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Growth of coefficients of universal Dirichlet series

by O. DEMANZE and A. Mouzkg (Lille)

Abstract. We study universal Dirichlet series with respect to overconvergence, which
are absolutely convergent in the right half of the complex plane. In particular we obtain
estimates on the growth of their coefficients. We can then compare several classes of
universal Dirichlet series.

1. Introduction. Let f(s) = -, a,n"° be a Dirichlet series and let
oa(f) be its abscissa of absolute convergence, defined by

oq(f) = inf {a eR: Z lan|n™7 converges}.
n>1

We define || >, < ann™®|le = D ,>1lan|n™7 € [0,00] for all o € R. We
also define the abscissa of convergence o(f) = inf{o € R : 3 o ann~°
converges}. If f is given by a finite sum as above, then we say that f is
a Dirichlet polynomial. We denote the pth partial sum of f by S,(f) =
S P _apn~S. Let C4 be the half-plane of complex numbers with strictly
positive real part. We denote by D,(C) the set of Dirichlet series which are
absolutely convergent on C,.. This space, endowed with the topology given
by the family of seminorms || - ||s, is a Fréchet space. In the following, we fix
a strictly decreasing sequence o = (0 )k>0 of real numbers which converges
to 0.

DEFINITION 1.1. Let K be a compact set included in C. This set is
admissible for Dirichlet series if C\ K is connected and K can be written
as K = Kj U---U Ky with each K; contained in a strip S; = {z € C: q; <
R(z) < b} with b; —a; < 1/2 (R means the real part), the strips S; being
disjoint.

We denote by C_ the left half-plane {s € C : R(s) < 0}. We can now
give the version of Mergelyan’s theorem for Dirichlet series in D,(C;.).
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THEOREM 1.2 ([3]). Let K C C_ be a compact set admissible for Dirich-
let series, f be a Dirichlet series in Do(Cy), g be a continuous function on
K which is analytic in K and o, € be two positive real numbers. Then there
exists a Dirichlet polynomial h such that

sup |h(z) — g(2)| <e and ||h— f|l, <e.
zeK

We also define the following sets W, and W; of universal Dirichlet series
from D,(C4). The set W, has been introduced in [3].

DEFINITION 1.3. We denote by W, the set of all Dirichlet series h €
D,(C) satisfying: for every admissible compact set K C C_, and every
function g, continuous on K and analytic in K, there exists a sequence
(An)n>0 of integers such that

sup |5y, (h)(z) — g(z)| — 0.

zeK n—oeo

It is well-known that W, is a dense G set [3].

DEFINITION 1.4. We denote by W the set of all Dirichlet series h €
D, (C) satisfying: for every admissible compact set K C C_, and every
function g, continuous on K and analytic in K , there exists a sequence
(An)n>0 of integers such that

sup |Sy, (h)(z) —g(z)| — 0.
zeK n—0o0

The set W, differs from W, because the intersection of the compact sets
K with the imaginary axis is now empty. Obviously by using similar methods
one can show that WV is also a dense G4 set and W, C Wy. These sets are
similar to the sets of universal Taylor series defined in [8], [7] respectively.
We refer the reader to [6] for a survey and similar results. For other universal
Dirichlet series we refer to [5].

In this paper, we first obtain, as in the analytic case [7], estimates on
the growth of coefficients of universal Dirichlet series in the sense of W,
(Theorem 2.2).

THEOREM. Let Y > a,n~% be a Dirichlet series in W,. Let (by)nen be
a decreasing sequence such that > 7, by /nlog(n) < co. Then

I nla,|
im sup ———— = 0.

neN* eV br log(n)

In Section 3 we prove a decomposition theorem with estimates on the
coefficients for all series of D,(C,) (Theorem 3.6).

THEOREM. Let f =3 < dyn~° be a Dirichlet series in Da(C). Then
there exist g1 = Zn21 apn~ % and go = anl bpyn—*% in Wy such that [ =
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g1 + g2 on C4 with

lim sup n|a,| = limsup n|b,| = lim sup n|d,|.
neN* neN* neN*

This is a version of Theorem 5.1 from [7] for Dirichlet series. As a con-
sequence, we conclude that Wi # W,.

Finally, in the universal set W, a natural question is whether some uni-
versal Dirichlet series converge and are continuous on the imaginary axis. A
similar property is true for analytic functions on the unit disk (see [7]). To
prove this, A. Melas, V. Nestoridis and I. Papadoperakis study universality
in the Banach space A(D) of analytic functions on D, continuous on the
torus T. The universal Taylor series > -, b,2" with > - |by| < co were
first investigated by L. Tomm and R. Trautner [10]. To obtain a result on
universal Dirichlet series in Section 4, we study universality in the Wiener—
Dirichlet algebra of Dirichlet series ) ., a,n™7 satisfying > - |an| < cc.
We then prove the existence of universal Dirichlet series which are continu-
ous on the imaginary axis. Notice that Theorem 4.2 has been independently
obtained by V. Nestoridis and C. Papadimitropoulos in [9] with a different
approach.

2. Some properties of W,. In this section, we study the growth of
the coefficients of universal Dirichlet series in W,. Note that such series
converge nowhere on the imaginary axis. Taking as K a singleton {itg} with
to € R, we see that every universal Dirichlet series diverges at every point
of the imaginary axis. Hence its abscissas of convergence and of absolute
convergence are both equal to 0. We obtain a more precise result on the
asymptotic behavior of the coefficients.

LEMMA 2.1. Let) 2, apn~* be a Dirichlet series in Wh. Let (€n)nen be
a decreasing sequence of positive real numbers such that o7 5 e, /nlog(n)
< oo. Then

|an|

—_— =0
112::2 eVen log(n)

Proof. We set d,, = eg,, for all n € N. There exists an ng € N such that
> . dn/nlog(n) < 1/2. Let H, be the 2im-periodic functions on iR given

n=ng

by
1 on
%g(n)ﬂ' for |t’ < m,
Hyity=4 S
0 for ——— < |t| < 7.

nlog(n)
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We put f(m) = (2r)~! §"_f(it)ym™dt. An easy calculation gives

Hy(1) = — | Hy(it)dt =1,

sin (5771 10g(m)>

log(m)

Let N > ng be an integer. We can approximate the Dirichlet polynomial
1+Z%;} amm™* by a subsequence of partial sums of > " | a,n~* uniformly
on the compact set {it : ¢t € [-1/2,1/2]}. Therefore there exists an integer
M > N such that |1 — Z%:Namm_iﬂ < 1/2 for all t € [-1/2,1/2]. Hence

1 M A
(1) 5 < %( Z amm_”).
m=N

We define the convolution product f(it) = Hy, * - - - % Hps(it), where

nlog(n)

o g(it) = % [ h(iz)g(it — iz) de.
Note that f is a non-negative 2im-periodic function satisfying f(it) = 0
for 1/2 < ¢t < m. Hence, multiplying both members of (1) by f(it) and
integrating, we obtain
M s
<y %(am | raitym= dt).

—T

DN | =

m=N
By the triangle inequality we have
M

< am] - [f(m)]-

m=N

N =

Moreover, we can calculate

0
R M sin ﬁlog(m)
f =11 ( o8 1)0 - )
’ nlog(n) &

As (0p)nen is a decreasing sequence and the series ) -, d,/nlog(n) con-
verges, we must have lim,, o, 6, = 0. Therefore, there exists an integer N
such that

Ong

———log(N) >e and oy <e.
no log(no) 8(N) o
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For every m € {N,..., M}, we have

Ony log(m) > _ O log(N) > e

nolog(ng) =" = nglog(no)
and 5
— " ] m < .
mlog(m )og( m) < 0m <Oy < e

Then there exists an integer k € {ng,...,m — 1} such that

Ok Ok+1
klog(k) (k+1)log(k+1)
Since the sequence §,, is decreasing, we also obtain

m)| < H nlog(n klog(k) \F—mo - 1 Frimno
= 1 dnlog(m ox log(m) ~ \e '
Moreover (k +1)? > (k + 1)log(k + 1) > 6’“% log(m) > ey, log(m) implies
kE+1> \/enlog(m). As a consequence, we find

log(m) > e and log(m) < e.

l\Dli—‘

Z ’am‘ \/5 log(m

Since this holds for inﬁnltely many pairs (N, M), the proof is complete. =

THEOREM 2.2. Let > >7 | apn~* be a Dirichlet series in W,. Let (by)nen
be a decreasing sequence such that Y o2, b, /nlog(n) < co. Then

: nlan|
lim sup ————— = 0.

neN* ¢ by, log(n)
Proof. Assume that there exists a real number M such that |a,| <

(M /n)eVbn1o8™) for all n, > 1. We set

_ 2
m) and e, = (Vwn + V/bn)

Note that the sequence (e, )nen is decreasing. Moreover ) -, #g(n) con-

W, = max <bn,

verges thanks to the hypothesis on (b,,)nen and the Bertrand criterion. So,
by Lemma 2.1, we obtain

@ 2 %

n=1¢€

But for every positive integer A we have

A
|an| 1 1 1
<M =M )
nz; eVen log(n Z \/en log(n \/b log(n nZ::l N eV wn log(n)
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Since w, > 1/4/log(n), we deduce that

But the series

;WM

converges, which contradicts the equality (2) and completes the proof. =

COROLLARY 2.3. Let Y 2 ann™® be a Dirichlet series in W,. Then,
for every integer k,
lim sup M = 00
n>2  [log(n)]*

Proof. Let (bp)nen be the sequence defined by
k?[log(log(n))]?
log(n)

This sequence is decreasing (for n large enough) and »">7 , b, /nlog(n) con-
verges. By Theorem 2.2, we deduce that

VYn>2, b,=

lim sup = lim sup Lﬂk =00. n
n>2  oV/k2(log(log(n)))? n>2 [log(n)]

REMARK 2.4. We know by construction that it is possible to build uni-
versal Dirichlet series } -, a;j~* satisfying a; = o(j™") for any r <1 (see
[3]). Hence, in contrast to the analytic case [7], we have W, N'H? # () where
H? is the analogue of H?(D) for Dirichlet series (see for instance [2]).

nlay|

3. Some properties of W;. We refer the reader to 1.4 for the definition
of Wi. As mentioned in the introduction, W is a dense G5 subset of D,(C..).
Moreover, note that such series have abscissas of convergence and absolute
convergence both equal to 0. To see that, just take as K any singleton {zp}
with $(z9) < 0. But what happens on the imaginary axis?

NotATION 3.1. Let (f;)jen be an enumeration of the Dirichlet polyno-
mials with coefficients in Q + ¢Q. We also consider a family {K,},en of
admissible compact sets of C_ such that for every admissible compact set
K c C_, there exists a nonnegative integer ogy with K cC KQO (see [5]).

Finally, for a Dirichlet polynomial P(s) = apn~® with ay, # 0 the
degree is defined to be deg(P) = ny.

n 1

According to a suggestion of J.-P. Kahane, we easily obtain the following
proposition (see [8, Proposition 3.2]).
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PROPOSITION 3.2. Let f be a Dirichlet series in Da(Cy). Then there
exist g1 and go in Wi such that f = g1 + go.

Here we give another version of this proposition with additional condi-
tions on the growth of coefficients. First of all we need a more precise version
of Mergelyan’s theorem for Dirichlet series.

LEMMA 3.3. Let K be an admissible compact set included in C_. Let
also g be a continuous function on K, analytic in the interior of K, and ¢, 0
be strictly positive real numbers. Then there exists a Dirichlet polynomial

h(s) = 51 han™* satisfying
sup |h(z) — g(2)| <e,
zeEK
[hllo <e,

Vn € N* n|h,| <e.
Proof. We use the notations of Lemma 2 from [3] in the special case
f=0¢€D,(C;). We write K = K7 U---UKj. Then there exist positive real

numbers o1 < -+ < 04 and natural numbers n1 < M1 < Nge < Mo < --- <
ng < mg such that the Dirichlet polynomial

d my o0
l-—o‘ -—S s—S8
M= > W= 3
=1 j=n;+1 j=ni+1

satisfies sup,ci |h(2) — g(2)| < € and ||h||, < e. Notice that n; can be

chosen arbitrarily large ([1]). Moreover, from the result of [1], the moduli of
the complex numbers bg.l)

all j € N*,

are upper bounded by 1. Therefore, we obtain, for

. g (1) = - 1 — 1

il < b0 < GO <yt
We just have to choose an integer n; satisfying nl_‘71+1 < ¢ to complete
the proof, which is possible because the compact set does not intersect the
imaginary axis and therefore we can choose o; > 1 and have o1+ K; C {s €
C:1/2<R(s) <1}. =

REMARK 3.4. Note that we need the condition K C C_ to obtain a
control on the coefficients n|hy,| from the previous lemma, which is not
possible in the case of the set W,.

COROLLARY 3.5. Let K be an admissible compact set included in C_.
Let also g be a continuous function on K, analytic in the interior of K, €,0
be strictly positive real numbers, and A be a strictly positive integer. Then
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there exists a Dirichlet polynomial h(s) =3_, <1 han™" satisfying

sup [g(s) — A7°h(s)| <e,
seK

AT (s)]lo <&,
Vn € N*| nA|h,| <e.

Proof. Using the notations of Lemma 3.3, for each £ there exists a
Dirichlet polynomial h such that sup,cx |g(s)A\° —h(s)| < 1, ||h]|s < €1 and
n|hy| < 1. Therefore,

(inf WD(SSE l9(s) = A7°h(s)]) < e

We just have to choose 1 such that max(e;/infsex [A*|, Ae1) <e. m
We can now use the main ideas from [7] to obtain the following result.

THEOREM 3.6. Let f = 3 - don™" be a Dirichlet series in Da(Cy).
There exist g1 = Y~y ann™® and go = Y <, bpyn™° in Wy such that f =
g1+ g2 on Cy with B

lim sup n|a,| = limsup n|b,| = lim sup n|d,|.
neN neN neN

Proof. First we study the case limsup,cyn|d,| = oco. By Proposition
3.2, there exist g1 and go in W, C W satisfying f = g1 + ¢g2. The conclusion
is given by Corollary 2.3.

Case lim sup, ey n|d,| < co. We have a countable family (K,,, f;,). Fix
A1 = 1. By Corollary 3.5, there exists a Dirichlet polynomial P;(s) =
Zn21 p1,nn~° such that

sup |fj,(s) = APPu(s)| <1, []ATPa(s)]ley <1,
s€K
VneN, n\pin| <L
We choose p; > A1 + deg(P1) > Ap such that

limsup n|d,| — max{l|d| : p1 > 1> A1 + deg(P1)} < 1.
neN

Then define the Dirichlet polynomial
p1—1
Ri(s)= Y dnn™* = \*Pi(s).
n=>\i
By Corollary 3.5, there exists a Dirichlet polynomial Qi(s) =), q1.nn"°
satisfying -
sup [ fj,(s) = Ri(s) — py °Qu(s)[ <1, [lu*Qullo, <1,
sEKp;

VneN, nmlqgn <1
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Let Ao be an integer satisfying Ao > p1 + deg(Q1) > p1 > A\ and
limsup n|d,| — max{l|d;| : A2 > 1> p1 +deg(Q1)} < 1.
neN

We set
Ao—1

= Z dpn™ % — p°Q1(s).
n=p
We construct the sequences A = (Me)k>1 and @ = (ug)k>1 step by step.
Assume that we have
L= <pr <A <pp <o < Apot < pl—1 < Mg
and that the Dirichlet polynomials P;, Q;, R; and F; are constructed for ¢ =
1,...,k —1. By Corollary 3.5, there exists a Dirichlet polynomial Py(s) =
Zn21 Prnn”° such that
k—1

sup ‘ Fiuls Z Fi(s)) — A\{*Pu(s)| < 1/k2,
s€K,,

IA: 5 Pi(8)] o g 1/k2 and Vn € N,  n\g|prn| < 1/k>
Further, we determine p > A\ + deg(Py) such that

lim sup n|dy| — max{l|d;| : px, > 1 > A\ + deg(Py)} < 1/k*
neN

and we set
HE—1

= > dun® = X\ *Ri(s).

n=>Ag

By Corollary 3.5, there exists a Dirichlet polynomial Qx(s) = >, 1 @enn™*
satisfying a

k-1
U | (5) = D (115" Qs(5) + Ry(s)) — Rils) = i " Qu(s)| < 1/8°,
S Qk j=1

|\ * Qrlloy < 1/k* and VneN, nug|g.l < 1/k%
Let A\;11 be an integer satisfying Agy1 > pg + deg(Qr) > pr > A\, and
lim sup n|dy,| — max{l|dj| : \g1 > 1 > px, + deg(Qr)} < 1/k2.
neN

We set
)\k+1 -1

Z dnn™® — 1" Qr(5).

n=pk
Since [|A;*Py(s)]lo, < 1/k% and ||p;°Qk(s)|ls, < 1/k?, the two Dirichlet
series D yoq Ay "Pi(s) and Yy 1 "Qr(s) are in Da(Cy) (the terms with
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index n appear only once, moreover the sequence o is decreasing, therefore
the associated seminorms increase). As the Dirichlet series f is absolutely
convergent on C,, so does

0o Ak+1—1

S

k=1 n=pg

(by construction the sums are disjoint). Therefore the Dirichlet series

0o Ag+1—1
SINEP()+ D D> dan =Y i *Qi(s) = > (A Pals) + Fi(s))
k>1 k=1 n=pg k>1 k>1

is an element of D, (C4). We denote by ) -, ap,n™* the development of this
function. For N = )\;, + deg(P), we have

N
Z apn”® = A PPi(s) + F1(s) + -+ + A Pe1(8) + Fr—1(8) + A " Pi(s).
n=1

Similarly, we define another Dirichlet series in D,(Cy),

oo pr—1
SN P) +Y0 dan T D it Quls) = D (Rils) + 1 *Qu(s)),
k>1 k=1n=X\; k>1 k>1

and we denote by Y -, b,n"® the development of this function. By con-
struction, we have the relation

Yn>1, d,=a,+b,.
Moreover, by Corollary 3.5, we know that all the coefficients which appear
in the decomposition of A\ *Pg(s) = 3, 51 pen(Aen) ™ and p°Qr(s) =
> n>1 Tk (pen)~* (denoted by (rk,) and (sgn) respectively) satisfy

AN Tkagn| = Nenlprn| < /K%, un|Skunl = penlaen] < 1/k2
Hence, the coefficients t,, of the series » ;o A "Pr(s) — D i~y ty, " Qr(s)
satisfy n|t,| — 0. Therefore, we have the following estimates:

limsup n|a,| < limsupn|d,| and limsupn|b,| <limsupn|d,|.

neN neN neN neN
Further, for [ satisfying py + deg(Qp) < I < Agy1, we have d; = a; and
lim sup n|dy,| — max{l|dy| : . + deg(Qr) <1 < Mgy1} < 1/
neN

As an easy consequence, we have limsup,cy n|d,| = imsup,,cy njay|. Sim-
ilarly, limsup,, ey n|dyn| = limsup,, ey n|by|. To conclude the proof, we have
to show that the two elements ) -, a,n"° and ) -, b,n"° belong to W;.
Let K be an admissible compact set in C_ and h be a continuous function
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on K, analytic in the interior of K. Let € > 0 and v be a natural number.
We shall find N > v such that

sup |h(s Zann s

seK

There exists a sequence fy (A =1, 2, ...) such that
sup |h(s) — fal < e/2.
seK

Moreover, there exists a sequence (gp)p>0 such that K C K,, and we can
consider the set {(K,, fa+¢q) : ¢ € Q,0 < ¢ < ¢/4} to conclude as in
Theorem 5.1 of [7]. m

COROLLARY 3.7. We have the strict inclusion Wy & Wy.

Proof. We just have to apply Theorem 3.6 with d,, = 1/n or d,, = 0.
Corollary 2.3 implies that g; and go cannot be in W,.

In the universal set Wi, a natural problem is the existence of universal
series which converge on the imaginary axis and are continuous. In the case
of Taylor series this is proved by the study of universality on the Banach
space A(D) of analytic functions on D, continuous on the torus T (see [7]).
In the next section we also give a positive answer in the Dirichlet case, by
introducing universal series in the Wiener—Dirichlet algebra.

4. Universality in the Wiener—Dirichlet algebra. The classical
Wiener algebra of absolutely convergent Taylor series in one variable is
the set of functions f(z) = Y o7 anz" such that > >°  |an| < co. Simi-
larly, we can define the Wiener—Dirichlet algebra, denoted in the follow-
ing by Dy,. A Dirichlet series f(s) = Y -~ a,n"° belongs to the Wiener—
Dirichlet algebra Dy, if || f|| = .02 |an| < co. Endowed with this norm,
Dy, is obviously a Banach algebra. These two algebras are not completely
similar. Indeed, it is well-known that the spectrum of the Wiener alge-
bra is D, the closed unit disk. For the Wiener-Dirichlet algebra, usmg the
classical Bohr’s viewpoint [4], we can prove that its spectrum is D~. Fi-
nally, we can easily see that the Wiener-Dirichlet algebra is a subset of
Da(Cy).

DEFINITION 4.1. We denote by Uyq the set of all Dirichlet series h € Dy,
satisfying: for every admissible compact set K C C_ and every function g,
continuous on K and analytic in K , there exists a sequence (\p)p>0 of
natural numbers such that

sup [Sy, (h)(2) — g(z)| — 0.

THEOREM 4.2. Uyq 15 a dense G in Dy,.
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In [9] a short proof of Theorem 4.2 has been given independently and
simultaneously. We only give the steps of our proof. Using the notations
of 3.1 we observe that the family of Dirichlet polynomials (f;);jen is dense
in Dy,. Using again the notation of 3.1 we recall that K,, o = 1,2,..., are
admissible compact sets in C_ absorbing all other such sets. For positive
integers o, j,n, s we define

Owle,jy5m) =19 € D i sup |Salg)(2) = fi(2)] < 1/s}-

Then we show
o0 o0 o oo

M@d:: (} rw r) LJ(OW(Quﬁsvn)

0=1j=0s=1n=1
We also show that the set Oy (0, j, s, n) is open in Dy,. Finally, using a version
of Lemma 2 from [3] (see also [1]), which allows ¢ = 0 when the compact
set K is included in C_, we prove that (J;2 ; Ow(0,7,s,n) is dense in D,.
Then the completeness of Dy, allows the use of Baire’s category theorem,
which yields Theorem 4.2.

As a consequence of our main result, we obtain information on the uni-
versal set W;. Moreover, we specify the strict inclusion W, ¢ W.

COROLLARY 4.3. We have the inclusion W, C W1 NUS ;.

Proof. Every series from W, converges nowhere on the imaginary axis.

Therefore W, NUypq = 0. =
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