are almost general subsets of
0D, 0G. Our second goal is to establish, in this general context, an extension
theorem analogous to Druzkowski’s theorem with minimal hypotheses on f.

3. Statement of the main results and outline of the proofs. We
are now ready to state our main result.

THEOREM A. Let X, Y be complex manifolds of dimension 1, let D C X,
G CY be open sets and A (resp. B) a subset of 0D (resp. OG) such that
D (resp. G) is Jordan-curve-like on A (resp. B) and both A and B are of
positive length. Let f: W — C be such that:

(1) f is locally bounded on W and f € Os(W°);
(ii) flaxp is Jordan-measurable;
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(iii) for any a € A (resp. b € B), the holomorphic function f(a,-)|c
(resp. f(-,b)|p) has angular limit fi(a,b) at b for a.e. b € B (resp.
fa(a,b) at a for a.e. a € A) and f1 = fo = f a.e. on A x B.

Then there exists a unique function fe O(WO) with the following property:

(1) There are subsets A C AN A* and B C BN B* such that the sets
A\ A and B\ B are of zero length (1) and f has angular limit f(¢,n)
at every point (¢,n) € X°(A, B; D, Q).

In addition, f enjoys the following properties:
(2) If [flw < oo, then

~

ol < FLE IR, (Gw) e We.
(3) For any (ag,wo) € A* x G (resp. (z0,bp) € D x B*) if
lim f(z,w) (resp. lim flz,w)) (= A)

(z,w)—(aop,wo), (z,w)EW (z,w)—(z0,b0), (z,w)EW
exists, then f has angular limit A at (ag,wo) (resp. at (zo,bp)).
(4) For any (ag,by) € A* x B*, if
lim a,b =
(a,b)—(ao,bo), (a,b)€AXxB f( ) ( )
exists, then f has angular limit X\ at (ag,bo).

(5) If flaxp can be extended to a continuous function defined on
A* x B*, then f can be extended to a unique continuous function
(still denoted by) f defined on W* := X(A*, B*;D,G) and f has
angular limit f(¢,n) at every ((,n) € W* and f1 = fo = f on
(AN A*) x (Bn B*).

Theorem A has an immediate consequence.

COROLLARY A. Under the hypotheses and notation of Theorem A, sup-
pose in addition that f € C(W?®). Then the function f € O(W?°) provided
by Theorem A has angular limit f((,n) at every ((,n) € (AN A*) x G)U
(D x (BN BY)).

It is worth noting that Theorem A and Corollary A generalize, in some
sense, Theorems 1-3.

Now we drop the local boundedness and continuity hypotheses on f. The
examples of Druzkowski in [2] (see Section 10 below) show that, without
these conditions, the extended function f (if it exists) is, in general, not

—

continuous on W. However, our second main result partially solves this
problem.

(') Under this condition it follows from Theorem 4.6(1) below that A C A* and
B C B
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THEOREM B. Let X, Y be complex manifolds of dimension 1, let D C X,
G CY be open sets, and let A (resp. B) be a subset of 0D (resp. 0G) such
that D (resp. G) is Jordan-curve-like on A (resp. B) and that A and B are
of positive length. Let f: W — C have the following properties:

(i) flaxp € Cs(A x B) and f € Oy(W°);

(ii) for any a € A (resp. b € B), the function f(a,-) (resp. f(:,0))
is locally bounded on G U B (resp. D U A) and the (holomorphic)
restriction f(a,-)|c (resp. f(-,0)|p) has angular limit f(a,b) at b
for every b € B (resp. at a for every a € A).

Then there are subsets A C AN A* and B C BN B*, and a unique function
f € O(W?°) with the following properties:

(1) A\ A and B\ B are of zero length;
(2) f has angular limit F(C,n) at every (C,n) € X(4, B; D, G).

Observe that if f € Cs(W) N Os(W°), then conditions (i)—(ii) above
are fulfilled. Although our results have been stated only for the case of
a 2-fold cross, they can be formulated for an N-fold cross with any N > 2
(see also [9, 10]).

Now we present the main ideas of the proof of Theorems A and B.

Our method consists of two steps: first, we suppose that D and G are
Jordan domains in C, and then we treat the general case. The key technique
is to use level sets of the harmonic measure. More precisely, we exhaust
D (resp. G) by the level sets of the harmonic measure w(-, A, D) (resp.
w(-, B,G)), i.e. by the sets D5 :== {z € D : w(z,A4,D) < 1 — 6} (resp.
Gs:={weG:ww,B,G)<1—-4§}) for0<d<1.

In the first step, we improve Gonchar’s method [5, 6] and make intensive
use of Carleman’s formula and of the geometric properties of the level sets
of harmonic measures.

The main ingredient for the second step is a mixed cross type theorem
(see also [10]) valid for measurable boundary sets on complex manifolds of
dimension 1. We prove it using a recent work of Zeriahi (see [15]) and the
classical method of doubly orthogonal bases of Bergman type.

We apply the mixed cross type theorem to prove Theorems A and B
with D (resp. G) replaced by D5 (resp. Gs). Then we construct the solution
for the original open sets D and G by a gluing procedure (see also [9]).

4. Properties of the harmonic measure and its level sets. In this
section X is a complex manifold of dimension 1, D C X an open set, and
A a nonempty Jordan-measurable subset of dD. Observe that 9D is then
nonpolar.
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Let Pp be the generalized Poisson integral of D. If, in addition, A is a
Borel set, then, by Theorem 4.3.3 of [13], the harmonic measure of 9D \ A
is given by

(4.1) w(+, 4, D) = Pp[lap\al-
The following elementary lemma will be useful.
LEMMA 4.1. Let E be the unit disc and A a measurable subset of OF.

(1) Let u be a subharmonic function on E with w < 1 and let a €
(0,7/2) be such that
limsup wu(z) <0  for a.e. ( € A.
z—(, z€A(C)
Then u <w(-, A, E) on E.
(2) For all density points ¢ of A,
lim  w(z,AE)=0, 0<a<mn/2
2—(, 2€A(C)
In particular, all density points of A are contained in A*.
(3) For all interior points ¢ of A,

linéw(z, A E)=0.

Proof. This follows almost immediately from the explicit formula for the
Poisson integral Pg. u

PROPOSITION 4.2 (Maximum principle). Let u € SH(D) be bounded
from above and
limsupu(z) <0, (€0D\A,
z—(
limsup wu(z) <0, (€A 0<a<mn/2
z—(, z€A(C)
Then uw <0 on D.

Proof. Suppose that v < M for some M. Let (, € A. Fix a Jordan
domain U C D such that U N 9D is a closed arc which is a neighborhood
of {p in dD. Let B be an open arc in U N dD which contains (p. Lem-
ma 4.1(1), (3) applied to u|y yields

limsup u(z) < M limsup w(z,B,U) =0, (€ B.
z—(,z€U z—(,zeU
Hence
limsup u(z) <0, (€A
z—(,z€D
Combining this with the hypothesis, we obtain the desired conclusion from
the classical maximum principle (see Theorem 2.3.1 in [13]). =
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We formulate an important stability property of the harmonic measure.
Let ¢ : 9D — R be a bounded function. The associated Perron function
Hp 4 : D — Ris defined by
(4.2) Hp al¢] = sup u,

ueU

where U = U(¢, A, D) denotes the family of all subharmonic functions u on
D such that
limsupu(z) < 6(C), ¢ €AD\ A,
z—(
limsup u(2) <¢((), (€A 0<a<m/2
z—(, z€Aa(C)

In the following, LA{(A, D) will stand for LA{(laD\A, A, D).

By the above proposition, several results in Sections 4.1 and 4.2 of [13]
are still valid with Hp 4 in place of Hp upon making the obvious changes.
In particular, we have the following (see Corollary 4.2.6 in [13]):

PROPOSITION 4.3. Let D be an open subset of X, A a nonempty Jordan-
measurable subset of 0D, and ¢ : 0D — R a bounded function which is
continuous nearly everywhere (2) on OD. Then there erists a unique bounded
harmonic function h on D such that lim,_.c h(z) = ¢(¢) for nearly every
¢ € 9D. Moreover, h = Hp[¢] = Hp a[¢].

In view of this result, Theorem 4.3.3 in [13] is still valid in the context
of Hp 4. More precisely,

PROPOSITION 4.4. Let D be an open subset of X, A a nonempty Jordan-
measurable subset of 0D, and ¢ : 0D — R a bounded Borel function. Then
Hpl¢] = Hp al¢] = Ppl9].

In the special case X = C we can say even more.

PROPOSITION 4.5. Let D be a proper open subset of C. Let A be a non-
empty Borel subset of 0D such that D is Jordan-curve-like on A and A is
of zero length. Then Pp[la] =0 on D.

Proof. Suppose without loss of generality that D is Jordan-curve-like
on the interval [0,1] C 9D and that A is a Borel subset of [0,1] with
mes(A) = 0. Since D C C\ [0,1], it follows from the subordination prin-
ciple that

Pplla] < Peyjo,1y[la] on D.
Therefore, it suffices to show that Pcy(g11[14] =0 on C\ [0, 1]. To this end
consider the conformal mapping ¢(z) := y/1/z —1 from C U {oco} \ [0, 1]

(%) A property is said to hold nearly everywhere on dD if it holds everywhere on
0D\ N for some Borel polar set N.
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onto H := {z € C: Imz > 0}. It is not difficult to show that
Pevio[1al = Pullgay) o @71 = 0. =

Now we arrive at one of the main results of this section.

THEOREM 4.6. Let D be an open subset of X, A a nonempty Jordan-
measurable subset of OD, and N a Jordan-measurable subset of 0D which
is of zero length.

(1) Then A* is a Borel set, (A*)* = A*, (A\N)* = A*, and A\ A* is

of zero length.

(2) If A is a Borel set then w(z,A,D) = Hp a[lop\a] for z € D. In

particular,
w(z, A", D) = Hp a+[lop\a<] = Hp (ana-yn[lop\[(ana=)\]
=w(z,A,D), ze€D.

(3) If X =C then w(z,A,D) =w(z, A\N,D) =w(z, A*, D).

Proof. (1) can be checked using the definition and Lemma 4.1, and (2)
is an immediate consequence of Proposition 4.4 and (1).

Now we turn to (3). Choose Borel sets Aj, Az so that A; € A\ N,
A C Ay C 0D and Ag\ A is of zero length. Then the subordination principle
and Proposition 4.5 show that

w(z, A3, D) < w(z A, D) < w(z, A\ N, D) < w(z, Ay, D)
=w(z,A2,D), z€D.
This proves the first identity.
Since A* is, by (1), a Borel set, (2) gives that
(.U(Z, A*, D) = HD,A* [16D\A*]'
Consequently, w(z, A, D) < w(z, A*, D),z € D. On the other hand, let B be
a Borel set such that B C AN A* and A\ B is of zero length. Then
w('a A: D) = w('v Bv D) = HD,B[laD\B]
Z HD,A*[laD\A*] :w(-,A*,D) on D.
Combining the above estimates yields the last identity in (3). m

PROPOSITION 4.7. Let D be an open subset of X and A a monempty
Jordan-measurable subset of 0D. Let (Dy)32 be a sequence of open subsets
of D and (Ar)32, a sequence of Jordan-measurable subsets of A such that:

(1) D, C Dk+1 and UZo:1 D, = D;
(ii) Ax C Ags1, Ax C 0D N ODy, Dy is Jordan-curve-like on Ay, and
U}ii1 Ak = A;
(iii) for any ¢ € A there is an open neighborhood V = V; of ¢ in C such
that VN D =V N Dy, for some k.
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Then
w(z,A*,D) = klim w(z, A;, D), z€D.
— 00

Proof. Using the subordination principle it is easy to see that the se-
quence (w(-, Ay, Dy))72, is decreasing and the limit

u = klim w(-, A%, Dy,)

exists and defines a subharmonic function in D. By the subordination prin-
ciple again, we have u > w(-, A*, D). Therefore, it remains to establish the
opposite inequality. In view of (i)—(iii), we conclude that
(4.3) sup limsup u=0, (€ B,
0<a<m/2 z—(,2z€A.(C)

where B :=Jp_, A}.

On the other hand, since (AN A*)\ B C Uy, (Ax \ 4), Theorem 4.6(1)
implies that (ANA*)\ B is of zero length. Consequently, we deduce from (4.3)
and Theorem 4.6(2) that u(z) < w(z,A*,D),z€ D. =

Next, we introduce a notion which will be relevant for our further study.

DEFINITION 4.8. Let D,G C X be open sets such that G C D and let
¢ € 0D be such that D is Jordan-curve-like at (. Then ( is said to be an
end-point of G in D if, for every 0 < aw < 7/2, there is an open neighborhood
U = U, of ¢ such that U N A,(¢) C G. The set of all end-points of G in D
is denoted by GP.

Note that the above definition is intrinsic.

The remaining part of this section is devoted to the study of level sets
of the harmonic measure. We begin with the following important properties
of these sets.

THEOREM 4.9. Let D C X be an open set and A a Jordan-measurable
set of 0D such that A is of positive length. Then, for any 0 < & < 1, the
“e-level set”

D.:={z€D:w(z,A",D)<1—¢}

enjoys the following properties:

(i) Let G1, G be arbitrary distinct connected components of D.. Then
GPnGP =0.
(ii) For any ¢ € A*, there is exactly one connected component G of D
such that ¢ € GP.
(iii) GP N A is Jordan-measurable (on OD) and of positive length for
every connected component G of De..

Proof. To prove (i), suppose for contradiction that GP N G # (. Fix
(o € G{) N GQD. Then, for every 0 < o < 7/2, there is an open neighborhood
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U, of (o such that A, ({p) N U, C G1 N Ge. This implies that G; N Gy # 0.
Hence, G1 = G2, contrary to hypothesis.

Next, we turn to the proof of (ii). Fix (g € A*. By (i), it suffices to prove
the existence of a connected component G of D, such that (o € GP. Since
¢ € A*, for every 0 < av < /2, there is an open neighborhood U, of ¢y such
that

(4.4) A (o) NUy C De.

Fix 0 < ag < /2, and let G be the connected component of D, containing
Aoy (Co) MUy, Since
(A (€0) NUag) N (Aal) NUa) #0, 0<a<T/2

we deduce from (4.4) that G also contains A, ((o)NU, for every 0 < a < /2.
Hence (p € GP. The proof of (ii) is finished.

Finally, we prove (iii). First, we find a sequence (U)32; of open sets of
X such that Ug N D is either a Jordan domain or the disjoint union of two
Jordan domains and A C (Jg—,; (U, N D). Since A is Jordan-measurable,
we see that to prove the Jordan-measurability of GP N A, it is sufficient to
check that GP N (D N Uy) is Jordan-measurable for every & > 1. To see
this, fix kg > 1 and let U := Uy,. Let @ be a conformal mapping from DNU
onto F which extends to a homeomorphic mapping (still denoted by) @ from
DNU onto E. Tt is clear that for any ¢ € (D NU), ¢ € GP if and only if
®(¢) € [2(GNU)]F. We shall prove that [#(GNU)]F is a Borel subset of E.
Taking this for granted, GP” N 9(D N U) is also a Borel set. Consequently,
GP N A is Jordan-measurable.

To check that [®#(G NU)|¥ is a Borel set, put

(4.5)  Anm(n) ={w € ENAq_1/n)x/2(n) : |w—n| <1/m},
n,m>1,n€dF.
For any n,m,p > 1, let
(4.6)  Tpmp :={n€0E: A, n(n) CP(GNU) and
w(@ (w), A*,D) <1 —¢e—1/p, Yw € Apm(n)}.
We observe the following geometric fact:

Let no € OF and (nq)g2, C OF be such that limg oo ng = no. Then

An,m(n()) - U An,m(nq)-
q=1

This follows immediately from the geometric shape of the cone Ay, (1)
given in (4.5).

Let (1g)q21 C Tnmp be such that limg oo 7y = 10 € OE. Using the above
geometric fact, we see that A, ,,(n0) C (GNU). This, combined with (4.6)
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and the continuity of w(®~1(-), 4, D)|g, implies that 1y € T,ymp. Hence, the
set Thmp is closed. Clearly, we have

[ o NNe CHNe o}

@G = | U Tomp:

n=1m=1p=1
and so [@(GNU)]F is a Borel set. Consequently, as already discussed before,

GP N A is Jordan-measurable.

To finish the proof of (iii), it remains to show that G¥ N A is of positive
length. Suppose otherwise and consider the function

{w(z,A*,D), z€ D\G,
u(z) =
1—e¢, z €G.
Then clearly u € SH(D) and u < 1. By (i), (ii) and the definition of locally
regular points, we have
sup limsup wu(z) = sup limsup w(z, A", E)
0<a<n/2 z—(,2€A(¢) 0<a<m/2 z—(,z€A.(C)
=0, C(e(AnA)\(GPnA).
Consequently, in the notation of (4.2),
uweU((ANA*)\ N, D),

where N := GP N A. Since, by assumption, A is of zero length, it follows
from Theorem 4.6 that u < w(-, A*, D). But on the other hand, w(z, A*, D) <
1 —e=uwu(z) for z € G. This is the desired contradiction. m

THEOREM 4.10. Let D C X be an open set and A a Jordan-measurable
subset of 0D such that A is of positive length. For any 0 < & < 1, let
D.:={z€D:w(z,A",D) <1—¢}.

(1) For any Jordan-measurable subset N C 0D of zero length, let

U (AN, D) :={ue SH(D.) :u <1 and
sup limsup u(z) <0,¢€(ANA")\ N}
0<a<m/2 z—(,2z€A4(C)
Then U-(A,N, D) =U.(A, D, D).
(2) Define the “harmonic measure of the e-level set” w(-, A, D) as

wel2 A, D) = {S“Pueuamm“(z)’ ? € De,
0, z e A*.

Then
w(z, A*, D)

w&‘(Z?A7D): 1—5 b

z€ D, UA".



164 P. Pflug and V.-A. Nguyén

Proof. Clearly, by definition, U-(A, 0, D) C U.(A,N, D). To prove the
reverse inclusion, fix u € U.(A, N, D) and consider the function
) max{(1 —e)u(z),w(z,A*, D)}, z¢€ D,
z) =

w(z, A*, D), z€ D\ D..
Then u € SH(D) and u < 1. Moreover, by Theorem 4.9(ii), we have
A* C (D:)P. Consequently, for every ¢ € (AN A*)\ N,
(4.7) sup limsup u(z)
0<a<m/2 z—(,2€A4(C)
< max{ sup limsup wu(z), sup limsup w(z,A,D)}.
0<a<m/2 z—(,z€A.(C) 0<a<n/2 z—(,z€A.(C)

Observe that the first sup in the line above is 0 because u € U-(A, N, D).
In addition, the second sup is also 0. Hence, u € U((A N A*) \ NV, D). Con-
sequently, by Theorem 4.6, u < w(-, A*, D). In particular,
w(z, A*, D)

1—¢
On the other hand, it is clear that w(-, A*,D)/(1—¢) € U-(A,0,D) C
U:(A, N, D). This, combined with (4.8), implies (1) and (2). =

An immediate consequence of Theorem 4.10 is the following two-constant
theorem for level sets.

u

(4.8) u(z) < z€ D, u€elU(A,N,D).

COROLLARY 4.11. Let D C X be an open set and A, N two Jordan-
measurable subsets of 0D such that A is of positive length and N of zero
length. Let 0 < e <1 and put D, := {2z € D : w(z,A*,D) < 1—¢}. If
u € SH(De) satisfies u < M on D, and

sup limsup wu(z) <m, (€(ANA")\N,
0<a<n/2 z2—(,2€A4(¢)
then
u(z) <m(l —we(z,A,D))+ Mw(z, A, D).

5. Boundary behavior of the Gonchar—Carleman operator. Be-
fore recalling the Gonchar—Carleman operator and investigating its bound-
ary behavior, we first introduce the following notion and study its properties.

5.1. Angular Jordan domains. Let E be the unit disc. We begin with

DEFINITION 5.1. For every closed subset F' of OF and any real number
h such that mes(F) > 0 and sup, yep |z —y| <h <1— V/2/2, the open set

02 =Q(Fh) = | J{z € Azja(Q) 1 12l > 1= h}
CeEF
is called the angular Jordan domain with base F' and height h.
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Now we list some properties of angular Jordan domains.
PROPOSITION 5.2. Let £2 = 2(F,h) be an angular Jordan domain.

(1) There exist exactly two points (1,(a € F such that |(1 — (2| =
sup, yep |r —y| and F' C [C1, C2], where [C1, (o] is the (small) closed
arc of OF from (1 to (o, oriented in the positive sense.

(2) Write the open set [(1,(2] \ F' as the union of disjoint open arcs

[Clv CQ] \ F= U(aj7 bj)v
Jj€J
where (aj,bj) is the (small) open arc of OE which goes from a; to
b; and which is oriented in the positive sense, and the index set J is
finite or countable. For j € J, we construct the isosceles triangle with

vertices aj, b;j and c¢; whose base is the segment [a;,bj] connecting
a; to bj, and c; satisfies

Cj — aj 3T Cj — bj —37
“e ( a; ) g s < b, > 4

Fy:=F U J(laj, ] U [ej, bj]).
Jj€J

Set

Then Fy is a rectifiable Jordan curve from (1 to (s.
(3) Let m1 (resp. n2) be the unique point in the circle 0B(0,1 — h) such

that
arg(m —C1> _ 3w (resp arg(UQ —C2> _ 3_7T>
G1 4 ' G2 4

and that |n — (1| (resp. |m2 — Ca|) is minimal. Let Fy (resp. F»)
denote the segment from n1 to (1 (resp. (2 to n2). Let F3 be the
(small) closed arc of the circle 9B(0,1 — h) from ng to n1, oriented
in the negative sense. Then (2 is a rectifiable Jordan domain and
its boundary I' consists of the rectifiable Jordan curve Fy, the two
segments F1, Fy and the closed arc Fj.

(4) For every € € (0,h/4) define the dilatation 7. : E — E by

T(2):=(1—-¢)z, z€E.

Put

Q. =1.(2)\ B0, (14+¢)(1—h)).

Then (2. is a rectifiable Jordan domain and its boundary I. con-
sists of the rectifiable Jordan curve Fye := 7.(Fy), a sub-segment
Fi. of 1(F1), a sub-segment Fy. of 1-(F3), and a closed arc F3. of
OB(0, (1 +¢€)(1 — h)).
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(5) Consider the projection T : E\ {0} — OF given by 7(2) := z/|z|,
z € E\ {0}. Notice that Fo. U F1. U Fo. = I.\ 0B(0,(14¢)(1 —h))
for every € € (0,h/4). Then the two maps

F()EUF15UF25 9C|—>T<C) EGE,
F3. 5 (— 7(¢) € OF,

are one-to-one. In addition, for any linearly measurable subset A
Of Fé‘v
mes(A) < 10mes(7(A)).

(6) 2. / 2 ase\,0.

(7) For any closed Jordan curve C contained in 2 there is an e > 0 such
that C C (2.

(8) mes(F \ 2F) = 0.

Proof. All the assertions are proved by elementary geometric arguments.
Therefore, we leave the details to the reader. However, we give the proof that
2 is a domain, which will clarify Definition 5.1.

In view of the condition on F' and h given in Definition 5.1, we see that
the set {z € A;/4(C) : |2| > 1 — h} is connected for any ¢ € OF, and

{z€ Arja(Q) s [zl > L= h}n{z € Arju(n) : |2[ > 1= h} #0,
VC,nedE |C—n| <h<1-v2/2.
Hence, (2 is a domain. =

THEOREM 5.3. Let X be a complex manifold of dimension 1, D C X an
open set, and A a Jordan-measurable subset of 0D such that A is of positive
length. Then, for any 0 < e <1 and any connected component G of D, :=
{z € D :w(z,A*, D) < 1—¢}, there are an open set U C X, a conformal
mapping ¢ : E — X, and an angular Jordan domain 2 = (2(F, h) such that

(i) UND is either a Jordan domain or the disjoint union of two Jordan
domains;

(ii) @ maps E conformally onto one connected component of U N D

(notice that, by (i), UN D has at most two connected components);

(iii) @(F) c AN A*NGP and ¢(2) C G.

Proof. We have already shown in the proof of Theorem 4.9(iii) that there
is a sequence (Uy)?2 ; of open sets in X such that Uy N D is either a Jordan
domain or the disjoint union of two Jordan domains, A C (Jy2, (U, N D),
and AN A* N GP is of positive length. Consequently, there is an index kg
such that

(5.1) ANA*NGP No(DNU) is of positive length,

where U := Uy,. Suppose without loss of generality that U N D is a Jordan
domain. The case where U N D is the disjoint union of two Jordan domains
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may be proved in the same way. Let @ be a conformal mapping from E onto

DnNU. By the Carathéodory theorem (see [4]), ¢ extends to a homeomorphic

map (still denoted by) @ from E onto D N U. Hence, (i) and (ii) are satisfied.
On the other hand, it follows from (5.1) that

(5.2) mes(PHANA* NGPna(DNU))) >0
For any m > 1, let
(5.3) Ap = {n € OE : Aym(n) C &71(G)},

where Az ,,(n) is given by (4.5).
Using the geometric fact following (4.6), we see that A,, is closed. On
the other hand, it is clear that

dHANA* NGPNa(DNU)) U A

Therefore, by (5.2), there is an index mg such that
mes(Ay,, MO LANA* NGPNaDNTU))) >0

Put h := 1/2myp. By the last inequality one can find a closed set F' con-
tained in A, N® (AN A*NGP NA(DNU)) such that mes(F) > 0 and
sup, yep |2 — y| < h. Since h = 1/2mog, a geometric argument shows that

{z€ Az ju(Q) s |2l > 1= h} C A mo(C), (¢ €OE.

This together with (5.3) implies that 2 = 2(F,h) C #~1(G). Hence, (iii) is
verified. =

The following uniqueness theorem will play a vital role.

THEOREM 5.4. Let X be a complex manifold of dimension 1, D C X an
open set, and A, N two Jordan-measurable subsets of OD such that A is
of positive length and N is of zero length. Let 0 < e <1 and G a connected
component of De :=={z € D :w(z,A*,D) < 1—¢}. If f € O(G) has angular
limit 0 at every point of (AN A*NGP)\ N, then f =0.

Proof. Applying Theorem 5.3 we obtain an open set U in X, a conformal
mapping @ from E onto D N U which extends homeomorphically to £, and
an angular Jordan domain {2 := 2(F, h) satisfying assertions (i)—(iii) of that
theorem.

By hypothesis, fo® € O(f2) has angular limit 0 at a.e. point in F. Since
mes(F') > 0, Privalov’s uniqueness theorem (see [4]) shows that fo® =0
on 2. Hence, f = 0 on the subdomain ¢(f2) of G, and so f =0. m

5.2. Main result of this section. Let D,G C C be open discs and let A
(resp. B) be a measurable subset of 0D (resp. 0G) with mes(A) > 0 (resp.
mes(B) > 0). Let f be a function defined on W := X(A, B; D, G) with the
following properties:
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(i) flaxp is measurable and there is a finite constant C' with | f|y < C;
(ii) f € Os(W°);
(iii) there exist functions fi, fo : A x B — C such that for any a € A
(resp. b € B), f(a,-) (resp. f(-,b)) has angular limit fi(a,b) at b for
a.e. b € B (resp. fa(a,b) at a for a.e. a € A), and f1 = fo = [ a.e.
on A x B.

Let w(-, A, D) (resp. w(-, B,G)) be the conjugate harmonic function of
w(-, A, D) (resp. w(-, B, G)) such that w(zg, A, D) =0 (resp. w(wo, B, G) =0)
for a certain fixed point zp € D (resp. wy € G). Then we define the holo-
morphic functions ¢;(2) := w(z, 4, D) + iw(z, A, D), g2(w) := w(w, B,G) +
iw(w, B,G), and

g(z,w) == g1(2) + g2(w), (z,w) € D xG.

The function e™ 9" (resp. e~ 92) is bounded on D (resp. on G). Therefore,
in view of [4, p. 439], we may define e=91(®) (resp. e=9%2(®) for a.e. a € A
(resp. b € B) to be the angular boundary limit of e™9' at a (resp. e™92 at b).

In view of (i), for each positive integer N, we define the Gonchar-
Carleman operator as follows:

(5.4)  Ky(z,w) = Kn[f](z,w)
1 N(g(ab)—g(z)) J(a;b)dadb
= TP S e~ N(g(a,b)—g( ))m? (z,w) € D x G,

AxB
We recall from Gonchar’s work [6] that the limit

(5.5) K(z,w) = K[f](z,w) := A}im Kn(z,w)

exists for all (z,w) € WO, and it is uniform on compact subsets of we.
The boundary behavior of the Gonchar—Carleman operator is described

below.

THEOREM 5.5. Under the above hypothesis and notation, let 0 <d <1
and w € G be such that w(w, B,G) < 0, and let U be any connected compo-
nent of

Ds:={z€D:w(z,A,D)<1—-0}.

Then there is an angular Jordan domain 2 = 2(F,h) such that 2 C U,
F C AnA*NUP, and the Gonchar—Carleman operator K[f] (see formula
(5.4)-(5.5) above) satisfies

lim K[fl(z,w) = f(a,w), 0<a<m/2,
z—a, zEAq(a)

for a.e. a € F.

The proof of this theorem will be given in Subsection 5.4 below.
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5.3. Preparatory results. For the proof of Theorem 5.5 we need the fol-
lowing results.
For every f € LY(OE, |d(|), let C[f] denote the Cauchy integral
1 f(©)
Clf(z) = 5= |

2maEz—C

d¢, ze€E.

For a function F' : E — C, the radial maximal function M;,qF : OE — [0, 00|
is defined by
(MradF)(C) ‘= Sup ‘F(T’C)L ¢ € OFE.
0<r<1

Now we are able to state the following classical result (see Theorem 6.3.1 in
Rudin’s book [14]):

THEOREM 5.6 (Koranyi—Végi type theorem). There is a constant C > 0
such that
| [MaaCLFIOP 1] < © [ ()1 ||

oF OF
for every f € L*(OF, |d(|).

We recall the definition of the Smirnov class EP, p > 0, on rectifiable
Jordan domains.

DEFINITION 5.7. Let p > 0 and {2 a rectifiable Jordan domain. A func-
tion f € O(S2) is said to belong to the Smirnov class EP(S2) if there exists
a sequence (C,)5 of rectifiable closed Jordan curves in {2, tending to the
boundary in the sense that C, eventually surrounds each compact subdo-
main of (2, such that

V1f(2)IPldz] <M <00, n>1.
Cn
Next, we rephrase some facts concerning the Smirnov class EP, p > 0,

on rectifiable Jordan domains in the context of angular Jordan domains
Q(F,h).

THEOREM 5.8.

(1) Let £2 be a rectifiable Jordan domain. Then every f € EP(£2) (p > 0)
has an angular limit f* a.e. on 0f2.

(2) Let 2 := 2(F,h) be an angular Jordan domain and let I" := 0f2. For
any 0 < e < h/4, let T be the rectifiable closed Jordan curve defined
in Proposition 5.2(4). Then f € EP(82) if supgcccp/a SFE |f(2)P|dz]|
< 0. In addition, for every f € EP(£2), p >0,

VI )P ldel < sup | [£(2)P|d].
r O<s<h/4FE
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(3) Every f € EY(E) has a Cauchy representation f = C[f*]. Con-
versely, if g € LY(OF, |dz|) and

Sz”g(z)dz:o, n=0,1,2,...,
OFE

then f :=Clg] € EY(E) and g coincides with f* a.e. on OE.

Proof. For the proof of (1) and (3), see [4, pp. 438-441]. Taking into
account Proposition 5.2(6), (7), assertion (2) also follows from the results in
[4, pp. 438-441]. m

5.4. Proof of Theorem 5.5. We fix wg € G and 0 < J§y < & with
w(wg, B,G) < dp and a connected component U of Ds. Applying The-
orem 5.3, we find an angular Jordan domain {2 := 2(F,h) C U such that
F c AnA*NUP. In the course of the proof, the letter C' will denote a
positive constant that is not necessarily the same at each step.

Applying the Carleman theorem (see, for example, [1, p. 2]), we have

F(2,b) = lim —— [ e V@0 a8 40 cepbes,

N 27 a—z
— 00 A

fla,b) = lim f(ra,b), a€dD, be B.

r—l—

Consequently, f|logpxp is measurable. In addition, by (iii) it is bounded.
Therefore, for every N € N we can define Ko n(-, wp) : 0D — C by

(5.6) Koo (a,wg) 1= 5— | eN(52(w0)=62(0)) /(a. )db a € dD.
’ 27rzB b — wy

Since, in view of (ii)—(iii), f(a,-) € O(G) and |f(a,)|¢ < C for a € A, it
follows from the Carleman theorem that
(5.7) ]\}im Koo n(a,wp) = f(a,wp), a€A,

and the above convergence is uniform with respect to a € A.
On the other hand, by (5.6) we see that Ko n(-, wp) is measurable and

bounded. In addition, for any n = 0,1,2,..., taking (ii) into account, we
have
n 1 " eV (92(wo)—g2(b))
S Koo n(a,wp)a"™ da = 5 S ( S f(a,b)a da)ﬁdb =0,
oD B 0D

where the first equality follows from Fubini’s theorem and the second from
an application of Theorem 5.8(3) to f(-,b), b € B. Consequently, by The-
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orem 5.8(3), we can extend K. n(-,wp) to D by setting

(5.8) Koo, N (2, w0) := C[Koo,n (-, w0)](2)
1 K
= Lo Beenlowo) e p
211 a—z
oD
Then
(5.9) lim Koo N(z,w0) = Ko n(a,wp), 0<a<m/2,

z—a,z€Aq(a

for a.e. a € 9D.

Now we return to the angular Jordan domain 2. We keep the notation
introduced in Proposition 5.2. For any 0 < e < h/4 and any z € I, applying
the Cauchy integral formula, we obtain

(5.10) Koo n(2z,wo) — Kn(z,wo)
- L SeN(gl<z>—gl<a>>+N(g2(wo>—gz<b>>Lﬁ) da.db

) — ’
(27i) OD\A B (a—2)(b—wo)
— N ()-(1-0) | p(a) .
a—z
oD
Using the choice of U and the hypothesis on § and &g, it can be checked that
(5.11) N0 O-0=0)1, <1 |pylap < Ce N0,

Therefore, recalling the projection 7 : E\{0} — 0F (see Proposition 5.2(5)),
we estimate

(5.12) | Koo (z,w0) = Kn(z,w0)[* |d2] < C | [MyaaClpn](7(2))]? |d2|
I I
<10C | | MradClpn) (@) |dal +10C | [M;aaClpn](a)|? |dal
T(FOEUF:LSUFQE) 7(F3¢)
<20C | [MiaaClpn](a)? |dal < C | |p(a)[* |da] < Ce™N =%,
OF OFE

Here the first estimate follows from (5.10)—(5.11) and the definition of the
radial maximal function, the second and third are consequences of Propo-
sition 5.2(5), the fourth holds by Theorem 5.6, and the last one follows
from (5.11).

On the other hand, for any 0 < ¢ < h/4,

(5.13) S | Kn+1(z,w0) — Kn(z, U’O)‘2 |dz|
I.

S 2 S |AN(Z;WO)|2 |dZ| +2 S |BN(Z7U}O)’2 |dZ| S CC_N((S_(SO)?
I I
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where Ay and By are given by formula (6) in [6] and the latter estimate
follows from the same argument as in the proof of (5.10)—(5.12). We recall
from (5.5) that

lim Ky(z,wo) = K(z,wo), z¢€IL.

N—o0
This, combined with (5.12)-(5.13), implies that
(5.14) | [Koo,n(2,w0) — K (2,w)[* |dz| < Ce™NO=%) 0 << h/d.
I

Since we have already shown that |Ko n(-,wo)|p < 00, in view of The-
orem 5.8(2), we deduce from (5.14) that K(-,wo)|o € E?*(f2). For every
a € 0D, let K(a,wq) denote the angular limit of K (-, wp)|n at a (if the limit
exists). It follows from (5.14) and Theorem 5.8(2) that

hm S | Koo (@, w0) — K (a,wo)|?|dal
*r

< sup S | Koon (2,w0) — K(2,w0)|?|dz| < lim Ce N=%) =
O<e<h/4 N—oo0

This, combined with (5.7) and 5.2(8), implies finally that
K(a,wo) = f(a,wg) for a.e. a € F.

Hence, Theorem 5.5 has been proved. =

6. Proof of Theorem A for the case where D and G are Jordan
domains. Using an exhaustion argument, a compactness argument and
conformal mappings, the case where D and G are Jordan domains can be
reduced to the following case:

(x) We assume that D = G = E, and |flw < 1.

Using hypotheses (i)—(iii) and (%), we apply Theorem 5.5 to obtain a
function K[f] € O(W?). Consequently, we define the desired extension by

F=Kf).
In this section we will use repeatedly Theorem 4.6(3):
w(, A 02)=w(-, A" N2),
where {2 C C is an open set and A is a Jordan measurable subset of 02.

The remaining part of the proof is divided into several steps.

STEP 1: Proof of the estimate |ﬂWO < |flw-. Let (z0,wp) € We. Then
we can find ¢ € (0, 1) such that 0 < w(wo, B,G) < § < 1—w(z0, A, D). Let U
be the connected component of Dg that contains zg. By Theorem 5.3 we find
an angular Jordan domain §2 := (F,h) C U such that F C AN A*NUP.
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In addition, for every N € N, applying Theorem 5.5 to N, we obtain
K[fN] € O(W°) with

lim  K[f"](2,wo) = f(a,w)"
z—a,z€EAq(a)

= lim  (K[f](z,w0))", 0<a<m/2
z—a,2z€EAq(a)

for a.e. a € F. Consequently, an application of Theorem 5.4 gives
K[fN](z0,w0) = (K[f](20,w0))", N €N,

It follows that

(6.1) K[fN)(z,w) = (K[f](z,w))N, NEeN, (z,w) € W°.

Now we conclude the proof in the same way as in [6, p. 23]. More pre-
cisely, taking into account (6.1), one gets

Y (2 w)| < [K[fN](2, )]
- Clflw
T (1= )1~ Ju) (1 — e (o)’

Taking the Nth roots of both sides and letting N tend to oo yields the
estimate of Step 1. =

(z,w) € we.

STEP 2: Proof that J? is the unique function in O(Wo) which satisfies
property (1) of Theorem A. First we show that f satisfies (1). Without loss

of generality, it suffices to prove that there is a subset B of BNB* such that
mes(B) = mes(B) and f has angular limit f at every point of D x B.
For any a € A put

B, :={b€ B : f(a,-) has an angular limit at b}.

By hypothesis (iii), we have mes(B,) = mes(B), a € A. Consequently, ap-
plying Fubini’s theorem, we obtain

S mes(B,) |da| = mes(A) mes(B) = S mes({a € A:be B,})|db|.
A B
Hence,

(6.2) mes({a € A:be B,}) =mes(A) forae. be B.
The same reasoning also gives
(6.3) mes({a € A: f(a,b) = fi(a,b)}) = mes(A) for ae. be B.
Set
(64) B:={beBNB*:mes({ac A:be B,})=mes(4) and
mes({a € A: f(a,b) = fi(a,b)}) = mes(A)}.
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We deduce from (6.2)—(6.4) that
(6.5) mes(B) = mes(B).

Fix by € B and let (wn)22 be asequence in G such that lim,, . w, = by
and wy, € Aq(bo) for some fixed 0 < a < 7/2. Fix zp € D and let (2,)22,
be any sequence in D such that lim, . 2, = 2p.

Clearly, we can find 0 < §; < 1 such that
(6.6) supw(zn, A, D) <1 —6;.

neN
Fix d9 such that 0 < Jo < d71. Since by is locally regular relative to B and
lim,, o0 wy, = by and w, € Ay (by), there is a sufficiently large number Ny
with

(67) w(wn,B,G) < 09, n > Ny.

Let U be the connected component of Ds, that contains zy (see (6.6)).
Applying Theorem 5.3, we find an angular Jordan domain {2 := 2(F,h) C U
such that F ¢ AN A*NUP. Let V be a rectifiable Jordan domain with
QcCcV cCcU wyeV,and VNU = 2NU for some neighborhood U of the
base F' of 2.

In view of (6.7) and of the fact that V' C U C Dgs, we obtain

(6.8) V x {wy,} CW°,  n>N,.
Consequently, Theorem 5.5 implies that for any n > Npy,
(6.9) fla,wy) = lim  flz,wy), O0<a<m/2
z—a, z€EAq(a)
for a.e. a € F.
Next, for any n > Ny let
F,:={a € F:by€ B, and f(a,w,) = lim f(z,wn)},
z—a, 2€EAq(a)
oo
Fo:= () Fu
n=No+1

It follows from (6.4), (6.9) and the fact that by € B that mes(F},) = mes(F)
for n > Ny. Hence

(6.10) mes(Fp) = mes(F) > 0.

In view of (6.8), consider the following holomorphic functions on V:

(6.11)  hp(t) := f(t,wn) and ho(t) := f(t,by), te€V,n>N,.

Since we have already shown in Step 1 that |h,|y < |f|x < oo for n > Ny
or n = 0, applying Theorem 5.8(1), we find a subset A of Fy with mes(A) =
mes(Fp) > 0 such that hy, n > Ny, (resp. ho) has angular limit f;(¢, wy,)
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(resp. f1(t,by)) at t € A. Observe that by (6.4) and the fact that by € B we
have
lim fi(t,wyn) = fi(t,bo) = f(t,bg) for a.e. t € A.

Using this and (6.11), we can apply the Khinchin—Ostrowski theorem
(see [4, Theorem 4, p. 397]) to the sequence (hy,)5,. Consequently,

o~

nh_{go f(zn, wn) = f(20,bo).
This shows that f has angular limit f at every point of D X B. Hence, f
satisfies property (1).

It remains to show the uniqueness of f. To do this, let ?E O(WO) have
the following property: There is a subset A (resp. E) of ANA* (resp. bn B*)
such that mes(A \ Z) = mes(B \ g) =0 and ?has angular limit f at every
point of (Z x G)U (D x E) Fix (zp,wp) € We. Let U be the connected

component containing zy of

{zeD:w(z,AD)<1—-w(w,B,G)}.

We deduce that both f(-,wp)|y and f(-,wo)|y have angular limit f(-, wo)
at every point of An Z N UP. Consequently, Theorem 5.4 yields f(, wg) =
?(-, wp) on U. HencAe, f(zo, wp) = ?(zo, wp). Since (zp, wp) € We is arbitrary,
the uniqueness of f is established. =

STEP 3: Proof of (2) of Theorem A. Fix (2o, wo) € We. For every b € B
we have

|f(a7b)‘ < |f|A><37 a€A, and \f(z,b)|§ ’f’Wa zeD.
Therefore, the two-constant theorem (see Theorem 2.2 in [10]) implies that
—w(z,A,D w(z,A,D
612)  fEOI <G I, seDbe B
Let 6 := w(z9, A, D) and consider the J-level set
Gs ={weG:ww, B,G)<1-6}.

Clearly, wg € Gs. N N
Recall from Step 2 that B C BN B*, mes((BN B*)\ B) =0, and

(6.13) fzo,b) = lim  f(zo,w), O0<a<m/2, b€ B.
w—b, weA,(b)

Consider the function h : G5 U B — C defined by
(6.14) h(t) = f(207t), te Cz(g,
f(ZO, t)7 te B.
Clearly, h|g, € O(Gjs).



176 P. Pflug and V.-A. Nguyén

On the other hand, in view of (6.14) and the result of Step 1, we have

(6.15) (bl < 1 Fle < | flw < oc.
In addition, applying Corollary 4.11 and taking (6.13)—(6.14) into account
yields
(h(t)] < [h]5 @ EAP AP e Gy,

where, by Theorem 4.10,

w(t, B,G)
1 —w(z0,A,D)
This, combined with (6.12)-(6.15), implies that

£ 1—w(z0,A,D)—w(wo,B,G w(z0,A,D)+w(wo,B,G
o, w)| = |(uwo)| < |f[57 DB pot Dt B4,

ws(t, B,G) =

Hence (2) for the point (zp, wp) is proved. m

STEP 4: Proof of (3) of Theorem A. Let (ag,wp) € A* x G be such that
the following limit exists:
A= li ,W).
(a,w)ﬂ(ao,w})r)r,l(a,w)EAXGf<a w)
We now show that f has angular limit \ at (ag,wp).

For any 0 < ¢ < 1/2, we find an open neighborhood A4,, of a¢ in A and
a positive number r > 0 such that B(wg,r) € G and

(6.16) 1f(a,w) = N <€ ac Ay, lw—w| <7
Put
(6.17) d:= sup w(w,B,GqG).

weB(wo,r)

Since ag € A%, it is clear that mes(Ag,) > 0. Next, consider the level set
Ds:={z€ D :w(z, Au, D) <1—6}.

In view of (6.17), we can define

~

(6.18) h(t,w) = f(t,w) — A, t€&€ Ds, w & B(wy,r).
Clearly,
(6.19) [hlps < 21 flge = 21flw = 2.

By (6.18) and using the result of Step 2, we know that for every w € B(wq, r)
the holomorphic function h(-,w)|p, has angular limit f(a,w)—\ at a for a €

An Agy, where A is given in Step 2. Consequently, applying Corollary 4.11
and taking (6.16) and (6.19) into account, we see that

|h(t,w)| < 82(1—w5(t,Aa0,D))2w5(t,Aa0,D)’ t € Ds.
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Let 0 < o < /2. From Theorem 4.10 and the hypothesis that ag € A*,
we deduce that limy_,,, ¢ 4, (ag) W5 (t; Aag, D) = 0. Consequently, there is an
ro > 0 such that

|f(z,0) = Al = [h(z,w)| <&, 2z € Aa(ao) N {2z — a0 <7a}, w € Blwo, 7).

This completes the proof of the above assertion.
Similarly, we can prove that f has angular limit

lim f(z,b)

(2,b)—(20,b0), (2,b)EDx B
at any point (2o, bp), if the limit exists. m
STEP 5: Proof of (4) of Theorem A. Let (ag,bp) € A* x B* be such that

A= lim a,b
(a,b)—(ao,bo), (a,b)EAXB f(a,b)

exists. We will show that f has angular limit A at (ao, bo).

Recall that [f|x < 1, and fix 0 < € < 1/2. Since (ag,bpg) € A* x B*, we
find an open neighborhood A,, of ag in A (resp. an open neighborhood By,
of by in B) such that
(6.20) |f(a,b) = A| < €, a € Aqgy, b E By,.

It is clear that mes(A,,) > 0 and mes(By,) > 0.
Consider the function

(6.21) h(z,w) = f(z,w) — A, (z,w) € X(Aay, Bpy; D, G).
Clearly,

(6.22) |h(z,w)| <2, (z,w) € X(Aq,,Bpy; D, G).
Applying the results of Steps 1-3 to h, we obtain the function
(6.23) h:=K[h] onX°(Ag, By D,G).

so that % has angular limit A on (ﬁao x G)U (D x Ebo), where gao, §b0 are
given by Step 2. Clearly,

X(Aag, By; D, G) € X(A, B; D, G).
Consequently, arguing as in Step 1 and taking into account the above men-
tioned angular limit of h, we conclude that

h= fA’— A on X(AQO,BI,O;D,G).

Consequently, applying Step 3 and taking into account (6.20)—(6.23) and
the inequality | f|x < 1, we see that

|f(z,w) = Al = (2, w)]

17(“)(’2714&0’ )7w(vabO 7G)
S |h|AaO ><Bb0

< 52(1—4;1(,2,14,10 , )—w(w,BbO ,G)) 2w(z,AaO ,D)+w(w,Bb0 ,G) '

(2’f’X)w(z,AaO,D)—l—w(w,Bbo,G)
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Therefore, for all (z,w) € X(Aao, By,; D, G) satisfying
(6.24) w(z, Ay, D) + w(w, By, G) < 1/3,

we deduce from the last estimate that

~

(6.25) 1f(zw) — A < e.

Since ag (resp. bp) is locally regular relative to Ag, (resp. By, ), there is an
T > 0 such that (6.24) holds for

(z,w) € (Aa(ag) N{|z — ao| < ra}) X (Aal(bo) N {|w — bo| < 74}).
This, combined with (6.25), completes the proof. =

STEP 6: Proof of (5) of Theorem A. By Step 5, we only need to show
that f has angular limit f on (A* x G)U (D x B*). To do this let (ag,wp) €
A* x G and choose 0 < € < 1. Fix a compact subset K of BN B* such that
mes(K) > 0 and a sufficiently large N such that

(6.26) EN(l—w(wo,K,G))(2|f|X)w(wo,K,G) < 6/2.

Using the hypothesis that f can be extended to a continuous function on
A* x B*, we find an open neighborhood A,, of ap in A* such that

(6.27) |f(a,b) — f(ag,b)| < e, a€ Ay NAG, be K.
On the other hand,
(6.28) |f(a,w) — f(ao,wo)| <2|flx <2, a€ Ay, NA,, weQqG.

ap?

For a € Aq, N A} , applying the two-constant theorem to the function

f(a, ) — f(ao,-) € EO(G) and taking (6.26)—(6.28) into account, we deduce
that

(6.29) | f(a,wo) — f(ag, wo)| < NI 0K) (9| | )(w0.KE) < /o,

Since f(a,-)|q is a bounded holomorphic function for a € A, there is an
open neighborhood V' of wg such that

[fla,w) = fla,wo)| <e/2, a€A weV.
This, combined with (6.29), implies that
|f(a,w) = f(ao, wo)| < [f(a,wo) — f(ao, wo)| + |f(a,w) — f(a,wo)|
<e/24+¢e/2=¢, a€Ay,,welV.

Therefore, f is continuous at (ag, wo). Consequently, by Step 4, ]?has angular

limit f(ag,wo) at (ap,wp). Similarly, we can also show that f has angular
limit f(z0,bo) at every point (z0,b9) € D x B*. =
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7. Preparatory results. We first develop some auxiliary results. This
will enable us to extend the results of Section 6 to the general case of The-
orem A.

DEFINITION 7.1. Let {2 be a complex manifold of dimension 1 and
A C (2. Define

w(- A R2):=sup{u:uecSH(2),u<1lon 2, u<0on A}

The function_w(-,A, 2) is called the harmonic measure of A relative to (2.
A point ¢ € AN (2 is said to be a locally reqular point relative to A if

lin%w(z,AﬂU,QﬂU) =0
for any open neighborhood U of (. If, moreover, ( € A, then ( is said to be

a locally regular point of A. The set of all locally regular points relative to
A is denoted by A*. A is said to be locally regular if A = A*.

PROPOSITION 7.2. Let X be a complex manifold of dimension 1, D C X
an open set and A C 0D a Jordan measurable subset of positive length. Let
{a;j}jcs be a finite or countable subset of A with the following properties:

(i) for any j € J, there is an open neighborhood U; of a; such that
DnNUj is either a Jordan domain or the disjoint union of two Jordan
domains;

For any 0 < 0 < 1/2, define
Uis ={ze DNUj:w(z,A"NU;,DNU;) <}, je,

Ay = U Uj.s,
JjEJ
Ds:={z€D:w(z,A",D) <1—-4}.
Then:
(1) AnA* C A(;D and As C D1_s5 C Dg;
(2) w(z, A%, D) = 6 < w(z, Ag, D) < w(z, A*, D), 2 € D.
Proof. To prove (1), let a € AN A* and fix j € J such that a € U;. Then

lim  w(z,A"NU;,DNU;)=0, 0<a<m/2
z—a, z€EAq(a)

Consequently, for every 0 < o < 7/2, there is an open neighborhood V,, C Uj
of a such that

w(z, A*"NU;,DNU;) <6, z¢€Ax(a)NV,.
This proves AN A* C A5D .
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To prove the second assertion of (1), one applies the subordination prin-
ciple to obtain, for z € Uj s,
(7.1) w(z, A", D) <w(z,A"NU;,DNU;) <§ <1—0.
Hence, z € Dy_s. This implies that A; C Di_s. In addition, since 0 < §
< 1/2, it follows that Dy_s C Ds. Hence, (1) is proved.

We turn to (2). Since As is an open set and, by (1), AN A* C AP it
follows from Definitions 4.8 and 7.1 that

w(z,A5,D) <w(z,ANA* D), ze€D.
Hence, Theorem 4.6 shows that
w(z,As,D) <w(z,A*,D), z€D,

which proves the second estimate of (2).
To complete the proof of (2), let z € As. Choose j € J such that z € Ujs.
We deduce from (7.1) that w(z, A*, D) — § < 0. Hence,

w(z, A*,D)—§ <0, z¢€As.

On the other hand, w(z, A*, D) —§ < 1 for all z € D. Consequently, the first
estimate of (2) follows. =

The main ingredient in the proof of Theorem A is the following mixed
cross theorem.

THEOREM 7.3. Let X and Y be complex manifolds of dimension 1,
D C X and 2 CY open subsets, and A C D and B C 0f2. Assume that
A = Upl Ak with Ay locally regular compact subsets of D, Ay C Agi1,
k > 1. In addition, assume that B C 0f2 is a Jordan measurable subset of
positive length. For 0 < 6 < 1 put G :== {w € 2 : w(w,B,2) < 1—0}.
Let W = X(A,B; D,G), W° := X°(A, B; D,G), and (using the notation
ws(+, B, £2) of Theorem 4.10)

We = XO(A,B;D,G) ={(z,w) € D xG:w(z, A", D) +ws(w, B, 2) < 1}.
Let f: W — C be such that:
(i) feOs(We);

(ii) f is Jordan measurable and locally bounded on W,
(iii) for any z € A,

lim f(z,w)=f(z,m), neB,0<a<mw/2
W—>7771U€Aa(77)

Then there is a unique function fe O(/WO) such that ]?: f on AxG and

lim )f(z,w) = f(z0,m0), O0<a<m/2,

z2—20, W—N0, WEA (M0

for every zo € D and ny € BN B*. Moreover, mfi/o <|flw-
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Proof. First we prove the existence and uniqueness of ]? Fix f: W —->C
which satisfies (i)—(iii) above.

STEP 1. Reduction to the case where D € X is an open hyperconvex
set (3), A is a locally regular compact subset of D and |flw < oc. Since X is
countable at infinity, we find an exhaustion sequence (D)2, of relatively
compact, hyperconvex open subsets Dy of D with Ay C Dy ,/ D (for
example, we can choose open subsets Dy of D with smooth boundary which
contain Ay). Similarly, since Y is countable at infinity, we find a sequence
(21)52, of open subsets of {2 and a sequence (By)52 ; of Jordan measurable
subsets of B which satisfy the hypothesis of Proposition 4.7. Let G :=
{w € 2 : w(w, By, 2%) < 1—§}. Using a compactness argument, we see
that [ fx(ay,By;Dk,Gr) < 00

By assumption, for each k there exists an ﬁ € O(XO(Ak,Bk; Dy, Gyr))
such that fk has angular limit f|X(Ak,BkﬂB;;;Dk,Gk) on X(Ay, BxNB}; Dy, Gy,).

We claim that fry1 = fr on X°(Ag, By; Dy, Gi). Indeed, fix ko > 1 and

(z0,wp) € XO(AkO,BkO;DkO,GkO). Let k € N be such that k& > kg. Let D be
the connected component containing zg of the open set

{Z cD: w(szkoaDko) <1-— wg(wo,Bk, Qk)}
Observe that both J‘A’ko(~, wo)|p and fk(, wp)|p are holomorphic and

f/ﬁ('z)w()) :fk(zaw()) :ﬁﬂo(sz())v ZEAkﬂD

Since Ay N'D is nonpolar, we deduce that Fro (- w0)|p = fi(-, wo)|p. Hence,
fro (20, wo) = fr(20,wo), which proves the above assertion.

On the other hand, by Proposition 4.7 one gets XO(Ak, By; Dy, Gy) / we
as k /' oo. Therefore, we can glue the fk together to obtain ]?6 O()A(O) with

angular limit f on W and f = f on A x GG. The uniqueness of f can be
proved as in the previous paragraph.

STEP II: The case where D € X is an open hyperconvex set, A is a
locally regular compact subset of D, and |f|w < oco. Suppose without loss
of generality that |f|w < 1. We will apply Théoreme 3.3 of [15] to the pair
of condensers (A, D). In the following, we use the notation from that work.

Let 110 := pa,p and p; a B-admissible Lebesgue measure of D. Let H; :=
L3(D, 1), Hy := the closure of Hi|a in L*(A, uo), and let (bj)5, C Hy be
a system of doubly orthogonal bases in Hy and Hy. Recall that ||b;|| g, = 1.

(®) An open set D C X is said to be hyperconvez if it admits an exhaustion function
which is bounded subharmonic.
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Putting v; := ||bj||#,, j € N, we have

(7.2) Z’yj_e <oo, ¢&>0.
j=1
For any w € B, we have f(-,w) € Hy and f(-,w)|a € Hy. Hence
(7.3) Few) = cj(w)bj,
j=1
where
(14) )= § ) 5@ du() = | few) 5 du(z), e
7 b A

Taking the hypotheses (i)—(iii) into account and applying Lebesgue’s domi-
nated convergence theorem, we see that the formula

(7.5) Gi(w) == | f(z,w)b;(2) dpo(z), weGUB,jeN;
A

defines a bounded function which is holomorphic in G. Moreover, by (iii)
and (7.4)—(7.5) it follows that

(7.6) lim cj(w) =¢j(n) =c¢i(n), meB,0<a<m/2
w—n, wEAa(n)

Using (7.4)—(7.6), we obtain the estimates

log [(w)| _ log /po(4)

< , weG, jeEN,
log 7; log
log |c; log /p1(D
lmsap 281G loevmD) e e
won,weda(n) 1087 log 7;
This shows that for any € > 0, there is an N such that for all j > N,
1 -.
(7.7) log 6] <ws(-,B,2)+e—1 onG.

log ;

Take a compact set K € D and let 1 > a = o(K) > maxgw(-, 4, D).
Choose an ¢ = ¢(K) > 0 so small that a + 2¢ < 1. Consider the open set

Gk ={weG:ws(,B,2)<1—a—2}.
By (7.7) there is a constant C'(K) such that

(7.8)  [Gla, < C(EWPUPOT <O (Ko i
Now we show that
(7.9) > E(w)by(2)

Jj=1
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converges locally uniformly in we. Indeed, by (7.2) and (7.8),

(7.10) > [eilaxlbilx < C(K)y;*C(K, )8
j=1 j=1

o0
< C(K)C(K,a) Y77 < os,
j=1
which gives the normal convergence on K x Gg. Since K and € > 0 are
arbitrary, the series in (7.9) converges uniformly on compact subsets of /V[7°;
call the limit function f
Fix zg € D and ng € BN B*. We choose a compact Ko € D so that Ky
is a neighborhood of zy. Let ¢ > 0.
By (7.10), there is an Ny such that

o0
(711) S il bl < co0/2
Jj=No+1

On the other hand, by (7.3)—(7.6), we can find, for any 0 < o < 7/2, an
open neighborhood V,, of 1y such that

No No
D@ wbi(z) = D eimlbi(2)| < c0/2, 2 € Ko, w € Aa) (Ve
j=1 =1

This, combined with (7.9) and (7.11), implies that

lim sup |f(z,w) = f(20,m0)| < €0, 0<a<m/2.

z2—20, w—n0, WEA(10)

We conclude that
lim F(z,w) = f(20,m0), (20,m0) € Dx (BNB"), 0 < o < /2.

2—20, w—n0, WEAx(10)

To complete the proof of Step II, it remains to show that f = f on
A x G. To do this, fix (20, wg) € A x G. Let G be the connected compo-
nent of G containing wyp. Recall that G = {w € 2 : w(w,B,2) < 1 —06}.

Observe that both f(zo,-)|g and f(z0,)|¢ have the same angular limit f
on BN G*. Consequently, Theorem 5.4 shows that f(zo,-)lg = f(20,")|g.

~

Hence, f(z0,wo) = f(z0,wp), which proves the above assertion.

It remains to prove the estimate mWo < |f|lw. Assume for contradiction

that [f(29)] > |f|w for some 20 € We. Put o := F(2%) and consider the
function

(7.12) 9(z) i = ———, z€eW.
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It can be checked that g satisfies hypotheses (i)—(iii) of Theorem 7.3. Hence

the first assertion of the theorem shows that there is exactly one g € (’)(WO)
with g = - g on A x G. Therefore, by (7.12) we have g(f —a) =1 on A x G.

Thus g(f —a)=1on We. In particular,
0=G(:")(f(z") —a)=1;

a contradiction. m

We conclude this section with two uniqueness results.

PROPOSITION 7.4. Let X, Y be two complex manifolds of dimension 1,
D C X,G CY two open sets and A C 0D, B C G two Jordan measumble
subsets of positive length. Let D C X be an open set with D N D # 0, and
let A C 8D be a Jordan measurable subset of positive measure. Put

We = XO(A,B;D,G), Wo = XO(A,B;]_N),G).

Let f € O(WO), f e OW®), and z € DN D be such that both f and f
have the same angular limit at (z,b) for a.e. b € B. Then f(z,w) = f(z,w)
for every (z,w) € Wwenwe.

Proof. Fix wy € G such that (2o, wp) € W°NWe°. Choose 0 < & < 1 50
that
<207w0) €D xG:N D1 X G,

where we have used the notation of levelAsets introduced in Sec/t\ion 4. Ap-
plying Theorem 5.4 to f(zg,-)|G5 and f(z0,)|q. shows that f(z0,w) =
F(z0,wo). w

Now we are able to prove the uniqueness stated in Theorem A.

COROLLARY 7.5. Under the hypotheses and the notation of Theorem A,
there is at most one f € (’)(WO) which satisfies property (1) of Theorem A.

Proof. This follows immediately from Proposition 7.4. m

8. Proof of Theorem A. Recall that by Corollary 7.5, the function f
satisfying (1) of Theorem A is uniquely determined (if it exists). We only
give the proof of (1). We then conclude the proof of (2)-(5) of Theorem A
in exactly the same way as we did in Section 6 starting from Step 2 of that
section. The proof is divided into two steps.

STEP 1: Proof of Theorem A for the case where G is a Jordan do-
main. By Proposition 7.2, let {a;};e; be a finite or countable subset of
A with the following properties:
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e for any j € J, there is an open neighborhood U; of a; such that DNU;
is either a Jordan domain or the disjoint union of two Jordan domains
(according to the type of a;);

For any 0 < § < 1/2, define
Uj75::{Z€DﬂUj:w(Z,A*ﬁUj,DﬁUj)<5}, j € J,
A= U,
Jj€J
Gs:={weG:ww,B,G)<1-7}.
Moreover, for every j € J let
W = X(@(D N Uj) NAB; DN Uj, G),
(8.1) W9 :=X°(d(DNU;) N A, B;DNU;,G),
fi = flw,
Using the hypotheses on f, we conclude that fj, j € J, satisfies (i)—(iii) of
Theorem A. Moreover, since G is a Jordan domain and D NUj, j € J, is
either a Jordan domain or the diijoint union of two Jordan domains, we can
apply the result of Section 6 to f;. Consequently, for each j € J, we obtain

a unique function f, € (’)(W?), a subset A; of (D NU)N A, and a subset
Bj of B such that

Aj - A;,
(8.2) (O(DNU)NA)\ A; and B\ Bj are of zero length,
fj has angular limit f on ((0(DNU;)NA;) x G)U (D x Bj).

AVZZ ﬂAjv é:szj,

(8.3) jeJ J€J
Ws := X(45, B; D, Gs), W3 :=X°(45,B; D,G).
(B;}(fAProlg)s)ition 7.4, the family (E|U] sxGs)jes yields a function 75 €
§ X Gg).

Next, consider the function f(g : Ws — C given by

(8.4) Foom Lfs ondsx Gy
f on D x (BnNB*).

From (8.1)-(8.4), we deduce that
(8.5) A\ A and B\ B are of zero length,
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and
lim fs z,w) = f(z0,bp),
z—>20,w—>;0,w€Aa(b0)f§( ) f( 0 0) _ _
0<a<m/2 20€D,by € BN B,

(8.6) _
lim f§(27w) :f(a07w0)7

z—ag, 2€Aq(ao), w—wo

0<04<7r/2,a0€g,w0€G5.

By (8.4)-(8.6), f5 satisfies hypotheses (i)(iii) of Theorem 7.3. Applying this
theorem to f(;, we obtain, for every 0 < § < 1/2, a function f5 € O(Wo)
(8.6), we see that

fs=fs on As x Gs,

]‘. fs b = 7b bl
z—>zo,w—>églw€Aa(bo) fd(z U)) f(ZO O)
(8.7) 0<a<m/2 20€D,by€ BNDB",
lim J/‘:;(z,w) = f(ao,wo),

z—ap, zEAq(ap), w—bo
0<a<m/2, a0 €A, wy € Gbs.

We are now in a position to define the desired extension f Indeed, one
glues (fs)o<s<1/2 together to obtain f in the following way:

(8.8) fi= %irr(l)ﬁ; on W° =X°(A, B; D, G).
One has to check that the limit (8.8) exists and has all the required proper-
ties. This will be an immediate consequence of the following

LEMMA 8.1. For any (z,w) € Wwe put

 1-w(z, A", D) —w(w, B*,G)
(8.9) Oz w) = 5 .

Then f(z,w) = ﬁ;(z,w) Jor all 0 <6 < 3, 4.

Proof. Fix (zp,wp) € XO(A, B; D, G) and let 6 := 6 w,)- Let 0 <3 < do.
Then w(wy, B*,G) < 1 —§y and

B*
CU(ZO,A(;’ D) + CU(SO(’U)O, _B7 G) S W(Zo, A*’ D) + u)(,wlthié’G)
— 00

w(zo, A*, D) + w(wo, B*, G)
B 1—4g

where the last estimate follows from (8.9). Consequently,

(8.10) (20,w0) € X°(As, B; D, Gs,).

<1,
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On the other hand, by Proposition 7.2(1), it is clear that
(8.11) XO(A(;, B; D, G(go) C XO<A5, B:; D, G(g) N XO(A(;O, B; D, G(go).

Moreover, in view of (8.4) and (8.7), we have

(8.12) f§ = fg = f50 on A5 X G(so.
Next, let D be the connected component containing zg of the open set
{Z €D: (Z A(57 ) <1l- W50(w0,B G)}

By (8.10)—(8.11), both f5|p and f50]D are holomorphic and D N 45 is a
nonempty open set. Therefore, (8.12) yields f5 f50 on D. Hence, fg(zg, wo)

= f50(20,wp). w

We now complete the proof of (1) as follows. An immediate consequence
of Lemma 8.1 is that fe (’)(WO) Next, applying Lemma 8.1, (8.4)—(8.9)

and the fact that VV0 — W° as & \, 0 we conclude that f satisfies the
conclusion of (1). =

STEP 2: Proof of Theorem A for the general case. We proceed using
Step 1 in exactly the same way as we proved Step 1 using the result of
Section 6. =

We conclude this section with the following remark. Using the above
proof, one can also derive Gonchar’s theorem (Theorem 1) from Druzkow-
ski’s theorem (Theorem 3). Indeed, in Step 1 above, let {a;};cs be a finite
or countable subset of A with the following properties:

e for any j € J, there is an open neighborhood U; of a; such that DNU;
is a Jordan domain and AN Uj is an open arc;

Then we repeat Step 1 (B is only one open arc) and Step 2 (the general
case) above using Druzkowski’s theorem, and Gonchar’s theorem follows. m

9. Proof of Theorem B. We will give the proof for the case when D
and G are the unit disc E. The general case can be proved using the scheme
of Sections 6 and 8. The proof is divided into two steps.

STEP 1: Proof of Theorem B when f(a,-)|¢ and f(-,b)|p are bounded
for every a € A and b € B. For any N € N let

(91) Ayi={a€A:|f(,)l¢ <N}, By={beB:|f(b)lp<N}.
Then
(9.2) Ay /Aand By /B as N / .
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Now we show that for every N € N,

Ap is a closed subset of A and f|ayxag € C(An X G),
By is a closed subset of B and f|pxpy € C(D x By).

To do this fix N € N and let (a,)s2; C Ax with lim, o an, = ap € An.
Then, by hypothesis (i),

(9.4) lim f(an,t) = f(ao,t), t€ B.
n—oo
On the other hand, by the hypothesis of Step 1,

|flan, )lg <N and |f(ao,")|a < .

Now the Khinchin-Ostrowski theorem (see [4, Theorem 4, p. 397]) shows
that the sequence (f(an,-)|c)22; C O(G) converges uniformly on compact
subsets of G to f(aop,-). This completes the proof of (9.3).

On the other hand, by hypothesis (ii), the holomorphic function f(a,-)
has angular limit f(a,b) at b € B. It follows that f|a,xp, IS measur-
able. Moreover, by (9.1), [flxy,By:D,q) < N for every N € N. In ad-
dition, in view of (9.2), there exists an Ny such that mes(Ay) > 0 and
mes(By) > 0 for N > Ny. Consequently, Theorem A applied to the re-
struction of f to the cross X(Ay, By;D,G) for N > Ny yields a function
fn € (’)(XO(AN,BN;D,G)) and a subset Ay (resp. By) of Ay (resp. By),
for N > Ny, such that

mes(Ay \ Ay) = mes(By \ By) = 0,

(9.3)

(9.5) ~ ~ ~
fn has angular limit f on (Ay x G) U (D x By).
Put
(9.6) A= U Ay, B:= U By.
N=Ny N=Ny
Applying (9.2), (9.5), and Corollary 7.5, we obtain
(9.7) fv=fxs1 onX°(An,By;D,G), N > N.

Therefore, the fN glue together to yield the desired extension as
(9.8) f= lim Fv  on W°:=X°(A, B; D,G).
— 00
Moreover, by (9.5)—(9.8), we infer that
mes(A\ A) = mes(B \ B) =0,
f has angular limit f on (A x G) U (D x B).

Next, for every N > Ny, in view of (9.2)—(9.3) and (9.5), one can find a
sequence (Fny)o2; (resp. (Hyn)pe) of compact subsets of 0D (resp. 0G)

(9.9)
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such that
Fnn CFENny1 CA,  Hyp, CHypge1 C B,

mes(Fy ) >0, mes(Hy,) >0,
(9.10)

mes(gN\ G FN,n> =0, mes(EN\ [j HN,,L> =0.
n=1 n=1
Moreover, for any k € N, k > 1, and for any m € N, put
Annmi = {a € Ay 1| f(a,Q) = fla,n)| < 1/2k,
VC,n € Hyp :[¢—n| <1/m},
Binmk = {b € By : |f(¢,b) = f(n,b)] < 1/2k2,
VC,n € Fnp t |C—n| <1/m}.
Since, by hypothesis (i), f € Cs(A x B), we deduce from (9.10) and (9.11)
that Annmk (resp. Bynmk) is a closed subset of Ay (resp. By) and
(9.12) Annmk /" An and Bypmik /" By asm /oo, k>1.

Consequently, there is an mg := mg(N,n, k) such that mes(Annmr N Fnp)
> 0 and mes(BnpmrNHN,,) > 0 for any m > mg. Now we apply Theorem A
to the restriction of f to X(Annmk N ENns BNnmk N Hypn; D, G). Using
(9.7)-(9.9) and Corollary 7.5, we then obtain exactly the restriction of f to
XO(ANnmk N FNm, Bnmk N Hyn; D, G). Let (*)

Aanmk = (ANnmk; N FM,n) N (ANnmk; N FN,n)*a

ENnmk = (BNnmk N HM,n) N (BNnmk N HN,n)*a

Taking (9.11)—(9.13) into account and arguing as in Step 5 of Section 6, we
can show that

meS(Aanmk \ FN,n) =0, meS(ENnmk \ Han) =0,

(9.14) lim sup Fzw) = fla,b)] < 1/k,
(z,w)—(a,b), zEAq(a), wEAL(D), (z,w)E)A(O

(9.11)

(9.13)

for any 0 < oo < 7/2, and (a,b) € /TNnmk X ENnmk. Now it suffices to put

_ o o o o _ " o o] (o] (o] _

A= ﬂ U U U ANnmk, B:= ﬂ U U U BNnmk-
k=1 N=No n=1 m=mg(N,n,k) k=1 N=No n=1 m=mg(N,n,k)

Combining this and (9.14), (9.12), (9.9) and (9.2), we can check that all the
conclusions of Theorem B are satisfied. m

(*) Recall from Subsection 2.2 that for a boundary subset T, T* denotes the set of
locally regular points relative to 7.
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STEP 2: The general case. We begin with the following

DEFINITION 9.1. For a closed subset F' of OF and n € N with n > 1,
define the following open set:

A=AFn):=J{z € Ars(Q): 2| = 1= 1/n} UB(0,1 - 1/n).
CeFr
The reader should compare this definition with Definition 5.1. Below we
list some properties of such open sets.

PROPOSITION 9.2. Let F be a closed subset of OF.

(1) A(F,n) is a rectifiable Jordan domain and F C OA(F,n).

(2) A(F,n) /' E asn / oo.

(3) If f : EUF — C is locally bounded, then |f|a(pny < oo for every
n > 1.

(4) w(z, F,E) =lim, oo w(z, F, A(F,n)) for all z € E.

Proof. (1) is shown as in the proof of Proposition 5.2; (2) is an immediate
consequence of Definition 9.1; (3) follows immediately from the compactness
of F'; and the proof of Proposition 4.7 with the obvious changes yields (4). =

Now we are in a position to complete Step 2. Indeed, first suppose that
both A and B are closed, and consider the sequences (D)2, and (Gr)o,
of rectifiable Jordan domains given by

D, = A(A,n), G,:=A(B,n), n>2.
For n > 2 let f, = f’X(A,B;Dn,Gn)‘ By Proposition 9.2, we can apply the
result of Step 1 to f, to obtain a function ]?n € 320(14, B; D,,G,). We then
glue the f, together to obtain the desired extension
f: lim ﬁl on W° = XO(A,B;D,G).
n—oo
Proposition 9.2 shows that fsatisﬁes all the assertions of Theorem B.

The case when A and B are only measurable is similar. It suffices to
find a sequence (A,,)>°_; of subsets of A such that A, is compact and
mes(A \ U1 Am) = 0, and a similar sequence (By,)5°_; for B. Then
we apply the previous discussion to f]X( Am,Bm;D,G) tO obtain fn, €
XO(Am,Bm;D,G), and define the desired extension by f = limyy,—eo fm

—

on W°. u

10. Examples and concluding remarks. The following examples of
Druzkowski [2] show the optimality of Theorems A and B. Let D = G = E,
A=B={t€dF:Ret >0}, W:=X(A,B;D,G),and T := (DU A) x
(GUB).
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EXAMPLE 1. Define h : T — C by
2+ 2w
3 )
z#1L,w#1,

0, z=1lorw=1.

exp<—[Log (1 -2)+ Log (1 —w)]Log
h(z,w) =

where Log is the principal branch of the logarithm. Put f := h|y. As in
[2] observe that f is measurable, f € Cs(W) N Os(W°), |flw < oo, but
flaxp is not continuous at (1,1). Since hlg, € (’)(WO), using the uniqueness
established in Theorem A, we conclude that the solution f provided by
Theorems A and B satisfies f = hljpo- In addition, for 0 < a < /2, the
angular limit of f at (1, 1) does not exist. Thus the condition in assertion (3)
of Theorem A is necessary. Moreover, the sets g, B given by Theorem B do
depend on f.

EXAMPLE 2. Define h : T — C by

3
02 2T W

h(z,w) = {eXP<_(Z_>\)L g 1—w>’ wF£ 1,
0, w=1

where (z,w) € T, 0 < A < v/2/2. Define f := hlyy. Then f = hl,- As in [2]
observe that f|axp is continuous, f € Cs(W)NOs(W°), but f is not locally
bounded on W.

In addition, for 7/3 < a < m/2, consider the functions z, x,wa :
[0,1] — C given by

we(t) =1+ tel(m—9a/10)
2 3 + wa(t)
1 — wq(t)

We can prove that there is a ¢,y > 0 and a neighborhood U, ) of A + i) in
C such that

-1
Zaa(t) = A+ (ReLog ) +iA,  te]0,1].

((AaX+X) N Uqn) X Aa(1)) VWO,
(zan(t), wa(t)) € 0 <t < tun A V32,
(Uax x Aq(1)) NWe, 0<t<tan 0<A<V2/2.
In addition, it can be checked that

~

lm(zar(0) wa(t) = A+ A1), Tim | Flzaa(t), wal®)] = oo.

This shows that the assumption of the local boundedness of f is necessary
in Theorem A.

We conclude the article with some remarks and open questions.
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1. It can be proved that we provided by Theorem A is the maximal
domain of holomorphic extension of f (see [12]).

2. Does Theorem A still hold if we omit the assumption (ii) that f|axp
is Jordan-measurable?

3. Does Theorem B still hold if we omit the assumption that flaxp €
Cs(A x B)?
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