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Di�erentiable solutions for a lass of funtional equationsby V. Murugan and P. V. Subrahmanyam (Chennai)
Abstrat. We give a set of su�ient onditions for the existene of di�erentiablesolutions for a funtional equation involving a series of iterates, using a method di�erentfrom that of Baker and Zhang [Ann. Polon. Math. 73 (2000)℄.1. Introdution. Iterative funtional equations are funtional equationsinvolving the iterates of unknown funtions. Many authors, inluding Abel,Babbage, Kuzma and Shröder, have ontributed to this topi with a longhistory (see [2℄). The iterative root problem is the problem of �nding afuntion f whih equals a given funtion F after n iterations and it arisesin the theory of dynamial systems. In this ontext, Zhang [9℄ solved theproblem of �nding a funtion f suh that ertain onvex ombinations ofthe iterates of f equal F , i.e.,(1.1) n

∑

i=1

λif
i(x) = F (x).

This equation has been studied in a variety of ways and theorems onthe existene and uniqueness of solutions have been established by manyauthors (see [3�9℄). Baker and Zhang [1℄ studied (1.1) assuming λi's arefuntions of x and obtained ontinuous solutions. In this paper, we providesu�ient onditions for the existene of di�erentiable solutions in the interval
I = [a, b] ⊂ R for the funtional equation of the form(1.2) ∞

∑

i=1

λi(x)Hi(f
i(x)) = F (x), x ∈ I,

where λi(x) is a sequene of nonnegative funtions on I suh that ∑

∞

i=1 λi(x)
= 1, Hi's and F being given funtions.2000 Mathematis Subjet Classi�ation: 39B12, 47H10.Key words and phrases: iterative funtional equations, di�erentiable solutions, Ba-nah's ontration priniple, Shauder's �xed point theorem.[225℄ © Instytut Matematyzny PAN, 2007



226 V. Murugan and P. V. Subrahmanyam2. Preliminaries. Consider the Banah spae C1(I,R) of all ontin-uously di�erentiable funtions from I into R with the norm ‖ · ‖1, where
‖φ‖1 = ‖φ‖ + ‖φ′‖ and ‖φ‖ = supx∈I |φ(x)|. For M,M ′ ≥ 0, we de�ne
Q1(M,M ′) = {f ∈ C1(I,R) : |f ′(x)| ≤M, |f ′(x) − f ′(y)| ≤M ′|x− y|}and for δ ≥ 0,

F1
δ (M,M ′) = {f ∈ Q1(M,M ′) : f(a) = a, f(b) = b, δ ≤ f ′(x)}.The proofs of the following propositions are easy and hene omitted.Proposition 2.1 (see [4℄). IfM < 1 or δ > 1 then F1

δ (M,M ′) is empty ,and if M = 1 or δ = 1 then F1
δ (M,M ′) is either empty or ontains only theidentity map.Proposition 2.2. The set F1

δ (M,M ′) is a onvex ompat subset of
C1(I,R).In view of Proposition 2.1, one annot seek solutions of equations suh as(1.2) in F1

δ (M,M ′) without imposing onditions onM . The following lemmais essentially due to Zhang [9℄ and with the assumption that M > 1.Lemma 2.3. Let φ, ψ ∈ Q1(M,M ′). Then for i = 1, 2, . . . ,(1) |(φi)′(x)| ≤M i, ∀x ∈ I,(2) |(φi)′(x1)− (φi)′(x2)| ≤M ′
M i−1

M − 1
(M i − 1)|x1 − x2|, ∀x1, x2 ∈ I,(3) ‖φi − ψi‖ ≤

M i − 1

M − 1
‖φ− ψ‖,(4) ‖(φi)′−(ψi)′‖ ≤ iM i−1‖φ′−ψ′‖+M ′M i−2[M i−iM+(i−1)]‖φ−ψ‖.Lemma 2.4. For δ > 0, M > 0 and M ′ ≥ 0, if f ∈ F1

δ (M,M ′), then fis a di�eomorphism on I onto I and f−1 ∈ F1
1/M (1/δ,M ′/δ3).Proof. As 0 < δ ≤ f ′(x) ≤ M , and f(a) = a, f(b) = b, f is a stritlyinreasing funtion from I onto itself and hene f is invertible on I and

f−1(a) = a and f−1(b) = b. As (f−1)′(x) = 1/f ′(f−1(x)), for x ∈ I we have(2.3) 1/M ≤ (f−1)′(x) ≤ 1/δ.As f ′(x) ≥ δ > 0 and |f ′(x) − f ′(y)| ≤M ′|x− y|, for x, y ∈ I, we have
|(f−1)′(x) − (f−1)′(y)| =

∣

∣

∣

∣

1

f ′(f−1(x))
−

1

f ′(f−1(y))

∣

∣

∣

∣

≤
1

δ2
|f ′(f−1(x)) − f ′(f−1(y))|.As |f ′(x) − f ′(y)| ≤M ′|x− y|, for x, y ∈ I and by (2.3), we get(2.4) |(f−1)′(x) − (f−1)′(y)| ≤

M ′

δ2
|f−1(x) − f−1(y)| ≤

M ′

δ3
|x− y|.The result follows from (2.3) and (2.4).



Di�erentiable solutions for a lass of funtional equations 227Lemma 2.5 (Zhang [9℄). Let φ1 and φ2 be two homeomorphisms from Ionto itself with |φi(x1) − φi(x2)| ≤ M |x1 − x2| for all x1, x2 ∈ I, i = 1, 2,for some M > 0. Then
‖φ1 − φ2‖ ≤M‖φ−1

1 − φ−1
2 ‖.Lemma 2.6. If f, g ∈ F1

δ (M,M ′) where 0 < δ ≤ 1 ≤ M and M ′ ≥ 0,then(2.5) ‖(f−1)′ − (g−1)′‖ ≤
M ′

δ3
‖f − g‖ +

1

δ2
‖f ′ − g′‖.Proof. As f ′(x) ≥ 0, for x ∈ I, we get

|(f−1)′(x) − (g−1)′(x)| =

∣

∣

∣

∣

1

f ′(f−1(x))
−

1

g′(g−1(x))

∣

∣

∣

∣

≤
1

δ2
|f ′(f−1(x)) − g′(g−1(x))|

≤
1

δ2
{|f ′(f−1(x)) − f ′(g−1(x))|

+ |f ′(g−1(x)) − g′(g−1(x))|}

≤
1

δ2
{M ′‖f−1 − g−1‖ + ‖f ′ − g′‖}.Using Lemma 2.5 for f−1 and g−1, we have(2.6) ‖(f−1)′ − (g−1)′‖ ≤

M ′

δ3
‖f − g‖ +

1

δ2
‖f ′ − g′‖and thus the result follows.Proposition 2.7. The funtion f is a solution for the funtional equa-tion(2.7) ∞

∑

i=1

λi(x)Hi(f
i(x)) = F (x), ∀x ∈ [a, b],

if and only if g(x) = h−1(f(h(x))) is a solution for the funtional equation(2.8) ∞
∑

i=1

µi(x)Ri(g
i(x)) = G(x), ∀x ∈ [0, 1],

where µi(x) = λi(h(x)), Ri(x) = h−1(Hi(h(x))), G(x) = h−1(F (h(x))) and
h(x) = a+ x(b− a) for x ∈ [0, 1] with ∑

∞

i=1 λi(x) = 1.Proof. Let f be a solution for (2.7). Note that h and h−1 are a�ne andontinuous maps and ∑

∞

i=1 µi(x) = 1 for x ∈ [0, 1]. Therefore for x ∈ [0, 1],
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∞

∑

i=1

µi(x)Ri(g
i(x)) = lim

n→∞

1
∑n

j=1 µj(x)

n
∑

i=1

µi(x)Ri(g
i(x))

= lim
n→∞

1
∑n

j=1 µj(x)

n
∑

i=1

µi(x)h
−1(Hi(h(h

−1f i(h(x)))))

= lim
n→∞

n
∑

i=1

µi(x)
∑n

j=1 µj(x)
h−1(Hi(f

i(h(x))))

= lim
n→∞

h−1

[

1
∑n

j=1 µj(x)

n
∑

i=1

µi(x)Hi(f
i(h(x)))

]

= h−1
[

lim
n→∞

n
∑

i=1

µi(x)Hi(f
i(h(x)))

]

= h−1
[

∞
∑

i=1

µi(x)Hi(f
i(h(x)))

]

= h−1(F (h(x))).Thus(2.9) ∞
∑

i=1

µi(x)Ri(g
i(x)) = G(x).The onverse follows similarly.In view of Proposition 2.7, it su�es to prove the existene of solutionfor the funtional equation (1.2) on I = [0, 1].3. Existene, uniqueness and stability. We begin with a lemmaonerning in�nite series. Its proof is straightforward and hene omitted.Lemma 3.1. Let Li ≥ 1, αi, βi, Λi and L′

i be nonnegative numbers for
i ∈ N and M > 1 satisfying

∞
∑

i=1

βi <∞,
∞

∑

i=1

αiLiM
2i <∞,

∞
∑

i=1

Λi[Li + L′

i]M
2i <∞.Then for any δ > 0 and M ′ ≥ 0, the following series denoted by K1 to K6are onvergent :

K1 =
∞

∑

i=1

{

1

δ
αi + ΛiLiM

i−1

}

,

K2 =

∞
∑

i=1

{

1

δ2
βi +

2

δ
αiLiM

i−1 + ΛiL
′

iM
2(i−1)

}

,
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K3 =

1

δ3

∞
∑

i=1

αi +
∞

∑

i=1

ΛiLiM
i−2 M

i−1 − 1

M − 1
,

K4 =
1

δ

∞
∑

i=1

αi +
∞
∑

i=1

ΛiLi
M i−1 − 1

M − 1
,

K5 =
1

δ2

∞
∑

i=1

βi +
1

δ

∞
∑

i=1

αiLi
M i−1 − 1

M − 1
+

1

δ

∞
∑

i=1

αiLiM
i−1

+

∞
∑

i=1

ΛiL
′

iM
i−1M

i−1 − 1

M − 1

+M ′

{

1

δ3

∞
∑

i=1

αi +
∞

∑

i=1

ΛiLiM
i−3[M i−1 − (i− 1)M + (i− 2)]

}

,

K6 =
1

δ2

∞
∑

i=1

αi +
∞

∑

i=1

ΛiLi(i− 1)M i−2.

Now we state our main result on the existene of a solution to (1.2).Theorem 3.2. In addition to the hypotheses of Lemma 3.1, let λi bea sequene of nonnegative funtions on I suh that λi(x) ∈ Q1(αi, βi) and
γi ≤ λi(x) ≤ Λi for i = 1, 2, . . . , and ∑

∞

i=1 λi(x) = 1 for x ∈ I. Let
Hi ∈ F1

li
(Li, L

′

i) where li are nonnegative numbers for i = 1, 2, . . . . Suppose
0 < δ < 1, M∗ ≥ 0, and

K0 =
∞

∑

i=1

γiliδ
i−1 −

1

δ

∞
∑

i=1

αi > M2K3.

Then for any funtion F in F1
K1δ(K0M,M∗), the funtional equation

∞
∑

i=1

λi(x)Hi(f
i(x)) = F (x)

has a solution f in F1
δ (M,M ′) for everyM ′≥(M∗ +M2K2)/(K0 −M2K3).The following lemmata will lead diretly to the proof of Theorem 3.2.For f ∈ F1

δ (M,M ′), we de�ne Lf : I → I by
(3.10) Lf (x) =

∞
∑

i=1

λi(f
−1(x))Hi(f

i−1(x)), x ∈ I.

Lemma 3.3. In addition to the hypotheses of Theorem 3.2 , suppose that
f ∈ F1

δ (M,M ′). Then Lf ∈ F1
K0

(K1,K2 +M ′K3).



230 V. Murugan and P. V. SubrahmanyamProof. It is lear that Lf (0)=0 and Lf (1)=1. Beause K1 =
∑

∞

i=1{δ
−1αi

+ ΛiLiM
i−1} <∞, the funtion Lf is di�erentiable and

L′

f (x) =
∞

∑

i=1

λ′i(f
−1(x))(f−1)′(x)Hi(f

i−1(x))

+

∞
∑

i=1

λi(f
−1(x))H ′

i(f
i−1(x))(f i−1)′(x)and by the hypothesis of Theorem 3.2, we have(3.11) 0 < K0 ≤ L′

f (x) ≤ K1.Thus(3.12) 1/K1 ≤ (L−1
f )′(x) ≤ 1/K0.From the de�nition of Lf (x) and the triangle inequality, for x, y ∈ I,

|L′

f (x) − L′

f (y)|

≤
∞
∑

i=1

{|λ′i(f
−1(x))(f−1)′(x)Hi(f

i−1(x)) + λi(f
−1(x))H ′

i(f
i−1(x))(f i−1)′(x)

− λ′i(f
−1(y))(f−1)′(y)Hi(f

i−1(y)) − λi(f
−1(y))H ′

i(f
i−1(y))(f i−1)′(y)|}

≤
∞
∑

i=1

{|λ′i(f
−1(x))(f−1)′(x)Hi(f

i−1(x)) − λ′i(f
−1(y))(f−1)′(y)Hi(f

i−1(y))|

+ |λi(f
−1(x))H ′

i(f
i−1(x))(f i−1)′(x)−λi(f

−1(y))H ′

i(f
i−1(y))(f i−1)′(y)|}

=:

∞
∑

i=1

(Ai +Bi).By Lemma 2.4, Hi(x) ≤ 1 and by the de�nition of λi(x) and Hi(x), for all i,
Ai ≤ |λ′i(f

−1(x))(f−1)′(x)Hi(f
i−1(x)) − λ′i(f

−1(y))(f−1)′(y)Hi(f
i−1(x))|

+ |λ′i(f
−1(y))(f−1)′(y)Hi(f

i−1(x)) − λ′i(f
−1(y))(f−1)′(y)Hi(f

i−1(y))|

≤ |λ′i(f
−1(x))(f−1)′(x) − λ′i(f

−1(y))(f−1)′(y)|

+
1

δ
αi|Hi(f

i−1(x)) −Hi(f
i−1(y))|

≤ |λ′i(f
−1(x)) − λ′i(f

−1(y))| |(f−1)′(x)|

+ |λ′i(f
−1(y))| |(f−1)′(x) − (f−1)′(y)| +

1

δ
αiLi|f

i−1(x) − f i−1(y)|.



Di�erentiable solutions for a lass of funtional equations 231In view of Lemmas 2.3 and 2.4, we get
Ai ≤

1

δ
βi|f

−1(x) − f−1(y)| +
M ′

δ3
αi|x− y| +

1

δ
αiLiM

i−1|x− y|(3.13)
≤

{

1

δ2
βi +

M ′

δ3
αi +

1

δ
αiLiM

i−1

}

|x− y|.Again for eah i,
Bi ≤ |λi(f

−1(x))H ′

i(f
i−1(x)) − λi(f

−1(y))H ′

i(f
i−1(y))| |(f i−1)′(x)|

+ |λi(f
−1(y))| |H ′

i(f
i−1(y))| |(f i−1)′(x) − (f i−1)′(y)|.By (1) and (2) of Lemma 2.3 and de�nitions of λi(x) and Hi(x), we get

Bi ≤M i−1|λi(f
−1(x))H ′

i(f
i−1(x)) − λi(f

−1(y))H ′

i(f
i−1(y))|

+ΛiLi|(f
i−1)′(x) − (f i−1)′(y)|

≤M i−1{|λi(f
−1(x)) − λi(f

−1(y))| |H ′

i(f
i−1(x))|

+ |λi(f
−1(y))| |H ′

i(f
i−1(x)) −H ′

i(f
i−1(y))|}

+M ′ΛiLiM
i−2 M

i−1 − 1

M − 1
|x− y|.Using the de�nitions of λi(x) and Hi(x), and Lemmas 2.3 and 2.4, we get

Bi ≤ αiLiM
i−1|f−1(x) − f−1(y)| + ΛiL

′

iM
i−1|f i−1(x) − f i−1(y)|(3.14)

+M ′ΛiLiM
i−2 M

i−1 − 1

M − 1
|x− y|

≤
1

δ
αiLiM

i−1|x− y| + ΛiL
′

iM
2(i−1)|x− y|

+M ′ΛiLiM
i−2 M

i−1 − 1

M − 1
|x− y|.From (3.13) and (3.14), for x, y ∈ I we get(3.15) |L′

f (x) − L′

f (y)| ≤ (K2 +M ′K3)|x− y|.Thus, by (3.11) and (3.15), Lf is in F1
K0

(K1,K2 +M ′K3).Lemma 3.4. In addition to the hypotheses of Theorem 3.2, suppose that
f, g ∈ F1

δ (M,M ′). Then(i) ‖Lf − Lg‖ ≤ K4‖f − g‖,(ii) ‖L−1
f − L−1

g ‖ ≤
K4

K0
‖f − g‖,(iii) ‖L′

f − L′

g‖ ≤ K5‖f − g‖ +K6‖f
′ − g′‖,(iv) ‖(L−1

f )′−(L−1
g )′‖ ≤

[

K4

K3
0

(K2+M ′K3)+
K5

K2
0

]

‖f−g‖+
K6

K2
0

‖f ′−g′‖.



232 V. Murugan and P. V. SubrahmanyamProof. For x ∈ I and f, g ∈ F1
δ (M,M ′),

|Lf (x) − Lg(x)| ≤
∞
∑

i=1

|λi(f
−1(x))Hi(f

i−1(x)) − λi(g
−1(x))Hi(g

i−1(x))|

≤
∞
∑

i=1

{|λi(f
−1(x)) − λi(g

−1(x))| |Hi(f
i−1(x))|

+ |λi(g
−1(x))| |Hi(f

i−1(x)) −Hi(g
i−1(x))|}.From Lemmas 2.3 and 2.5 and the de�nitions of λi(x) and Hi(x), we get

|Lf (x) − Lg(x)| ≤
∞

∑

i=1

{αi|f
−1(x) − g−1(x)| + ΛiLi‖f

i−1 − gi−1‖}

≤

∞
∑

i=1

{

1

δ
αi + ΛiLi

M i−1 − 1

M − 1

}

‖f − g‖.Therefore,(3.16) ‖Lf − Lg‖ ≤ K4‖f − g‖,proving (i). By (3.12), for f ∈ F1
δ (M,M ′),(3.17) |L−1

f (x) − L−1
f (y)| ≤

1

K0
|x− y|.So, from Lemma 2.5, and (3.16) we get

‖L−1
f − L−1

g ‖ ≤
1

K0
‖Lf − Lg‖ ≤

K4

K0
‖f − g‖,(3.18)proving (ii). Now for x ∈ I,

|L′

f (x) − L′

g(x)|

≤
∞
∑

i=1

{|λ′i(f
−1(x))(f−1)′(x)Hi(f

i−1(x)) + λi(f
−1(x))H ′

i(f
i−1(x))(f i−1)′(x)

− λ′i(g
−1(x))(g−1)′(x)Hi(g

i−1(x)) − λi(g
−1(x))H ′

i(g
i−1(x))(gi−1)′(x)|}

≤

∞
∑

i=1

{|λ′i(f
−1(x))(f−1)′(x)Hi(f

i−1(x)) − λ′i(g
−1(x))(g−1)′(x)Hi(g

i−1(x))|

+ |λi(f
−1(x))H ′

i(f
i−1(x))(f i−1)′(x) − λi(g

−1(x))H ′

i(g
i−1(x))(gi−1)′(x)|}

=:

∞
∑

i=1

(Ci +Di).



Di�erentiable solutions for a lass of funtional equations 233Using Lemmas 2.3 and 2.4, for eah i we get
Ci ≤ |λ′i(f

−1(x))(f−1)′(x) − λ′i(g
−1(x))(g−1)′(x)| |Hi(f

i−1(x))|(3.19)
+|λ′i(g

−1(x))(g−1)′(x)| |Hi(f
i−1(x)) −Hi(g

i−1(x))|

≤ |λ′i(f
−1(x)) − λ′i(g

−1(x))| |(f−1)′(x)|

+ |λ′i(g
−1(x))| |(f−1)′(x) − (g−1)′(x)|

+
1

δ
αiLi

M i−1 − 1

M − 1
‖f − g‖

≤
1

δ2
βi‖f − g‖ +

M ′

δ3
αi‖f − g‖ +

1

δ2
αi‖f

′ − g′‖

+
1

δ
αiLi

M i−1 − 1

M − 1
‖f − g‖.Further, for eah i,

Di = |λi(f
−1(x))H ′

i(f
i−1(x))(f i−1)′(x) − λi(g

−1(x))H ′

i(g
i−1(x))(gi−1)′(x)|

≤ |λi(f
−1(x)) − λi(g

−1(x))| |H ′

i(f
i−1(x))| |(f i−1)′(x)|

+ |λi(g
−1(x))| |H ′

i(f
i−1(x))(f i−1)′(x) −H ′

i(g
i−1(x))(gi−1)′(x)|

≤M i−1{|λi(f
−1(x)) − λi(g

−1(x))| |H ′

i(f
i−1(x))|

+ |λi(g
−1(x))| |H ′

i(f
i−1(x)) −H ′

i(g
i−1(x))|} + ΛiLi‖(f

i−1)′ − (gi−1)′‖.Applying Lemma 2.3, we get
Di ≤

1

δ
αiLiM

i−1‖f − g‖ + ΛiL
′

iM
i−1‖f i−1 − gi−1‖(3.20)

+ΛiLi(i− 1)M i−2‖f ′ − g′‖

+M ′ΛiLiM
i−3[M i−1 − (i− 1)M + (i− 2)]‖f − g‖

≤
1

δ
αiLiM

i−1‖f − g‖ + ΛiL
′

iM
i−1 M

i−1 − 1

M − 1
‖f − g‖

+ΛiLi(i− 1)M i−2‖f ′ − g′‖

+M ′ΛiLiM
i−3[M i−1 − (i− 1)M + (i− 2)]‖f − g‖.Using (3.19) and (3.20), we get(3.21) |L′

f (x) − L′

g(x)| ≤ K5‖f − g‖ +K6‖f
′ − g′‖.Thus (iii) is established.For f, g ∈ F1

δ (M,M ′) and x ∈ I,

|(L−1
f )′(x) − (L−1

g )′(x)| =

∣

∣

∣

∣

1

L′

f (L−1
f (x))

−
1

(L′
g(L

−1
g (x))

∣

∣

∣

∣

.



234 V. Murugan and P. V. SubrahmanyamUsing (3.11) we have
|(L−1

f )′(x) − (L−1
g )′(x)| ≤

1

K2
0

|L′

f (L−1
f (x)) − L′

g(L
−1
g (x))|

≤
1

K2
0

{|L′

f (L−1
f (x)) − L′

g(L
−1
f (x))|

+ |L′

g(L
−1
f (x)) − L′

g(L
−1
g (x))|}.From (3.15) and (3.21) we have

|(L−1
f )′(x) − (L−1

g )′(x)| ≤
1

K2
0

{K5‖f − g‖ +K6‖f
′ − g′‖

+(K2 +M ′K3)‖L
−1
f − L−1

g ‖}.Further using (3.18) to estimate ‖L−1
f − L−1

g ‖, we get
‖(L−1

f )′ − (L−1
g )′‖ ≤

1

K2
0

{K5‖f − g‖ +K6‖f
′ − g′‖

+
K4

K0
(K2 +M ′K3)‖f − g‖},thus proving (iv) of Lemma 3.4 as well.Proof of Theorem 3.2. De�ne T : F1
δ (M,M ′) → C1(I,R) by(3.22) Tf(x) = (L−1

f )(F (x)) for f ∈ F1
δ (M,M ′).By the de�nitions of Lf and F we get Tf(0) = 0 and Tf(1) = 1. Now(3.23) Tf ′(x) = (L−1

f )′(F (x))F ′(x)and so δ = 1
K1
K1δ ≤ Tf ′(x) ≤ 1

K0
K0M = M . Hene(3.24) δ ≤ Tf ′(x) ≤M.For x, y in I,

|Tf ′(x) − Tf ′(y)| ≤ |(L−1
f )′(F (x))F ′(x) − (L−1

f )′(F (y))F ′(y)|

≤ |(L−1
f )′(F (x)) − (L−1

f )′(F (y))| |F ′(x)|

+ |(L−1
f )′(F (y))| |F ′(x) − F ′(y)|.Applying Lemma 2.4 for Lf ∈ F1

K0
(K1,K2 +M ′K3) and using the de�nitionof F , we get

|Tf ′(x) − Tf ′(y)| ≤
K2 +M ′K3

K3
0

K0M |F (x) − F (y)| +
M∗

K0
|x− y|

≤
M2(K2 +M ′K3) +M∗

K0
|x− y|.



Di�erentiable solutions for a lass of funtional equations 235As M ′ ≥ (M∗ +M2K2)/(K0 −M2K3), we have(3.25) |Tf ′(x) − Tf ′(y)| ≤M ′|x− y|.Hene T is a self-map of F1
δ (M,M ′).We now prove that T is ontinuous. For f, g ∈ F1

δ (M,M ′) and x ∈ I,

|Tf(x) − Tg(x)| = |L−1
f (F (x)) − L−1

g (F (x))|

≤ ‖L−1
f − L−1

g ‖ ≤
1

K0
‖Lf − Lg‖.So, by Lemma 3.4, we have(3.26) ‖Tf − Tg‖ ≤

K4

K0
‖f − g‖and

|Tf ′(x) − Tg′(x)| = |(L−1
f )′(F (x))F ′(x) − (L−1

g )′(F (x))F ′(x)|

≤ K0M |(L−1
f )′(F (x)) − (L−1

g )′(F (x))|.

Using Lemma 3.4(iv), we get
|Tf ′(x) − Tg′(x)|

≤ K0M

{

K4(K2 +M ′K3)

K3
0

‖f − g‖ +
K5

K2
0

‖f − g‖ +
K6

K2
0

‖f ′ − g′‖

}

.Therefore,
(3.27) ‖Tf ′ − Tg′‖

≤
MK4(K2 +M ′K3)

K2
0

‖f − g‖ +
MK5

K0
‖f − g‖ +

MK6

K0
‖f ′ − g′‖.Consequently, from (3.26) and (3.27), we have

‖Tf − Tg‖1 = ‖Tf − Tg‖ + ‖Tf ′ − Tg′‖

≤
K4

K0
‖f − g‖ +

MK4

K2
0

(K2 +M ′K3)‖f − g‖

+
MK5

K0
‖f − g‖ +

MK6

K0
‖f ′ − g′‖.Hene(3.28) ‖Tf − Tg‖1 ≤ ̺‖f − g‖1,where

̺ = max

{

K4

K0
+
MK4

K2
0

(K2 +M ′K3) +
MK5

K0
,
MK6

K0

}

.This proves that T is ontinuous. By Proposition 2.2, T is a ontinu-ous self-map of the onvex, ompat subset F1
δ (M,M ′) of C1(I,R). So, by



236 V. Murugan and P. V. SubrahmanyamShauder's �xed point theorem, T has a �xed point, whih is a solution ofthe funtional equation (1.2).Remark 3.5. Clearly, by the hypothesis of Theorem 3.2, γ1 and l1 arepositive.Theorem 3.6. In addition to the hypotheses of Theorem 3.2, let
̺ = max

{

K4

K0
+
MK4

K2
0

(K2 +M ′K3) +
MK5

K0
,
MK6

K0

}

< 1.Then for F ∈ F1
K1δ(K0M,M∗), the funtional equation (1.2) has a uniquesolution f in F1
δ (M,M ′) and the solution f depends ontinuously on thefuntion F .Proof. As ̺ < 1, the uniqueness of the solution follows from the Banahontration priniple for T . Let F,G ∈ F1

K1δ(K0M,M∗), and let f and g bethe solutions for the funtional equations involving F and G respetively.Thus L−1
f (F (x)) = f(x) and L−1

g (G(x)) = g(x) for x ∈ I. So,
|f(x) − g(x)| = |L−1

f (F (x)) − L−1
g (G(x))|

≤ |L−1
f (F (x)) − L−1

g (F (x))| + |L−1
g (F (x)) − L−1

g (G(x))|

≤ ‖L−1
f − L−1

g ‖ +
1

K0
‖F −G‖.Using Lemma 3.4, we get(3.29) ‖f − g‖ ≤

K4

K0
‖f − g‖ +

1

K0
‖F −G‖.From (3.12) and the de�nition of F , for x in I, we have

|f ′(x) − g′(x)| = |(L−1
f )′(F (x))F ′(x) − (L−1

g )′(G(x))G′(x)|

≤ |(L−1
f )′(F (x)) − (L−1

g )′(G(x))||F ′(x)|

+ |(L−1
g )′(G(x))| |F ′(x) −G′(x)|

≤ K0M{|(L−1
f )′(F (x)) − (L−1

g )′(F (x))|

+ |(L−1
g )′(F (x)) − (L−1

g )′(G(x))|} +
1

K0
|F ′(x) −G′(x)|.By Lemmas 3.3 and 3.4(iv), we get

‖f ′ − g′‖ ≤ K0M

{

‖(L−1
f )′ − (L−1

g )′‖ +
K2 +M ′K3

K3
0

‖F −G‖

}

+
1

K0
‖F ′ −G′‖
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≤ K0M

{

K4

K3
0

(K2 +M ′K3)‖f − g‖ +
K5

K2
0

‖f − g‖ +
K6

K2
0

‖f ′ − g′‖

}

+
K0M

K3
0

(K2 +M ′K3)‖F −G‖ +
1

K0
‖F ′ −G′‖.Thus we have

‖f ′−g′‖ ≤
M

K0

{

K5‖f − g‖ +K6‖f
′ − g′‖ +

K2 +M ′K3

K0
‖F −G‖(3.30)

+
K4(K2 +M ′K3)

K0
‖f − g‖

}

+
1

K0
‖F ′ −G′‖.From (3.29) and (3.30) we get

‖f − g‖1 ≤

{

K4 +MK5

K0
+
MK4(K2 +M ′K3)

K2
0

}

‖f − g‖

+
MK6

K0
‖f ′ − g′‖ +

{

1

K0
+
M(K2 +M ′K3)

K2
0

}

‖F −G‖1

≤ ̺‖f − g‖1 +

{

1

K0
+
M(K2 +M ′K3)

K2
0

}

‖F −G‖1.Thus(3.31) ‖f − g‖1 ≤
1

1 − ̺

{

1

K0
+
M(K2 +M ′K3)

K2
0

}

‖F −G‖1,whih proves the stability.Now we give an example to illustrate the main theorem.Example 1. Consider the funtional equation(3.32) ∞
∑

i=1

λi(x)Hi(f
i(x)) =

1

2

[

1 + x− cos
πx

2

]

, ∀x ∈ [0, 1],where
λ1(x) = 1 −

1

k
(ex − 1 − x), λi(x) =

1

k

xi

i!
for i = 2, 3, . . . ,with k = 27e9, F (x) = 1

2 [1+x−cos(πx/2)] ∈ F1
1/2((π + 2)/4, π2/8),H1(x) =

x ∈ F1
1 (1, 0) and Hi(x) = xi−1 ∈ F1

0 (i− 1, (i− 1)(i− 2)) for eah i ≥ 2.Here l1 = 1, L1 = 1, L′

1 = 0, γ1 = 1− (e− 1)/k, Λ1 = 1, α1 = (e− 1)/k,
β1 = e/k and li = 0, Li = i− 1, L′

i = (i− 1)(i− 2), γi = 0,
Λi =

1

k

1

i!
, αi =

1

k

1

(i− 1)!
, βi =

1

k

1

(i− 2)!for eah i ≥ 2.



238 V. Murugan and P. V. SubrahmanyamFor M = 3 and δ = 1/4 it is easily seen that the series ∑

∞

i=1 βi,
∑

∞

i=1 Λi{Li + L′

i}M
2i and ∑

∞

i=1 αiLiM
2i are onvergent. Now

K1 =
∞

∑

i=1

{

1

δ
αi + ΛiLiM

i−1

}

= 4

{

e− 1

k
+

∞
∑

i=2

1

k

1

(i− 1)!

}

+ 1 +
1

k

∞
∑

i=2

i− 1

i!
M i−1

≤ 4

{

e− 1

k
+
e− 1

k

}

+
1

k

∞
∑

i=2

1

(i− 1)!
M i−1 + 1

≤
8(e− 1)

k
+

1

k
(eM − 1) + 1 =

1

27e9
[8(e− 1) + e3 − 1] + 1 < 2and hene K1δ < 1/2. Moreover,

K0 =
∞

∑

i=1

γiliδ
i−1 −

1

δ

∞
∑

i=1

αi = γ1 −
1

δ

∞
∑

i=1

αi = 1 −
e− 1

k
−

2(e− 1)

δk

= 1 −
1

kδ
[(e− 1)(2 + δ)] = 1 −

4

27e9
[(e− 1)(2 + 1/4)] > 2/3and

K3 =
1

δ3

∞
∑

i=1

αi +
1

M − 1

∞
∑

i=1

ΛiLiM
i−2(M i−1 − 1)

≤ 43 ·
2(e− 1)

k
+

1

k(M − 1)

∞
∑

i=2

i− 1

i!
M2i−3

≤
27(e− 1)

k
+

M

k(M − 1)

∞
∑

i=2

1

(i− 2)!
M2(i−2) ≤

27(e− 1)

k
+

MeM2

k(M − 1)

=
27(e− 1)

27e9
+

1

27e9
3

2
e9 ≤

1

2 · 33
+

1

18
=

2

27so that M2K3 ≤ 2/3. This implies that K0 > M2K3. As K0M > 2 and
K1δ < 1/2 we have F ∈ F1

1/2((π + 2)/4, π2/8) ⊆ F1
K1δ(K0M,M∗) where

M∗ = π2/8. It is easy to prove that K2 < 1 and K0−M
2K3 ≥ 1/4. Thus byTheorem 3.2, the funtional equation (3.32) has a solution f in F1

0.25(3,M
′)for every M ′ ≥ 4(π2/8 + 9), sine

4

(

π2

8
+ 9

)

>
M∗ +M2K2

K0 −M2K3
.



Di�erentiable solutions for a lass of funtional equations 239We also dedue a orollary whih provides a set of su�ient onditionsfor the existene of smooth solutions to the funtional equation(3.33) n
∑

i=1

λi(x)Hi(f
i(x)) = F (x).Corollary 3.7. Let λi ∈ Q1(αi, βi) be nonnegative funtions on I foreah i = 1, . . . , n suh that γi ≤ λi(x) ≤ Λi where αi, βi, γi and Λi arenonnegative numbers for i = 1, . . . , n and ∑n

i=1 λi(x) = 1 for x ∈ I. Let
Hi ∈ F1

li
(Li, L

′

i) where li, Li, L′

i are nonnegative numbers for i = 1, . . . , n.Let 0 < δ < 1, M > 1 and M∗ ≥ 0. De�ne
K0 =

n
∑

i=1

γiliδ
i−1 −

1

δ

n
∑

i=1

αi,

K1 =
n

∑

i=1

{

1

δ
αi + ΛiLiM

i−1

}

,

K2 =
n

∑

i=1

{

1

δ2
βi +

2

δ
αiLiM

i−1 + ΛiL
′

iM
2(i−1)

}

,

K3 =
1

δ3

n
∑

i=1

αi +

n
∑

i=1

ΛiLiM
i−2 M

i−1 − 1

M − 1
.Suppose that K0 > M2K3. Then for any F in F1

K1δ(K0M,M∗), the fun-tional equation (3.33) has a solution f in F1
δ (M,M ′) for every M ′ ≥

(M∗ +M2K2)/(K0 −M2K3).Proof. This follows diretly from Theorem 3.2, upon hoosing λi(x) = 0and Hi(x) = 0 for i > n.Example 2. Consider the funtional equation(3.34) 4[(4242−x)f(x)+(f2(x))2 +x(f3(x))5] = 4243(3x2 +x), x ∈ [0, 1].In order to apply Corollary 3.7, set λ1 = (4242 − x)/4243, λ2 = 1/4243,
λ3 = x/4243, H1(x) = x, H2(x) = x2, H3(x) = x5 and F (x) = 1

4(3x2 + x).It an be easily seen that
γ1 =

4241

4243
, Λ1 =

4242

4243
, α1 =

1

4243
, β1 = 0, l1 = 1 = L1, L′

1 = 0;

γ2 =
1

4243
= Λ2, α2 = β2 = l2 = 0, L2 = 2 = L′

2;

γ3 = 0, Λ3 =
1

4243
= α3, β3 = 0 = l3, L3 = 5, L′

3 = 20.For δ = 1/8, M = 2 and M∗ = 3/2, it is readily seen that
K0 =

4225

4243
, K1 =

4282

4243
, K2 =

664

4243
, K3 =

1056

4243
.
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K0 −M2K3 =

4225

4243
− 4 ·

1056

4243
=

1

4243
and M∗ +M2K2

K0 −M2K3
= 18041/2.Clearly

K1δ <
1

4
≤ F ′(x) =

1

4
(6x+ 1) ≤

7

4
≤ K0M.Thus F ∈ F1

K1δ(K0M,M∗).By Corollary 3.7, the funtional equation (3.34) has a solution f in
F1

1/8(2,M
′) for every M ′ ≥ 18041/2.The onluding orollary answers a question on the existene of smoothsolution raised by Baker and Zhang [1℄.Corollary 3.8. Let λi ∈ Q1(αi, βi) be nonnegative funtions on I foreah i = 1, . . . , n suh that γi ≤ λi(x) ≤ Λi where αi, βi, γi and Λi arenonnegative numbers for i = 1, . . . , n and ∑n

i=1 λi(x) = 1 for x ∈ I. Let
0 < δ < 1, M > 1 and M∗ ≥ 0. De�ne

K0 =
n

∑

i=1

γiδ
i−1 −

1

δ

n
∑

i=1

αi,

K1 =

n
∑

i=1

{

1

δ
αi + ΛiM

i−1

}

,

K2 =
n

∑

i=1

{

1

δ2
βi +

2

δ
αiM

i−1

}

,

K3 =
1

δ3

n
∑

i=1

αi +
n

∑

i=1

ΛiM
i−2 M

i−1 − 1

M − 1
.Suppose further that K0 > M2K3. Then for any F in F1

K1δ(K0M,M∗), thefuntional equation
n

∑

i=1

λi(x)f
i(x) = F (x)has a solution f in F1

δ (M,M ′) for everyM ′≥(M∗ +M2K2)/(K0 −M2K3).Proof. This follows diretly from Corollary 3.7, upon hoosing Hi(x) = xfor i = 1, . . . , n.Aknowledgements. The authors are highly thankful to the refereefor his ritial remarks and suggestions resulting in a muh improved versionof the work. Further, V. Murugan aknowledges the �nanial support inthe form of a Senior Researh Fellowship from the Counil of Sienti� andIndustrial Researh (CSIR), India for arrying out this researh.
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