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An example of a pseudoconvex domain whose
holomorphic sectional curvature
of the Bergman metric is unbounded

by GREGOR HERBORT (Wuppertal)

Abstract. Let a and m be positive integers such that 2a < m. We show that in
the domain D := {z € C¥|r(2) := Rez1 + |z1|* + |22*™ + |2223]** + |z3|*™ < 0} the
holomorphic sectional curvature Rp(z; X) of the Bergman metric at z in direction X
tends to —oo when z tends to 0 non-tangentially, and the direction X is suitably chosen.
It seems that an example with this feature has not been known so far.

1. Introduction. The unit disc, equipped with the Poincaré metric, is
a first example of a domain with a metric of constant negative curvature.
The generalization to the unit ball in C™ with n > 2 is given by the Bergman
metric. Its holomorphic sectional curvature R is also a negative constant. By
a result of Lu Qi-Keng [17] the ball is the only simply connected domain (up
to biholomorphic equivalence) whose Bergman metric has negative constant
holomorphic curvature (see also [9]).

Since the results of [5] and [12] it has become possible to determine, on
a bounded strongly pseudoconvex domain D, the boundary behavior of the
holomorphic sectional curvature Rp(z; X) for (z,X) € D x C". For a C°°-
smooth strongly pseudoconvex domain Klembeck [15] has shown, by means
of the Fefferman asymptotic formula for the Bergman kernel function, that
for any tangent vector X # 0 the quantity Rp(z; X) tends to —2/(n + 1)
when z tends to the boundary. His smoothness assumption was considerably
weakened later in [14].

Since the investigations of Bergman [1] it has been known that the holo-
morphic sectional curvature of the Bergman metric is always less than 2.
That it is bounded from below is known in the class of strongly pseudocon-
vex domains (this is obvious) and also (by [18]) in smooth bounded pseu-
doconvex domains of finite type in C2. In [8] the case of smoothly bounded
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Reinhardt domains of finite type in C? was treated. The holomorphic sec-
tional curvature of the Bergman metric in such domains, in a neighborhood
of the boundary, can be estimated from above by a negative constant.

In the present note we give an example of a smooth bounded pseudo-
convex Reinhardt domain D of finite type in C3 such that the holomorphic
sectional curvature Rp(z; X) of the Bergman metric is not bounded from
below in certain directions X. The idea and the kind of argument used are
completely in the spirit of [10, 11] (see also [7]).

THEOREM 1.1. Let a,m be positive integers such that 2a < m. Let
D :={z € C?|r(z) ;== Rez + |21|> + P(') < 0}, where P(z') := P(z9, z3)
= |2|®™ + |2023|% + |23|*™. Then the holomorphic sectional curvature
Rp(—te1; X) tends to —oo as t N\, 0 if X = (0,X') € {0} x C? and
X' = (Xo, X3) with X9, X3 # 0. Here e; = (1,0,0). More precisely,

1 | Xo|?| X5/
tt/a=2/mlog(1/t)  |X'*

2 — Rp(—te; (0,X")) ~ @(1 +
1

The above domain is a Reinhardt domain with center at (o = —3zey.
A phenomenon as described in the theorem is not possible in domains all of
whose boundary points are of finite semiregular type (see [2] or [16]). The
notion of semiregular type was defined in [6] (see also [19]). A point ¢ in
a smooth hypersurface M is said to be of (finite) semiregular type if the
D’Angelo type A1(¢, M) of M at  is finite, and the n-tuple (1, A,,_1({, M),
..., A1(¢, M)) of the D’Angelo higher type numbers equals the Catlin mul-
titype (1,ma, ..., my) of M at ¢. In dimension 3 a point { € M is of semireg-
ular type if the D’Angelo type at ( is finite and equal to the entry mgs of the
Catlin multitype.

In our domain the assumption 2a < m implies 1/a—2/m > 0. It prevents
the origin from being a point of (finite) semiregular type. Indeed, the Catlin
multitype of 9D at 0 is (1,4a,4a), while the D’Angelo type at this point
is 2m.

Stimulation for this article came from the paper [4], where for the first
time an example of a domain {2 was given in which the holomorphic sec-
tional curvature Rp(z; X) of the Bergman metric tends to 2 as z tends to a
certain boundary point of D and the direction X is suitably chosen. Also,
in [4] it was asked whether there exists a bounded pseudoconvex domain
whose holomorphic sectional curvature with respect to the Bergman metric
is unbounded.

Acknowledgements. I would like to thank the referee for checking my
manuscript so carefully, and for valuable suggestions on the preparation of
the corrected version.
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2. Proof of Theorem 1.1

The relevant domain functionals. Let {2 CC C™ be a bounded domain.
We denote by H?(§2) the Hilbert space of all holomorphic functions on 2
that are square-integrable with respect to the Lebesgue measure. Put

1% = § 112 .

Q
For z € {2 we consider the following subsets of H?(2):

Ao(2) == {f € H*()|[|flle <1},
Ai($2;2) == {f € Ao(2)| f(2) = 0},

Ap(92;2) = {feAl(Q)'af—@:o,j:L...,n}.

0z;

Then we have the well-known relationships between the Bergman kernel
Ko @ 2 — R, the Bergman metric B3 (z; X) at z in direction X, and
the holomorphic sectional curvature Rn(z; X) of the Bergman metric for
(2, X) € 2 xC™

(3 Ko(2) = sup{f(2)1| £ € An(@)},
(v) By X) = S,
© 2= (s X) = SR
where
Tz X) = s X(EP | £ € A2 2),
Joolz X) = sp{XX(F)(D | f € Ax(@:2)).

For a vector X := (X7i,...,X,) € C" we denote by X (f)(z) the derivative of
[ at z in direction X, explicitly X (f)(z) :== > 8/(z) Xj,and XX (f)(2) =

i=1 "0z,
n *f(2) .
D jk=1 32502 Xi Xk

Splitting off the z1-direction. For s >0 we put Dy := {2/ € C?| P(2') < s}.
Note that for 0 < ¢ < 1/10 the domain

t — 2

Et = A( —t, > X D(t—t2)/4
is contained in D.
The following comparison lemma is needed for the proof of Lemma 2.2

below. Its proof is based on a standard J-argument. The idea is in the spirit
of [3, Sec. 6].
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LEMMA 2.1. There exists a constant C > 0 such that, for any 0 <t <
1/10 and any function f € HQ(Dt) we can find a function f € H?(D) such
that ||fllp < Clfllp,, and f — f vanishes to third order at the point —tey.

Proof. STEP 1: We construct a plurisubharmonic weight function that
fits well the size of Dj.

First we note that

2t <r(z) < —t/4 on D
Let
|21 + t‘Q
t2
If now z € C3 and Wy(z) < 1/5, then |23 +t| < t/vb < (t —t?) )/2 when
t < 1/10. Because also P(z') < t/5 < (t —12)/4, we see that z € D;. The

Levi form of the plurisubharmonic function t; := e’/* can be estimated on
the set {W; < 1/5} by
)

2
Ly (z:X) = e/ (’Xl,

Wi(z) == + %P(z').

X (1+2z1)X1  (OP(Z), X")
+ = .z( X+ 5 + "

LlarzE)xpP I((?P(Z’),X’HQ)

Z 8¢2 2
1 [(1-3)X:>  [(OP(¥), X")]?
- Zp(Z; X)) + 52 -2 2
e BIXG P PE)Ze(Z XY
LX) o 2 2

/ 2
> e/t %(1—2P(z)>$p(z’;X’)+0.06 X1 >

t t2

+ — Lp(2; X)) > 0.06e 2Ly, (z; X).

The estimate [(OP(2'), X")|? < P(2').%p(2'; X') follows from the fact
that log P is plurisubharmonic.
Next we choose an increasing smooth function y : R — (—o0, 1] with

s for s <1/10,
x(s) =
1 for s > 3/20,

and put V; := My + log x o W;. It is possible to choose M independently
of t in such a way that V; becomes plurisubharmonic throughout D, and
moreover,

on the set {W < 1/5} for some constant v > 0 that does not depend on ¢.
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To see this, we note that
L, (2 X) = MZy, (2 X) + (logx)' o Wy - Liw, (23 X)
+ (log x)" o Wy - [(OWi(2), X)|?
for (z,X) € D x C3.

There are three cases to be considered:
(i) If Wi(z) € [0,1/10], we have (log W; is p.s.h.)

L, (2 X) = MLy, (2, X) + Logw, (2 X)
> MLy, (2 X) > 0.06e2M Ly, (2; X).
(ii) If 1/5 > Wi(z) > 3/20, we have
L (2 X) = MZy, (2, X) > 0.06e M Ly, (2; X) .

(iii) Assume that 1/10 < Wi(z) < 3/20. With some constant C3 > 0,
we can estimate (logx)(s), (logx)"(s) > —Cj for s € [1/10,3/20]. This in
conjunction with the log-plurisubharmonicity of P gives

L (2 X) > MLy, (2, X) — C3:Lw, (2 X) — C3|(OWi(2), X) |
> My, (2 X) — Co(1 + Wi(2)) Zini (2 X)
> MLy, (2, X) — 203 Ly, (2 X)
> (0.06e2M — 2C3) L, (2; X).
We can now choose M > 200C3¢? and vy = Cj.

STEP 2: Let { € C*°(R) be a non-negative cut-off function satisfying
¢(s) =1for s <1/10 and x(s) = 0if s > 1/5. Given a function f € H?(D;)
we define the 0-closed smooth (0, 1)-form

U:5<50Wt)'f:§/OWt'f'5Wt.
This form is defined on D. Measuring its length with respect to the hermitian
form Q := Z.2110v,, we will show that
(+) ol 10V < P2,
with an unimportant constant C; > 0 (uniformly in ¢), where
n —
’U% = Z Q" vy,
Jh=1

and Qﬂ;‘ are the coefficients of the inverse of the matrix associated to @) and
the v; are the coefficients of v.
Namely, on supp(v) C {1/10 < W; < 1/5} we have

1 — _
Lw, > W oW @ oWy > 50W; @ OW;
t
and

Q= L2 + 104, > L2 + 107Gy, > L2 + 5070W; @ OW,
2] ( 2] |2
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hence

[0l = (€ o W) |fP[OWi[G) < = (&' o Wi)?| 2.

50y
Because of the monotonicity of x the function V4 is bounded from below
on supp(v) by
Vi = M) + log x o W, > log(1/10).

This implies

2 _—|z]?—10% 10" / 20 £12
[ofge < 5oy (€ oWIIP,
which is (%) with
10" / 2
Cl = W max(§ ©) Wt)

A refinement in the proof of Lemma 4.4.1 from [13] (which is by now
standard) gives us a smooth solution u to the equation du = v that satisfies

- L2
(L) eI g0, < eIV g8, < oy
D D
Since V; < M, we have {, |u|?*dz < C’leQ(diamD)QHOMHfH%, where
t
diam D is the diameter of D. Furthermore, because of the term 10V; in the

weight that appears on the left-hand side of (L?), the function u vanishes
to third order at the point —te;. Then the holomorphic function

~

F=toW, f—u

satisfies ”f/'\HLQ(D) < Cllflp,, with C :=1+ V/CreldiamD)?+5M anq hence
fulfills our requirements.
Lemma 2.1 is proved.

COROLLARY.

(i) For any function f € Ao(f)t) let f be the function from Lemma 2.1.
Then f/C € Ao(D), and

Kp(—te1) > C?Kp, (—te).

(ii) Likewise, for k € {1,2} and any function f € Ay(Dy;—te1), the
function f/C’ belongs to the family A(D;—te1), and for all X € C3 we
have

Jk7D(—t€1§X) Z C_ij,bt(_tel;X)’ k= 1,2.

This enables us to give lower and upper estimates for the domain func-
tionals in formulas (a), (b), and (c) at the point —te; by the corresponding
domain functionals (evaluated at 0') that belong to the domains D;_;2.
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LEMMA 2.2. With a suitable constant Cy > 0, for 0 <t < 1/10 we have

1 , ) '
O G Epe ) S Ep(—te) < S5 Kp L (0),

and for X' € C% and k = 1,2 we have

1 b
2) C,2 Tk D t2>/4(0/;X/) < Jp,p(—te1; (0, X)) < e Jk,DWtz)M(O/;X’)

(3) L KD(t_tQ)/4(OI)JQaD(t—ﬂ)/z; (0/§ X/)
Cx J1,D(t_t2)/4(0/;X/)2
KD 2 (0,)J2D 9 (OIX/)
< 2 — RD(_teL (O7X/)) < C* (t—t2)/4 24
Jq D(t 2 /4(0/ X/)

Proof. The fact that D,CDfor0<t< 1/10 together with Lemma 2.1
and its corollary gives
1
E Kbt(—tel) S KD(—tel) S Kf)t(—tel)
and .
7 i (—ters (0, X)) < i p(—ter; (0, X))
< J, p,(—te1;(0, X)), k=12,
for 0 <t < 1/10 and X’ € C%. We use the product formulas
Kp, (—ter) = Kat i)~ Kp,, 5 j4(0)
and
Jy. b, (—ter; (0, X)) = Kay,u-s2)2) (=)D, ,(05X7), k=12
The desired upper and lower bounds now follow from the estimate
41 4 1 5
z 7 SKacue-mp (= = T e S o
which holds for 0 < ¢ < 1/10.

Estimate (3) follows from (1) and (2) in conjunction with formula (c),
stated at the beginning of this section. This proves Lemma 2.2.

Estimation of the single domain functionals of Dy at (/. For functions
fyg:(0,a) — (0,00) we write f = g if there is a constant C' > 0 such that
C~lg(t) < f(t) < Cg(t) for all t € (0, ).

LEMMA 2.3. For 1/10 > s > 0 we have

(4) Kp, (0) ~ #(1/)
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For X' € C?\ {0} we have

ey o XP
(5) J1,0,(05 X7) = Afmtija
(6) J2D (OIX/) ~ ‘X/’4 ’X2’2‘X3‘2

T 2/mAlfa T g2/alog(1)s)

Proof. Since Dy is a Reinhardt domain, we have

1

4 Kp. (0) = ———
( ) Ds( ) OI(DS)
as well as

3

X5/ | X2

(5" Ji1,p,(05X") = = ;

25, " 1A,

where f;(2') := z; for j = 2,3, and

, e 1 Xal! (Xt [ Xa? X5
) R 172 S VISR T
(X" + X" | [ XX/

17315, I f25313,
Here we use the symmetry of D;.

We have to estimate || f§||3, for v = 0,1,2 and also || f2f3]| . Consider
the domains

+4

=1

lA)S = {z' e C?

1
1/2m
|z9| < s , |2s] < s—1/2m 4 5*1/2a|22| }

Then for 0 < s < 1/10 one has
(7) ﬁs/4 CDsC B4ms-

This reduces our task to estimating ||fé’||2ﬁ for v = 0,1,2 and ||f2f3|]% .
We have

’22|21/d222
#5015 = | lof?a's =x | - —
o D |za|<ol/2m (o=1/2m 4 g=1/2a|z])2
1/2m
_ 9 20 r2vHl g
=T S (0-1/2m 1 g—1/2ap)2
ol/2m
_ 27r20_1/m S 7,21/4-1 dr

(1 + 0-1/2m—1/2a7a)2

_ 27T20'1/m+(y+1)(1/a_1/m)K,/(O‘),
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(substitute r =: ¢1/2071/2m o) with

0 e? I 1 7 (1409
N gl/mS—l/Qa M
. (1+e)2
Note that o¥/™=1/20 > 1 if 0 < o < 1, since 2a < m.
Bj‘f/mq/m

1/m—1/2a
S Q2u+1 dQ N o X 921171 N O_Ql//m—u/a ify > 0,
(1+0)? 1 log(1/o) ifv=0.

Thus we obtain

1

TR
2 ) ol/e log(1/0) ifv=0.
For v = 0,1 this together with (4") and (5’) implies (4) and (5). If we let
v =2, we find
| X"
1£2115,
Next we check the estimate for the norm || f2 f3]| 5 . Similarly to the above
we compute

(Xt X

! 17315, ~ i

+4

Ifafaly, = § 12P( { j2g? d225 ) 22
|Z2‘<0-1/2m |z3‘<(o.—1/2m+0.—1/2a‘z2|)—1
(0.—1/2m+0.—1/2a|22‘)—1
=27 X \22|2< S s dr)d222
‘Z2|<0.1/2m 0
™ _ _ _
— § S ’22|2(O' 1/2m+0_ 1/2a’22|) 4d222
|22 <o1/2m
ol/2m
— 72 S 1"3(0'_1/2m +U_1/2aT)_4 dr
0
ol/2m
— 7r20_2/m X 7,3(1 +O_1/2m71/2a7,)74 dr
0
1/m—1/2a
3
_ 2 2/a o’ do _. _1/2a—1/2m
o S L (r=:o 0)
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/

2/a S 0° do s2/a S 1d+9 :
0

~ o?%log(1/0).

This in conjunction with (6") gives (6), and therefore proves the lemma.

End of the proof of Theorem 1.1. We only need to choose s = (t — t?)/4

and combine formulas (3) and (4) through (6).
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Theorem 1.1 is proved.
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