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On deviations from rational funtions ofentire funtions of �nite lower orderby E. Ciehanowiz and I. I. Marhenko (Szzein)Abstrat. Let f be a transendental entire funtion of �nite lower order, and let qνbe rational funtions. For 0 < γ < ∞ let
B(γ) :=

{ πγ

sinπγ
if γ ≤ 0.5,

πγ if γ > 0.5.We estimate the upper and lower logarithmi density of the set
{

r :
∑

1≤ν≤k

log+ max
|z|=r

|f(z) − qν(z)|−1
< B(γ)T (r, f)

}
.

The theory of value distribution of meromorphi funtions was introduedin the 1920's in the papers of the Finnish mathematiian Rolph Nevanlinna.The fundamental role in this theory is played by two funtions. The �rst ofthem,
m(r, a, f) =





1

2π

2π\
0

log+ |f(reiθ)| dθ for a = ∞,
1

2π

2π\
0

log+

∣∣∣∣
1

f(reiθ) − a

∣∣∣∣ dθ for a 6= ∞,
measures the mean proximity of f(z) to the value a (here log+ x =
max(log x, 0)). The seond one,

N(r, a, f) =

r\
0

[n(t, a, f) − n(0, a, f)]
dt

t
+ n(0, a, f) log r,ounts the a-points of f(z) (here n(t, a, f) is the number of a-points of f(z)in the dis {z : |z| ≤ t}, ounted together with their multipliity).2000 Mathematis Subjet Classi�ation: Primary 30D35; Seondary 30D30.Key words and phrases: entire funtion, subharmoni funtion, logarithmi density.[161℄ © Instytut Matematyzny PAN, 2007



162 E. Ciehanowiz and I. I. MarhenkoThe �rst fundamental theorem of Nevanlinna states that the sum of thosetwo funtions is to some degree independent of the hoie of a ∈ C, that is,for a �xed f and r → ∞, hoosing a di�erent value a hanges the sum
m(r, a, f) +N(r, a, f) by a bounded term.Theorem A ([13℄). For a meromorphi funtion f(z) and for a point
a ∈ C the following equality holds :(1) m(r, a, f) +N(r, a, f) = T (r, f) +O(1) (r → ∞).The funtion T (r, f) := m(r,∞, f) + N(r,∞, f) is alled Nevanlinna'sharateristi funtion of the meromorphi funtion f(z).The seond fundamental theorem of Nevanlinna shows that for most val-ues a the main role in the invariant sum (1) is played by the ounting funtion
N(r, a, f).Theorem B ([13℄). Let {ak}

q
k=1 ⊂ C be a �nite set. Then

q∑

k=1

m(r, ak, f) ≤ 2T (r, f) +O(log(rT (r, f)))for r → ∞, exept possibly for r in a set of �nite linear measure.The quantity
δ(a, f) = lim inf

r→∞

m(r, a, f)

T (r, f)is alled Nevanlinna's defet of the meromorphi funtion f(z) at the point
a ∈ C.We refer to the set D(f) = {a ∈ C : δ(a, f) > 0} as the set of defetivevalues of f(z). The �rst fundamental theorem of Nevanlinna implies that
0 ≤ δ(a, f) ≤ 1 for all a ∈ C. The seond fundamental theorem, on the otherhand, means that the set D(f) is at most ountable and ∑

a∈C
δ(a, f) ≤ 2.In 1986 the following extension of the seond fundamental theorem ofNevanlinna was shown by G. Frank and G. Weissenborn.Theorem C ([5℄). Let f(z) be a transendental meromorphi funtion.Then for any distint rational funtions q1(z), . . . , qk(z) we have

m(r, f) +

k∑

ν=1

m

(
r,

1

f − qν

)
≤ (2 + o(1))T (r, f)for r → ∞, exept possibly for r in a set of �nite linear measure.Also in 1986 N. Steinmetz proved a more general result.Theorem D ([16℄). Let f(z) be a nononstant meromorphi funtionand let {aν}

k
ν=1 be a set of pairwise distint meromorphi funtions suh



Deviations of entire funtions 163that for 1 ≤ ν ≤ k we have T (r, aν) = o(T (r, f)) as r → ∞. Then
m(r, f) +

k∑

ν=1

m

(
r,

1

f − aν

)
≤ (2 + o(1))T (r, f)for r → ∞, exept possibly for r in a set of �nite linear measure.In 1969 Petrenko raised a question: how will Nevanlinna's theory hangeif we measure the proximity of a meromorphi funtion f(z) to a value aapplying a di�erent metri? In order to �nd the answer he introdued thefuntion of deviation:

L(r, a, f) =





max
|z|=r

log+ |f(z)| for a = ∞,
max
|z|=r

log+

∣∣∣∣
1

f(z) − a

∣∣∣∣ for a 6= ∞.The quantity
β(a, f) = lim inf

r→∞

L(r, a, f)

T (r, f)is alled the magnitude of deviation and Ω(f) = {a ∈ C : β(a, f) > 0} theset of positive deviations of f(z).It is easy to notie that for all a ∈ C we have δ(a, f) ≤ β(a, f). Therefore
D(f) ⊂ Ω(f). In the ase of meromorphi funtions of �nite lower order

λ := lim inf
r→∞

log T (r, f)

log rthe properties of β(a, f) strongly resemble the properties of δ(a, f). Petrenkohimself obtained a sharp upper estimate for β(a, f) and also an estimate for∑
a∈C

β(a, f).Theorem E ([15℄). If f(z) is a meromorphi funtion of �nite lowerorder λ, then for all a ∈ C we have
β(a, f) ≤ B(λ) :=

{ πλ

sinπλ
if λ ≤ 0.5,

πλ if λ > 0.5, (2)

(3)∑

a∈C

β(a, f) ≤ 816π(λ+ 1)2.

The value B(λ) is alled Paley's onstant. In 1932 Paley [14℄ onjeturedthat (3) holds for any entire funtion f(z) and a = ∞. This was proved byGovorov [8℄ in 1969. It should be mentioned that (3) follows from a result ofGol'dberg and Ostrovski�� [7℄.In 1990 Marhenko and Shherba obtained a sharp estimate of the sumof deviations, whih is an analogue of the estimate of the sum of defets.



164 E. Ciehanowiz and I. I. MarhenkoTheorem F ([12℄). If f(z) is a meromorphi funtion of �nite lowerorder λ, then ∑

a∈C

β(a, f) ≤ 2B(λ).

Let us now reall the de�nitions of the lower and upper logarithmi den-sity of a set. Let E ⊂ (0,∞) be a measurable set. The quantities
logdensE = lim sup

R→∞

1

logR

\
E∩[1,R]

dt

t
,

logdensE = lim inf
R→∞

1

logR

\
E∩[1,R]

dt

tare alled respetively the upper and lower logarithmi density of the set E.In 1998 Marhenko gave the following analogue of the seond fundamentaltheorem of Nevanlinna.Theorem G ([11℄). Let f(z) be a meromorphi funtion of �nite lowerorder λ and of order ̺. Let {aν}
k
ν=1 be a �nite set of distint omplex num-bers. For 0 < γ <∞ put

E1(γ) =
{
r :

k∑

ν=1

L(r, aν , f) < 2B(γ)T (r, f)
}
.Then

logdensE1(γ) ≥ 1 − λ/γ and logdensE1(γ) ≥ 1 − ̺/γ.Moreover, in [11℄ it is shown that for an entire funtion f(z) the estimatesfrom Theorem G also hold for the set
E2(γ) =

{
r :

k∑

ν=1

L(r, aν , f) < B(γ)T (r, f)
}
.Let now {qν}

k
ν=1 be a �nite set of distint rational funtions and let f bea transendental entire funtion of �nite lower order. We put

β(qν , f) = lim inf
r→∞

L(r, qν , f)

T (r, f)
,where L(r, qν , f) = L

(
r,∞, 1

f−qν

)
. Our main result is the following theorem.Theorem 1. Let f(z) be a transendental entire funtion of �nite lowerorder λ and of order ̺, and let 0 < γ < ∞. Let also {qν(z)}

k
ν=1 be distintrational funtions. Put

E(γ) =
{
r :

k∑

ν=1

L(r, qν , f) < B(γ)T (r, f)
}
.



Deviations of entire funtions 165Then
logdensE(γ) ≥ 1 − λ/γ and logdensE(γ) ≥ 1 − ̺/γ.Write M for the set of all rational funtions.Corollary. Let f(z) be a transendental entire funtion of �nite lowerorder λ. The set {q ∈ M : β(q, f) > 0} is at most ountable. Moreover, forany distint rational funtions {qν(z)} we have

∑

ν

β(qν , f) ≤ B(λ).

1. Auxiliary results. In order to prove Theorem 1 we need a versionof the lemma on the logarithmi derivative, whih follows from Lemma 4of [11℄.Lemma 1. Let f(z) be a meromorphi funtion. Then, exept possiblyfor r in a set of �nite linear measure, for k = 1, 2, . . . we have
log+M

(
r,
f (k)

f

)
= O(log(rT (r, f))) (r → ∞)where M(r, f) = max|z|=r |f(z)| and f (k) is the kth derivative of f.We �rst prove Theorem 1 for linear funtions, then for all polynomials,and �nally we handle the general ase.So assume that f(z) is a transendental entire funtion of �nite lowerorder λ and that for 1 ≤ ν ≤ k,

pν(z) := aνz + bνare polynomials of degree deg(pν) ≤ 1 suh that for ν 6= η we have aν 6= aηor bν 6= bη. Choose S0 > 0 suh that if |z| ≥ S0, then pν(z) 6= pη(z) for all
1 ≤ ν, η ≤ k, ν 6= η. For ν 6= η we put

cν,η = min
|z|≥S0

|pν(z) − pη(z)| > 0, min
1≤ν,η≤k

cν,η = c > 0.Let {Rn} be a sequene of positive numbers suh that
λ = lim inf

r→∞

log T (r, f)

log r
= lim

n→∞

log T (3Rn, f)

logRn
.For n ≥ n0 we onsider the set

Gn = {z : S0 < |z| < Rn, |f
(2)(z)| < 1/Rλ+4

n },where n0 is hosen in suh a way that for n ≥ n0 we have(4) T (3Rn, f) < Rλ+1
n and 20π2/Rn < c/4.



166 E. Ciehanowiz and I. I. MarhenkoNow for 1 ≤ ν ≤ k we write Gn,ν for the set of those onneted omponentsof Gn whih ontain a point z1 suh that(5) |f(z1) − aνz1 − bν | < c/4and a point z2 suh that(6) |f (1)(z2) − aν | < 1/Rλ+4
n .We are going to show that for ν 6= η the sets Gn,ν and Gn,η are disjoint.We apply the method introdued by Weitsman [17℄. Let l(t) be the length ofthe level line |f (2)(z)| = t in the dis |z| ≤ Rn. The rule of line and square(see [9℄) gives

∞\
0

l2(t)

tp(t)
dt ≤ 2π2R2

n,where
p(t) =

1

2π

2π\
0

n

(
Rn,

1

f (2) − teiϕ

)
dϕ.It follows easily that

n

(
Rn,

1

f (2) − teiϕ

)
= n

(
Rn, e

iϕ,
f (2)

t

)
≤

1

log 2
N

(
2Rn, e

iϕ,
f (2)

t

)

≤
1

log 2
T

(
2Rn,

f (2)

t

)
+O(1)

≤
1

log 2

[
T (2Rn, f

(2)) + log+ 1

t

]
+O(1).Applying the lemma on the logarithmi derivative to the entire funtions

f (1) and f we obtain
T (2Rn, f

(2)) = m(2Rn, f
(2)) ≤ m(2Rn, f

(2)/f (1)) +m(2Rn, f
(1))

≤ m(2Rn, f
(2)/f (1)) +m(2Rn, f

(1)/f) +m(2Rn, f)

≤ 5 log T (3Rn, f
(1)) + 5 log T (3Rn, f) + T (2Rn, f)

≤ 3T (3Rn, f).Therefore
p(t) =

1

2π

2π\
0

n

(
Rn,

1

f (2) − teiϕ

)
dϕ

≤
1

2π

2π\
0

[
1

log 2

(
T (2Rn, f

(2)) + log+ 1

t

)
+O(1)

]
dϕ

≤
1

log 2

(
T (2Rn, f

(2))+log+ 1

t

)
+O(1) ≤

1

log 2

(
3T (3Rn, f)+log+ 1

t

)
.



Deviations of entire funtions 167Let now γ1 = 1/Rλ+4
n and γ2 = 2γ1. Then

2π2R2
n ≥

∞\
0

l2(t)

tp(t)
dt ≥

γ2\
γ1

l2(t)

tp(t)
dt >

log 2

3T (3Rn, f) + log+ 1
γ1

γ2\
γ1

l2(t)

t
dt.This way we get

γ2\
γ1

l2(t)

t
dt <

2π2R2
n

log 2

(
3T (3Rn, f) + log+ 1

γ1

)

=
2π2R2

n

log 2

(
3T (3Rn, f) + (λ+ 4) logRn

)
.Moreover

γ2\
γ1

l2(t)

t
dt =

− log γ1\
− log γ2

l2(e−t) dt =

(λ+4) log Rn\
(λ+4) log Rn−log 2

l2(e−t) dt.

Thus there exists α ∈ [(λ+4) logRn−log 2, (λ+4) logRn] suh that l(e−α) <
4πRn

√
T (3Rn, f). We put

G′ = {z : S0 < |z| < Rn, log |f (2)(z)| < −α}.It is easy to see that Gn,ν ⊂ Gn ⊂ G′. Let z ∈ Gn,ν . Then there exists aonneted omponent G of Gn,ν suh that z ∈ G ⊂ Gn,ν ⊂ Gn ⊂ G′. Weonnet points z and z2 by a line Γ ⊂ G′ whose length is not greater thanthe length of the boundary of G′. Thus we have
|f (1)(z)−f (1)(z2)|=

∣∣∣
\
Γ

f (2)(z) dz
∣∣∣≤
\
Γ

|f (2)(z)| |dz|<4πRn

√
T (3Rn, f)

1

Rλ+4
n

.It follows that for z ∈ Gn,ν ,
|f (1)(z) − aν | ≤ |f (1)(z) − f (1)(z2)| + |f (1)(z2) − aν |(7)

< (4πRn

√
T (3Rn, f) + 1)

1

Rλ+4
n

.Next, we onnet z and z1 by a line Γ1 ⊂ G′ whose length is not greaterthan the length of the boundary of G′. This way we get
|f(z) − f(z1) − aν(z − z1)| =

∣∣∣
\

Γ1

(f (1)(ξ) − aν) dξ
∣∣∣(8)

≤
\

Γ1

|f (1)(ξ) − aν | |dξ|

< (4πRn

√
T (3Rn, f) + 1)

4π
√
T (3Rn, f)

Rλ+3
n

< 20π2 T (3Rn, f)

Rλ+2
n

.



168 E. Ciehanowiz and I. I. MarhenkoNow, taking into onsideration the inequalities (4)�(8), we an estimate
|f(z) − pν(z)| for z ∈ Gn,ν . For n ≥ n0 we get

|f(z) − pν(z)| ≤ |f(z) − f(z1) − aν(z − z1)| + |f(z1) − pν(z1)| < c/2.This shows that Gn,ν ∩Gn,η = ∅ for ν 6= η.Now for 1 ≤ ν ≤ k and n ≥ n0 we onsider the funtions
un,ν(z) :=





log
1

|f (2)(z)|
, z ∈ Gn,ν ,

(λ+ 4) logRn, z /∈ Gn,ν .Eah un,ν(z) is a δ-subharmoni funtion in S0 < |z| < Rn. Let us reall thede�nition and basi properties of Baernstein's funtion T ∗. For a omplexnumber z = reiθ we put [1℄:
m∗(z, un,ν) = sup

|E|=2θ

1

2π

\
E

un,ν(re
iϕ) dϕ,

T ∗(z, un,ν) = m∗(z, un,ν) +N(r, un,ν),where r ∈ (S0, Rn), θ ∈ [0, π], |E| is Lebesgue's measure of the set E and
N(r, un,ν) ounts the zeros of f (2)(z) in Gn,ν ∩ {z : |z| < r}. Write ũn,ν(z)for the irular symmetrization of un,ν(z). It is easy to notie that

m∗(z, un,ν) =
1

π

θ\
0

ũn,ν(reiϕ) dϕ.From Baernstein's theorem (see [1℄) the funtion T ∗(z, un,ν) is subharmonion
D = {reiθ : S0 < r < Rn, n > n0, 0 < θ < π},ontinuous on D ∪ (−Rn, S0) ∪ (S0, Rn) and logarithmially onvex in r ∈

(S0, Rn) for eah �xed θ ∈ [0, π]. What is more, for r ∈ (S0, Rn),
T ∗(r, un,ν) = N(r, un,ν), T ∗(reiπ, un,ν) = T (r, un,ν),

∂

∂θ
T ∗(reiθ, un,ν) =

ũn,ν(re
iθ)

π
for 0 < θ < π,where T (r, un,ν) is the Nevanlinna harateristi of un,ν(z).For α(r) a real-valued funtion of a real variable r we onsider the oper-ator

Lα(r) = lim inf
h→0

α(reh) + α(re−h) − 2α(r)

h2
.If α(r) is twie di�erentiable in r, then

Lα(r) = r
d

dr
r
d

dr
α(r).



Deviations of entire funtions 169As T ∗(reiθ, un,ν) is a onvex funtion of log r, for S0 < r < Rn and θ ∈ [0, π]we have
LT ∗(reiθ, un,ν) ≥ 0.Lemma 2. For almost all θ ∈ [0, π] and almost all r ∈ (S0, Rn),

LT ∗(reiθ, un,ν) ≥ −
1

π

∂ũn,ν(re
iθ)

∂θ
.The proof of this lemma an be onduted along the same lines as theproof of Lemma 1 in [11℄.We now put [12℄

T ∗
0 (z, f) :=

k∑

ν=1

T ∗(z, un,ν).It follows from the de�nition of the operator L and from the logarithmionvexity of eah T ∗(z, un,ν) that
LT ∗

0 (z, f) ≥
k∑

ν=1

LT ∗(z, un,ν) ≥ 0.Moreover, Lemma 2 implies that
LT ∗

0 (z, f) ≥ −
1

π

k∑

ν=1

∂ũn,ν(re
iθ)

∂θ
.For τ > 0 we hoose numbers α and ψ suh that

0 < α ≤ min

(
π,

π

2τ

)
, −

π

2τ
≤ ψ ≤

π

2τ
− α.We set

hn(r, τ) :=
1

π

k∑

ν=1

ũn,ν(r) cos τψ −
1

π

k∑

ν=1

ũn,ν(re
iα) cos τ(α+ ψ)

− τ sin τ(α+ ψ)T ∗
0 (reiα, f) + τ sin τψ

k∑

ν=1

N(r, un,ν).Lemma 3. Let A = {r : S0 < r < Rn, hn(r, τ) > 0}. Then
τ
\
A

dt

t
≤ log T (2Rn, f) + log logRn +O(1) (n→ ∞).Proof. We put [4, 6℄

σ(r) =

α\
0

T ∗
0 (reiθ, f) cos τ(θ + ψ) dθ.



170 E. Ciehanowiz and I. I. MarhenkoAs T ∗
0 (r, θ, unν) is a onvex funtion of log r, applying Fatou's lemma weobtain

Lσ(r) = L

α\
0

T ∗
0 (reiθ, f) cos τ(θ + ψ) dθ(9)

≥
α\
0

LT ∗
0 (reiθ, f) cos τ(θ + ψ) dθ ≥ 0.It follows that σ(r) is a onvex funtion of log r, so rσ′−(r) is inreasing on

(S0, Rn). Therefore for almost all r ∈ (S0, Rn),
Lσ(r) = r

d

dr
rσ′−(r),where σ′−(r) is the left derivative of σ(r) at r. Lemma 2 and inequality (9)imply that for almost all r ∈ (S0, Rn),

Lσ(r) = r
d

dr
rσ′−(r) ≥ −

1

π

α\
0

k∑

ν=1

∂ũn,ν(re
iθ)

∂θ
cos τ(θ + ψ) dθ.If for r ∈ (S0, Rn) there are neither zeros nor poles of f(z) on the irle

|z| = r, the funtion un,ν(reiθ) satis�es the Lipshitz ondition in θ. There-fore ũn,ν(re
iθ) also satis�es the Lipshitz ondition on [0, π] (see [9℄). Thismeans that ũn,ν(reiθ) is absolutely ontinuous on [0, π]. Integrating twie byparts we obtain

1

π

α\
0

k∑

ν=1

∂ũn,ν(re
iθ)

∂θ
cos τ(θ + ψ) dθ

=
1

π

k∑

ν=1

ũn,ν(re
iα) cos τ(α+ ψ) −

1

π

k∑

ν=1

ũn,ν(r) cos τψ

+ τT ∗
0 (reiα, f) sin τ(α+ ψ) − τ

k∑

ν=1

N(r, un,ν) sin τψ − τ2σ(r)

= −hn(r, τ) − τ2σ(r).From this, and from the monotoniity of ũn,ν(re
iθ), we have(10) hn(r, τ) + τ2σ(r) ≥ 0 for r ∈ (S0, Rn).This way for almost all r ∈ (S0, Rn) we obtain the inequality

r
d

dr
rσ′−(r) ≥ hn(r, τ) + τ2σ(r).We divide this inequality by rτ+1 and integrate by parts over [r,Rn] (see [10℄)



Deviations of entire funtions 171to obtain
Rn\
r

hn(t, τ)

tτ+1
dt ≤

Rn\
r

1

tτ
d

dt
tσ′−(t) dt+ τ2

Rn\
r

1

tτ+1
σ(t) dt

≤

(
tσ′−(t)

tτ
+ τ

σ(t)

tτ

)∣∣∣∣
Rn

r

, S0 ≤ r ≤ Rn.We now apply the method of P. Barry [2, 3℄. Set
Φ(r) = −

Rn\
r

hn(t, τ)

tτ+1
dt, S0 ≤ r ≤ Rn.From the above onsiderations we have(11) Φ(r) ≥ −

σ′−(Rn)

Rτ−1
n

− τ
σ(Rn)

Rτ
n

+
σ′−(r)

rτ−1
+ τ

σ(r)

rτ
.We now put

ψ(r) = rτ

[
Φ(r) +

σ′−(Rn)

Rτ−1
n

+ τ
σ(Rn)

Rτ
n

]
.Thus from (11) we obtain

ψ(r) ≥ rσ′−(r) + τσ(r), S0 ≤ r < Rn.By the above and (11) we get
rψ′(r) = τψ(r) + hn(r, τ) ≥ τrσ′−(r) + τ2σ(r) + hn(r, τ)

≥ τrσ′−(r) ≥ 0.The funtion T ∗
0 (reiθ, f) is inreasing for r ∈ (S0, Rn) and hene σ(r) isinreasing on (S0, Rn). Therefore rσ′−(r) ≥ 0 for all r ∈ (S0, Rn). Moreover,

σ(r) > 0 for all r ∈ (S0, Rn). This way we have
ψ(r) ≥ rσ′−(r) + τσ(r) > 0.If r ∈ A then rψ′(r) > τψ(r) > 0. Therefore ψ′(r)/ψ(r) > τ/r. Conse-quently,

(12) τ
\

A∩[1,Rn]

dr

r
≤

\
A∩[1,Rn]

ψ′(r)

ψ(r)
dr ≤

Rn\
S0

ψ′(r)

ψ(r)
dr = log

ψ(Rn)

ψ(S0)
.

But ψ(Rn) = Rnσ
′
−(Rn) + τσ(Rn). The de�nition of σ(r) implies that

σ(r) =

α\
0

T ∗
0 (reiθ, f) cos τ(θ + ψ) dθ ≤

α\
0

T ∗
0 (reiθ, f) dθ.



172 E. Ciehanowiz and I. I. MarhenkoWhat is more,
T ∗

0 (z, f) = T ∗
0 (reiθ, f) =

k∑

ν=1

T ∗(z, un,ν) =
k∑

ν=1

(m∗(z, un,ν) +N(r, un,ν))

≤ T (r, f (2)) + k(λ+ 4) logRn

≤ 2T (r, f) + k(λ+ 4) logRn.Therefore we have
σ(r) ≤ 2πT (r, f) + πk(λ+ 4) logRn.From the monotoniity of rσ′−(r) we get

rσ′−(r) ≤
2r\
r

σ′−(t) dt ≤ σ(2r) ≤ 2πT (2r, f) + πk(λ+ 4) logRn.This way from (12) we obtain
τ

\
A∩[1,Rn]

dr

r
≤ log

ψ(Rn)

ψ(S0)
≤ logψ(Rn) +O(1)

= log[Rnσ
′
−(Rn) + τσ(Rn)] +O(1)

≤ log T (2Rn, f) + log logRn +O(1), n→ ∞,and the proof of Lemma 3 is omplete.2. Proof of Theorem 1. We show the estimate for the upper logarith-mi density of E(γ). The proof for the lower logarithmi density is similar,with Rn replaed by any positive number R, and the lower order λ replaedby the order ̺.We start with the following sum:
k∑

ν=1

L(r, pν , f) =

k∑

ν=1

log+ max
|z|=r

1

|f(z) − pν(z)|

=
k∑

ν=1

log+ 1

|f(reiθν ) − pν(reiθν )|
,where r ∈ (S0, Rn) and pν are polynomials with deg(pν) ≤ 1 for 1 ≤ ν ≤ k.If |f(reiθν ) − pν(re

iθν )| ≥ c/4 then
log+ 1

|f(reiθν ) − pν(reiθν )|
≤ log+ 4

c
.Let now |f(reiθν) − pν(reiθν )| < c/4. Then we have

log+ 1

|(f − pν)(reiθν )|
≤ log+

∣∣∣∣
(f − pν)

(2)(reiθν )

(f − pν)(reiθν )

∣∣∣∣ + log+

∣∣∣∣
1

f (2)(reiθν )

∣∣∣∣,
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log+ 1

|(f − pν)(reiθν )|
≤ log+

∣∣∣∣
(f − pν)(1)(reiθν )

(f − pν)(reiθν )

∣∣∣∣ + log+

∣∣∣∣
1

(f − pν)(1)(reiθν )

∣∣∣∣.If |f (2)(reiθν )| ≥ 1/Rλ+4
n , we obtain

log+ 1

|(f − pν)(reiθν )|
≤ log+

∣∣∣∣
f (2)(reiθν )

(f − pν)(reiθν )

∣∣∣∣ + (λ+ 4) logRn.If, on the other hand, |f (2)(reiθν )| < 1/Rλ+4
n , we have either (for

|(f − pν)(1)(reiθν )| ≥ 1/Rλ+4
n )

log+ 1

|(f − pν)(reiθν )|
≤ log+

∣∣∣∣
(f − pν)(1)(reiθν )

(f − pν)(reiθν )

∣∣∣∣ + (λ+ 4) logRn,or (if |(f − pν)(1)(reiθν )| < 1/Rλ+4
n )

log+

∣∣∣∣
1

f (2)(reiθν )

∣∣∣∣ ≤ ũn,ν(r).It follows from the inequalities above that in general for r ∈ (S0, Rn) and
1 ≤ ν ≤ k we have
log+ 1

|(f − pν)(reiθν )|
≤ ũn,ν(r) + log+M

(
r,

(f − pν)
(1)

f − pν

)

+ log+M

(
r,

(f − pν)(2)

f − pν

)
+ (λ+ 4) logRn + log+ 4

c
.This way we obtain

(13)
k∑

ν=1

L(r, pν , f) ≤
k∑

ν=1

ũn,ν(r) +
k∑

ν=1

log+M

(
r,

(f − pν)(1)

f − pν

)

+
k∑

ν=1

log+M

(
r,

(f − pν)(2)

f − pν

)
+ k(λ+ 4) logRn + k log+ 4

c
.Now, in the ase γ ≤ λ the assertion of the theorem is obvious, so let

γ > λ. We hoose λ < τ < γ and set α = min(π, π/2τ) and ψ = π/2τ − α.Then we have
hn(r, τ) =

sin τα

π

[ k∑

ν=1

ũn,ν(r) −
πτ

sin τα

(
T ∗

0 (reiα) − cos τα
k∑

ν=1

N(r, un,ν)
)]

≥
sin τα

π

[ k∑

ν=1

ũn,ν(r) −
πτ

sin τα
T ∗

0 (reiα)

]

≥
sin τα

π

[ k∑

ν=1

ũn,ν(r) −B(τ)T (r, f (2)) −B(τ)πk(λ+ 4) logRn

]
.
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A1 =

{
r ∈ (S0, Rn) :

k∑

ν=1

ũn,ν(r)−B(τ)T (r, f (2))−B(τ)πk(λ+4) logRn > 0
}
.If r ∈ A1, then hn(r, τ) > 0 and by Lemma 3,

τ
\

A1∩[1,Rn]

dt

t
≤ log T (2Rn, f) + log logRn +O(1).

If r /∈ A1, then
k∑

ν=1

ũn,ν(r) ≤ B(τ)T (r, f (2)) +B(τ)πk(λ+ 4) logRn.Thus for r ∈ [S0, Rn] \A1 from (13) we get
k∑

ν=1

L(r, pν , f) ≤ B(τ)T (r, f (2)) + (B(τ)π + 1)k(λ+ 4) logRn

+
k∑

ν=1

log+M

(
r,

(f − pν)(1)

f − pν

)
+

k∑

ν=1

log+M

(
r,

(f − pν)(2)

f − pν

)
+ k log+ 4

c
.Applying Lemma 1 we �nd that, exept possibly for r in a set of �nite linearmeasure, for r ∈ [S0, Rn] \A1,

k∑

ν=1

L(r, pν , f) ≤ B(τ)T (r, f) + o(T (r, f)) +O(logRn).Choose ε(R) → 0 suh that T (Rε(R), f)/logR→ ∞ as R→ ∞, and put
Sn = R

ε(Rn)
n , where {Rn} is the sequene from (4). Let also r ∈ [Sn, Rn].Then from the de�nition of Sn we get

T (r, f) ≥ T (Sn, f) = logRn
T (R

ε(Rn)
n , f)

logRnfor r ∈ [Sn, Rn], whih implies that logRn = o(T (r, f)) (n→ ∞).Therefore for r ∈ [Sn, Rn] \ A1, exept possibly for r in a set of �nitelinear measure, we have
k∑

ν=1

L(r, pν , f) ≤ (B(τ) + o(1))T (r, f) < B(γ)T (r, f) (n→ ∞).This, together with (13), leads to the estimate
τ

\
E(γ)∩[1,Rn]

dt

t
≥ τ

\
E(γ)∩[Sn,Rn]

dt

t
≥ τ

\
[Sn,Rn]\A1

dt

t
+O(1)

≥ τ(1 − ε(Rn)) logRn − log T (3Rn, f) − log logRn +O(1)



Deviations of entire funtions 175as n→ ∞. We divide this inequality by logRn:
1

logRn

\
E(γ)∩[S0,Rn]

dt

t
≥ (1 − ε(Rn)) −

log T (3Rn, f)

τ logRn
−

log logRn +O(1)

τ logRn
.

From the de�nition of {Rn} we obtain, for τ < γ,
logdensE(γ) ≥ 1 − λ/τ.Letting τ → γ we get
logdensE(γ) ≥ 1 − λ/γ.Thus we obtain the statement for polynomials with deg(pν) ≤ 1.This result an be extended to polynomials of higher degrees the followingway. Let {pν}

k
ν=1 be a set of distint polynomials suh that deg(pν) ≤ d for

1 ≤ ν ≤ k, and d ≥ 1. We de�ne the numbers S0, c and the sequenes
{Rn}, {Sn} as before. For n ≥ n0 we onsider the set

Gn =
{
z : S0 < |z| < Rn, |f

(d+1)(z)| < R
−[ d+1

2
(λ+1)+d+2]

n

}
,where n0 is hosen in suh a way that for n ≥ n0 we have

T (3Rn, f) < Rλ+1
n and [(2d+ 2)d+1 + (2d+ 2)d]πd+1

Rn
<
c

4
.Now for 1 ≤ ν ≤ k we write Gn,ν for the set of those onneted omponentsof Gn whih ontain a point z1 suh that

|f(z1) − pν(z1)| < c/4and points z2, . . . , zd+1 suh that for j = 2, . . . , d+ 1,
|f (j−1)(zj) − p(j−1)

ν (zj)| < R
−[ d+1

2
(λ+1)+d+2]

n .The fat that the sets Gn,ν and Gn,η are disjoint for ν 6= η an be shownin a similar way to the ase of polynomials of degree deg(pν) ≤ 1. Thus for
1 ≤ ν ≤ k and n ≥ n0 we may onsider the funtions
(14) un,ν(z) :=





log
1

|f (d+1)(z)|
, z ∈ Gn,ν ,

[
d+ 1

2
(λ+ 1) + d+ 2

]
logRn, z /∈ Gn,ν .Lemmas 2 and 3 also hold for the funtions un,ν(z) de�ned in (14). Therest of the proof of Theorem 1 an be done analogously to the ase when

deg(pν) ≤ 1.Let now {qν(z)}
k
ν=1 be a set of distint rational funtions and let f(z) bea transendental entire funtion of �nite lower order. We hoose a polynomial

p(z) suh that for 1 ≤ ν ≤ k eah pν(z) := p(z) · qν(z) is a polynomial. Wealso set F (z) := p(z) · f(z).



176 E. Ciehanowiz and I. I. MarhenkoAs in the previous ase, for r ∈ (S0, Rn) we onsider the sum
k∑

ν=1

L(r, qν , f) =
k∑

ν=1

log+ max
|z|=r

1

|f(z) − qν(z)|
.We have

k∑

ν=1

log+ max
|z|=r

1

|f(z) − qν(z)|
=

k∑

ν=1

log+ max
|z|=r

p(z)

|F (z) − pν(z)|

≤
k∑

ν=1

log+ max
|z|=r

1

|F (z) − pν(z)|

+ k log+ max
|z|=r

|p(z)|.We obtain
k∑

ν=1

L(r, qν , f) ≤
k∑

ν=1

L(r, pν , F ) + o(T (r, f)) (r → ∞).As we have already obtained the statement for polynomials, we mayapply all the previous estimates to the transendental entire funtion F (z)and distint polynomials pν(z) and thus omplete the proof of Theorem 1.
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