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Lifting adapted onnetions from foliated manifoldsto higher order adapted frame bundlesby J. Kurek (Lublin) and W. M. Mikulski (Kraków)Abstrat. Let (M,F) be a foliated manifold. We desribe all natural operators Alifting F-adapted (i.e. projetable in adapted oordinates) lassial linear onnetions ∇on (M,F) into lassial linear onnetions A(∇) on the rth order adapted frame bundle
P r(M,F).Introdution. All manifolds and maps are assumed to be of lass C∞.A lassial linear onnetion on a manifold N is a R-bilinear map ∇ :
X (N) ×X (N) → X (N), where X (N) is the vetor spae of all vetor �eldson N , suh that (1) ∇fXY = f∇XY and (2) ∇XfY = XfY + f∇XYfor any vetor �elds X,Y ∈ X (N) and all maps f : N → R. It is well-known that lassial linear onnetions ∇ on N are in anonial bijetionwith setions ∇ : N → QN of the so-alled onnetion bundle Q(N) =
(idT ∗N ⊗ π1)

−1(idTN ) ⊂ T ∗N ⊗ J1TN over N , where π1 : J1TN → TN isthe jet projetion from the �rst jet prolongation J1TN of the tangent bundle
TN . Every loal di�eomorphism f : N1 → N2 indues anonially a �bredloal di�eomorphism Qf : Q(N1) → Q(N2) overing f (the restrition of
T ∗f ⊗ J1Tf).Let Folm,n be the ategory of all m + n-dimensional foliated manifolds
(M,F) with n-dimensional foliations and their foliation respeting loal dif-feomorphisms. Given a Folm,n-objet (M,F) we have the rth order adaptedframe bundle

P r(M,F) = {jr
0ϕ | ϕ : (Rm+n,Fm,n) → (M,F) is a Folm,n-map}over M of (M F), where Fm,n = {{a} × R

n}a∈Rm is the standard n-dimen-sional foliation on R
m+n. We see that P r(M,F) is a prinipal �brebundle with the standard group Gr

m,n = P r(Rm,n,Fm,n)0 (with multipli-ation being omposition of jets) ating on the right on P r(M,F) by the2000 Mathematis Subjet Classi�ation: Primary 58A20.Key words and phrases: foliated manifold, (F-adapted) lassial linear onnetion,higher order adapted frame bundle, natural operator.[163℄ © Instytut Matematyzny PAN, 2008



164 J. Kurek and W. M. Mikulskiomposition of jets. Every Folm,n-map ψ : (M1,F1) → (M2,F2) induesa loal �bred di�eomorphism (even a prinipal bundle loal isomorphism)
P rψ : P r(M1,F1) → P r(M2,F2) over ψ given by P rψ(jr

0ϕ) = jr
0(ψ ◦ ϕ),

jr
0ϕ ∈ P r(M1,F1).Let (M,F) be a Folm,n-objet. A vetor �eld X on M is alled an in-�nitesimal automorphism of (M,F) if the �ow {ExptX} of X is formed by(loally de�ned) Folm,n-maps (M,F) → (M,F). Equivalently, a vetor �eldon M is an in�nitesimal automorphism of (M,F) i� [X,Y ] is tangent to Ffor any vetor �eld Y on M tangent to F . We denote by X (M,F) the Liealgebra of all in�nitesimal automorphisms of (M,F).A lassial linear onnetion ∇ on M is alled F -adapted if ∇XY ∈
X (M,F) for any X,Y ∈ X (M,F) and ∇UW is tangent to F for any U,W ∈
X (M,F) with U or W tangent to F . (We observe in the proof of Lemma 1that ∇ is F -adapted i� it is projetable in adapted oordinates.)In the present paper we study how an F -adapted lassial linear onne-tion ∇ on a Folm,n-objet (M,F) an indue a lassial linear onnetion
A(∇) on the rth order adapted frame bundle P r(M,F). This problem isre�eted in the onept of Folm,n-natural operators A : QFolm,n

 QP r inthe sense of [1℄. We reall that a Folm,n-natural operator A : QFolm,n
 QP ris a family of Folm,n-invariant regular operators (funtions)

A = A(M,F) : QFol(M,F) → Q(P r(M,F))for any Folm,n-objet (M,F), where QFol(M,F) is the set of all F -adaptedlassial linear onnetions on (M,F) and Q(P r(M,F)) is the set of alllassial linear onnetions on P r(M,F). The invariane means that if ∇1 ∈
QFol(M1,F1) and ∇2 ∈ QFol(M2,F2) are ϕ-related for a Folm,n-map ϕ :
(M1,F1) → (M2,F2), then A(∇1) and A(∇2) are P rϕ-related. The regular-ity means that A transforms smoothly parametrized families of F -adaptedlassial linear onnetions into smoothly parametrized families of lassiallinear onnetions.In Setion 1 we give an example A0 : QFolm,n

 QP r of suh a Folm,n-natural operator. Then we have
Theorem 1. Any Folm,n-natural operator A : QFolm,n

→ QP r is of theform
A(∇) = A0(∇) + C(∇)for some unique Folm,n-natural operator C : QFolm,n

→ (T ∗ ⊗ T ∗ ⊗ T )P rtransforming F-adapted lassial linear onnetions ∇ on (M,F) into tensor�elds C(∇) of type (1, 2) on P r(M,F).In Setions 2 and 4 we desribe expliitly all Folm,n-natural operators
C : QFolm,n

 (T ∗⊗T ∗⊗T )P r. (The de�nition of these operators is a diretmodi�ation of the one for Folm,n-natural operators QFolm,n
 QP r.)



Lifting adapted onnetions 165In the ase n = 0 we observe that Folm,0 is (in an obvious way) equiva-lent to the ategory Mfm of m-dimensional manifolds and their loal di�eo-morphisms. Namely, we identify an m-manifold M (an Mfm-objet) withthe foliated manifold (M, {{a}}a∈M ) foliated by points (a Folm,0-objet).Clearly, the bundle P r(M, {{a}}a∈M ) is (again in an obvious way) equiva-lent to the rth order frame bundle P rM = inv Jr
0 (Rm,M). Moreover, the

{{a}}a∈M -adapted lassial linear onnetions ∇ on (M, {{a}}a∈M ) are ex-atly the lassial linear onnetions ∇ on M . Thus in the ase n = 0 theresult of the present paper (almost) oinides with the result of the seondauthor in [2℄. In other words, the present paper is an (almost) extension ofthe result from [2℄ to foliated manifolds. We write �almost� beause if ∇ isa lassial linear onnetion on M then we have the omplete lift ∇C of ∇to P r(M) (we note that P r(M) is an open subset in T r
mM = Jr

0 (Rm,M)and we have the restrition of the omplete lift ∇C of ∇ to the mr-veloitiesbundle T r
mM of M in the sense of Morimoto [3℄). In [2℄, we use ∇C insteadof A0(∇).Up till now, for n ≥ 1 no onnetions A(∇) on P r(M,F) oming from an

F -adapted one ∇ on (M,F) have been known. Thus the �rst main di�ultyof the present paper is to onstrut a onnetion A0(∇) on P r(M,F) froman F -adapted lassial linear onnetion ∇ on (M,F). In the onstrutionof A0(∇) we will use Lemma 1, whih we will also apply many times in nextsetions.In the last setion we present an alternative version of the main result.1. An example of a Folm,n-natural operator A0 : QFolm,n
 QP r.To present suh an example we need the following lemma.

Lemma 1. Let ∇ be an F-adapted lassial linear onnetion on a Folm,n-objet (M,F). Let p = jr
0ϕ ∈ (P r(M,F))x, x ∈ M . There exists a unique(germ of ) ∇-normal oordinate system ψ∇,p on M with entre x suh that

ψ∇,p : (M,F) → (Rm+n,Fm,n) is a loally de�ned Folm,n-map and we have
P 1(ψ∇,p)(j10ϕ) = j10(idRm+n).Proof. Clearly, for a vetor �eld X ∈ X (Rm+n) we have X ∈ X (Rm+n,
Fm+n) i� the �ow of X is formed by loal �bred isomorphisms of the trivialbundle q : R

m ×R
n → R

m, or (equivalently) i� X is q-projetable (i.e. thereexists a unique vetor �eld X on R
m q-related to X). Then a lassial linearonnetion ∇ on R

m+n is Fm,n-adapted i� ∇XY is q-projetable for any
q-projetable vetor �elds X, Y on R

m×R
n and ∇UW is vertial if U, V are

q-projetable and U or W is vertial, or (equivalently) i� ∇ is q-projetable(i.e. there exists a unique lassial linear onnetion ∇ on R
m q-related to∇).We an assume that (M,F)=(Rm+n,Fm,n), x=0 and j10ϕ=j10(idRm+n).By the above onsiderations, the exponent Exp∇,0 of ∇ at 0 ∈ R

m+n is
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q-related to Exp∇,0 of ∇ at 0 ∈ R

m (beause ∇-geodesis projet via q onto
∇-geodesis as ∇ and ∇ are q-related and q is a surjetive submersion).Then ψ∇,p = Exp−1

∇,0 is a unique ∇-normal oordinate system on R
m+n withentre 0 suh that P 1(ψ∇,p)(j10(id)) = j10(id) and ψ∇,p : (Rm+n,Fm,n) →

(Rm+n,Fm,n) is a loally de�ned Folm,n-map.We are in a position to present an example of a Folm,n-natural operator
A0 : QFolm,n

 QP r. We �x an arbitrary lassial linear onnetion λ0 on
P r(Rm+n,Fm,n) (a setion of the onnetion bundle Q(P r(Rm+n,Fm,n))
→ P r(Rm+n,Fm,n)).
Example 1. Let ∇ ∈ Q(M,F) be an F -adapted lassial linear on-netion on a Folm,n-objet (M,F). We de�ne a lassial linear onnetion

A0(∇) on P r(M,F) (a setion A0(∇) : P r(M,F) → Q(P r(M,F))) as fol-lows. Let p = jr
xϕ ∈ (P r(M,F))x, x ∈M . Let ψ∇,p be the unique (germ of)

∇-normal oordinate system on M with entre x suh that ψ∇,p : (M,F) →
(Rm+n,Fm,n) is a loally de�ned Folm,n-map and P 1(ψ∇,p)(j10ϕ) = j10(id)(see Lemma 1). We de�ne

A0(∇)(p) := Q(P r((ψ∇,p)−1))(λ0(P r(ψ∇,p)(p))).This de�nition is orret beause the germ of ψ∇,p at x is uniquely deter-mined and we an apply the funtor P r to ψ∇,p beause ψ∇,p is a Folm,n-map.Therefore the family A0 : QFolm,n
 QP r is a Folm,n-natural operator.2. The Folm,n-natural operators QFolm,n

 T (0,0)P r. Let
θ := j10(idRm+n) ∈ (P 1(Rm+n,Fm,n))0.Let (P r(Rm+n,Fm,n))θ = {jr

0ϕ ∈ (P r(Rm+n,Fm,n))0 | j10ϕ = θ}. Let Ss(s ∈ N∪{∞}) be the vetor spae of all s-jets at 0 ∈ R
m+n of Fm,n-adaptedlassial linear onnetions ∇ on (Rm+n,Fm,n) (or equivalently, of all s-jetsat 0 ∈ R

m+n of projetable lassial linear onnetions on the trivial bundle
R

m×R
n → R

m) given by the Christo�el symbols Γ i
jk : R

m+n → R satisfying
m+n∑

j,k=1

Γ i
jk(x)x

jxk = 0 for i = 1, . . . ,m+ n.Equivalently, Ss is the spae of all s-jets at 0 of Fm,n-adapted lassiallinear onnetions ∇ on (Rm+n,Fm,n) suh that the usual oordinate system
x1, . . . , xm+n on R

m+n is a normal oordinate system for ∇ with entre 0.(The equivalene is almost lear if we remember the well-known di�erentialequations for geodesis and apply the fat that ∇-geodesis passing throughthe entre of ∇-normal oordinates are straight lines in these oordinates.)Let us onsider a funtion µ : S∞ × (P r(Rm+n,Fm,n))θ → R satisfyingthe following loal �nite determination property:
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(∗) For any ̺ ∈ S∞ and σ ∈ (P r(Rm+n,Fm,n))θ, we an �nd an openneighbourhood V ⊂ (P r(Rm+n,Fm,n))θ of σ, an open neighbour-hood U ⊂ S∞ of ̺, a natural number s and a smooth map f :

πs(U) × V → R suh that µ = f ◦ (πs × idV ) on U × V , where
πs : J∞ → Js is the jet projetion.An example of a µ with property (∗) is the pull-bak of a map µ̃ : Ss ×

(P r(Rm+n,Fm,n))θ → R for �nite s with respet to the projetion πs × id :
S∞ × (P r(Rm+n,Fm,n))θ → Ss × (P r(Rm,n,Fm,n))θ.
Example 2. Given an F -adapted lassial linear onnetion ∇ on a

Folm,n-objet (M,F), we de�ne a smooth map B〈µ〉(∇) : P r(M,F) → R by
B〈µ〉(∇)(p) := µ(j∞0 (ψ∇,p

∗ ∇), P r(ψ∇,p)(p)) ,

p = jr
0ϕ ∈ (P r(M,F))x, x ∈ M , where ψ∇,p : (M,F) → (Rm+n,Fm,n) isas in Lemma 1 for ∇ and p. The de�nition is orret beause germx(ψ∇,p)is uniquely determined. The orrespondene B〈µ〉 : QFolm,n

 T (0,0)P r is a
Folm,n-natural operator transforming F -adapted lassial linear onnetionson Folm,n-objets (M,F) into maps B〈µ〉(∇) : P r(M,F) → R. (The de�ni-tion of Folm,n-natural operators QFolm,n

 T (0,0)P r is a diret modi�ationof the one of Fm,n-natural operators QFolm,n
 QP r.)

Proposition 1. Any Folm,n-natural operator B : QFolm,n
 T (0,0)P r isequal to B〈µ〉 for a unique map µ : S∞ × (P r(Rm+n,Fm,n))θ → R with theabove-mentioned property.Proof. Let B be an operator in question. De�ne a map µ : S∞×(P r(Rm+m,

Fm,n))θ → R by
µ(j∞0 (∇), σ) = B(∇)σ .Then by the non-linear Peetre theorem [1℄, µ has property (∗). Clearly, B =

B〈µ〉.3. The parallelism on P r(M,F) from an F-adapted lassial lin-ear onnetion ∇ on (M,F). Let ∇ be an F -adapted lassial linearonnetion ∇ on (M,F).
Example 3. For i = 1, . . . ,m + n, we de�ne a vetor �eld Ai(∇) on

P r(M,F) as follows. Let p = jr
0ϕ ∈ (P r(M,F))x, x ∈ M . Let ψ∇,p :

(M,F) → (Rm+n,Fm,n) be as in Lemma 1 for ∇ and p. We put
Ai(∇)(p) = TP r((ψ∇,p)−1)

(
Pr

(
∂

∂xi

)
(P r(ψ∇,p)(p))

)
,where ∂/∂xi are the anonial vetor �elds on R

m+n (they are in�nitesimalautomorphisms of (Rm+n,Fm,n)) and where PrX means the �ow lifting ofan in�nitesimal automorphism X ∈ X (N,F1) to P r(N,F1). (PrX is given



168 J. Kurek and W. M. Mikulskiby the �ow {P r(ExptX)}, where {ExptX} is the �ow of X. We an ap-ply the funtor P r to ExptX beause ExptX is a Folm,n-map as X is anin�nitesimal automorphism.) The orrespondene Ai : QFolm,n
 TP r isa Folm,n-natural operator (transforming F -adapted lassial linear onne-tions on (M,F) into vetor �elds on P r(M,F)).

Example 4. Let Gr
m,n = P r(Rm+n,Fm,n)0 be the Lie group as in theIntrodution. Let {Eα} be a basis in the Lie algebra L(Gr

m,n). Let (Eα)∗be the fundamental vetor �eld orresponding to Eα on the prinipal Gr
m,n-bundle P r(M,F). The orrespondene (Eα)∗ : QFolm,n

 TP r is a Folm,n-natural operator (independent of ∇).
Proposition 2. Given an F-adapted lassial linear onnetion ∇ on

(M,F), the vetor �elds Ai(∇) and (Eα)∗ for i = 1, . . . ,m + n and α =
1, . . . ,dim(Gr

m,n) form a basis over C∞(P r(M,F)) of the module of all vetor�elds on P r(M,F).Proof. This is a simple observation.4. The Folm,n-natural operators QFolm,n
 (T ∗ ⊗ T ∗ ⊗ T )P r. Thespae of all Folm,n-natural operatorsQFolm,n

 (T ∗⊗T ∗⊗T )P r transforming
F -adapted lassial linear onnetions on (M,F) into tensor �elds of type
(1, 2) on P r(M,F) is (in an obvious way) a module over the algebra of all
Folm,n-natural operators QFolm,n

 T (0,0)P r (lassi�ed in Setion 2).
Proposition 3. The module of all Folm,n-natural operators QFolm,n

 (T ∗⊗T ∗⊗T )P r is free and (m+n+dim(Gr
m,n))3-dimensional. All (suit-able) tensor produts of Ai, (Eα)∗, (Ai)D and ((Eα)∗)D form a basis in thismodule, where given an F-adapted lassial linear onnetion ∇ on (M,F),

(Ai(∇), (Eα)∗) is a basis of vetor �elds on P r(M,F) as in Setion 3 and
(Ai(∇)D, ((Eα)∗)D) is the dual basis of 1-forms on P r(M,F).Proof. Let C : QFolm,n

 (T ∗⊗T ∗⊗T )P r be a Folm,n-natural operator.For any F -adapted lassial linear onnetion ∇ on (M,F) we an write
C(∇) =

∑

k

λk(∇)F k(∇),where (F k(∇)) is the obvious basis of (1, 2)-tensor �elds on P r(M,F) in-dued by the basis (Ai(∇), (Eα)∗), and the maps λk(∇) : P r(M,F) → Rare uniquely determined. Beause of the invariane of C with respet to
Folm,n-maps, λk : QFolm,n

 T (0,0)P r are Folm,n-natural operators.5. Another version of the main theorem. We end this note bythe following alternative desription of all Folm,n-natural operators A :
QFolm,n

 QP r.



Lifting adapted onnetions 169We use the notation of Setion 2. Let ν : S∞ × (P r(Rm+n,Fm,n))θ →
Q(P (Rm+n,Fm,n)) be a map suh that a loal �nite determination propertyquite similar to (∗) for µ from Setion 2 is satis�ed. Additionally we assumethat π ◦ν(σ, p) = p for any (σ, p), where π is the projetion of the onnetionbundle.
Example 5. Let ∇ be an F -adapted lassial linear onnetion on a

Folm,n-objet (M,F). We de�ne a lassial linear onnetion A〈ν〉(∇) on
P r(M,F) as follows. Let p = jr

0ϕ ∈ (P r(M,F))x, x ∈ M . Let ψ∇,p :
(M,F) → (Rm+n,Fm,n) be as in Lemma 1 for ∇ and p. We put

A〈ν〉(∇)(p) = Q(P r((ψ∇,p)−1))(ν(j∞0 (ψ∇,p
∗ ∇), P r(ψ∇,p)(p))).Clearly, A〈ν〉 : QFolm,n

 QP r is a Folm,n-natural operator.
Theorem 2. Any Folm,n-natural operator A : QFolm,n

 QP r is equalto A〈ν〉 for some ν as in Example 5.Proof. The proof is quite similar to the one of Proposition 1.
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