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The gradient lemmaby Urban Cegrell (Umeå and Sundsvall)Abstra
t. We show that if a de
reasing sequen
e of subharmoni
 fun
tions 
onvergesto a fun
tion in W
1,2

loc
then the 
onvergen
e is in W

1,2

loc
.1. Introdu
tion. This paper is based on a talk I gave in Krakówon April 30, 2003 and is in part motivated by Bªo
ki's paper [1℄.Proposition 1.1. Denote by SH− the negative subharmoni
 fun
tionsde�ned on some domain in C

n, and by W 1,2
loc the usual Sobolev 
lass.Then

u ∈ SH− ∩W 1,2
loc if and only if u ∈ SH− ∩ L1

loc(∆u).Using Proposition 1.1, we prove the gradient lemma:Lemma 1.2. If uj is a de
reasing sequen
e of fun
tions in SH− with limit
u ∈W

1,2
loc , then uj ∈W

1,2
loc and uj → u in W 1,2

loc as j → ∞.In the last se
tion, we use the gradient lemma in 
onne
tion with the
lass E .2. Proof of Proposition 1.1. The problem is lo
al, so we 
an assumethat u ∈ SH−(B) where B is the unit ball in C
n, 0 < r < s < 1. De�ne

ũ = sup{ϕ ∈ SH−(B); ϕ|rB ≤ u|rB}. Then 0 ≥ ũ ≥ u, ũ ∈ SH−(B), ũ = uon rB and ũ is harmoni
 on B \ rB and ũ(x) =
T
sB g(x, y)∆ũ(y) where g isthe Green fun
tion for B.The smallest harmoni
 majorant of u on sB 
an be estimated from belowon rB by cTu dv where c is a positive 
onstant (depending on s and t) and

dv is the Lebesgue measure on B. It follows that\
sB

g(x, y)∆u(y) + c
\
B

u dv ≤ u on rB.
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144 U. CegrellFor x ∈ B, we have
0 ≥ ũ(x) ≥

\
sB

g(x, y)∆u(y) + c
|x|2 − 1

r2 − 1

\
B

u dv =: u(x).Sin
e \
B

(1 − |x|2)∆ũ =
\
B

−ũ dvwe get\
B

|grad ũ|2 dv =
\
B

−ũ∆ũ ≤
\
B

−u∆ũ

=
\
B

{ \
sB

−g(x, y)∆u(y)
}
∆ũ+

c

r2 − 1

\
B

u dv
\
B

(1 − |x|2)∆ũ

≤
\

sB

−ũ∆u+
c

1−r2

( \
B

u dv
)2

≤
\

sB

−u∆u+
c

1−r2

( \
B

u dv
)2

so if TsB −u∆u <∞, then
(∗)

\
rB

|gradu|2 ≤
\
B

|grad ũ|2 ≤
\

sB

−u∆u+
c

1 − r2

( \
B

u dv
)2

and we have proved the �rst half of Proposition 1.1.Assume now that u ∈ SH− ∩W 1,2
loc . We prove that then TrB −u∆u <∞.Let 0 ≤ t ∈ C∞

0 (B), t = 1 on sB. Then\
rB

−u∆u ≤
\
B

−tu∆u =
\
B

dtu ∧ dcu ∧ (ddc|z|2)n−1

≤
[ \
supp t

dtu ∧ dctu ∧ (ddc|z|2)n−1
]1/2[ \

supp t

du ∧ dcu ∧ (ddc|z|2)n−1
]1/2

<∞,whi
h 
ompletes the proof of Proposition 1.1.3. Proof of Lemma 1.2. If uj ≥ u then ũj ≥ ũ so by (∗), TB −ũj∆ũj ≤T
B −ũ∆ũ <∞ and\

rB

d(uj − u) ∧ dc(uj − u) ∧ (ddc|z|2)n−1

≤
\
B

d(ũj − ũ) ∧ dc(ũj − ũ) ∧ (ddc|z|2)n−1

= −
\
B

(ũj − ũ)ddc(ũj − ũ) ∧ (ddc|z|2)n−1

≤
\
B

(ũj − ũ)ddcũ ∧ (ddc|z|2)n−1.The last term tends to zero as j tends to in�nity and the proof is 
omplete.



The gradient lemma 1454. The 
lass E. We denote by PSH−(Ω) the 
lass of negative plurisub-harmoni
 fun
tions de�ned on the domain Ω in C
n.A domain Ω in C

n is 
alled hyper
onvex if there is a negative exhaustionfun
tion for Ω, i.e. a fun
tion ψ ∈ PSH−(Ω) su
h that
{z ∈ Ω; ψ(z) < c} ⊂⊂ Ω, ∀c < 0.We say that a fun
tion v ∈ PSH−(Ω) is in F(Ω) if there is a de
reasingsequen
e of fun
tions vj ∈ E0(Ω) with lim vj = v and sup

T
(ddcvj)

n < ∞.Here E0(Ω) is the 
lass of bounded plurisubharmoni
 fun
tions u su
h that
limz→ξ u(z) = 0 for all ξ ∈ ∂Ω and TΩ(ddcu)n <∞. Finally, u ∈ E(Ω) if forevery ω ⊂⊂ Ω there is a fun
tion u ≤ uω ∈ F(Ω) with equality on ω. See[C1, C2℄ for further properties of this and related 
lasses.Theorem 4.1. Suppose Ω is a hyper
onvex subset of C

n. Then there isa 
onstant c, depending on Ω only , su
h that if u ∈ F(Ω) then\
{u<−1}

|gradu|2 dv ≤ c
\
Ω

(ddcu)n.

Proof. By the gradient lemma and Theorem 2.1 in [3℄, we 
an assumethat u ∈ E0(Ω)∩C(Ω). Then {u < −1} ⊂⊂ Ω. We 
an 
hoose m and t su
hthat −1 < m(|z|2 − t) < 0 on Ω.Integration by parts gives\
{u<−1}

|gradu|2 dv =
1

mn−1

\
{u<−1}

du ∧ dcu ∧ (ddcm(|z|2 − t))n−1

≤
1

mn−1

\
Ω

du ∧ dcu ∧ (ddc max(m(|z|2 − t), u))n−1

=
1

mn−1

\
Ω

−max(m(|z|2 − t), u)(ddcu)2 ∧ (ddc max(m(|z|2 − t), u))n−2

≤
1

mn−1

\
Ω

m(t− |z|2)(ddcu)n ≤
1

mn−1

\
Ω

(ddcu)n.

Corollary 4.2. If u ∈ E , then u ∈ PSH− ∩W 1,2
loc .Corollary 4.3. Suppose Ω is a hyper
onvex domain in C

2. Then thereis a 
onstant c, depending on Ω only , su
h that if u ∈ F(Ω) then\
Ω

|gradu|2 dv ≤ c
\
Ω

(ddcu)2.

Theorem 4.4 (Bªo
ki [1℄). Suppose Ω is a hyper
onvex subset of C
2.Then u ∈ E if and only if u ∈ PSH− ∩W 1,2

loc .



146 U. CegrellProof. If u ∈ E , then u ∈ PSH− ∩ W
1,2
loc by Corollary 4.2. Conversely,if u ∈ PSH− ∩W

1,2
loc , then u ∈ L2

loc and |gradu|2 ∈ L1
loc. Therefore, sin
e

ddcu2 = 2du ∧ dcu + 2uddcu, it follows that ddc(uddcu) is a well de�nedpositive measure so u is in E .Remark. For u ∈ F(B), where B is the unit ball in C
n, n > 1, we have\

B

|gradu|2 dv ≤ c(n−2)/n
n

[\
B

(1 − |z|2)(ddcu)n
]2/n

where cn is the volume of B.Remark. Let u,w ∈ F(Ω) with Ω hyper
onvex. Then, using integrationby parts and Theorem 5.5 in [3℄, we have\
Ω

du ∧ dcu ∧ (ddcw)n−1 ≤
[ \

Ω

−w(ddcu)n
]2/n[ \

Ω

−w(ddcw)n
](n−2)/n

.Choosing w to be a stri
tly plurisubharmoni
 fun
tion (see e.g. [4℄), we getlo
al estimates for |gradu|2.
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