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Note on some variational problem related to statisti
alsolutions of di�erential equations in Bana
h spa
esby Lech Sławik (Kraków)
Abstra
t. The properties of statisti
al solutions for some general di�erential equa-tions in Bana
h spa
es are investigated.1. Introdu
tion. Let X be an in�nite-dimensional re�exive real Bana
hspa
e with a basis {xn}, endowed with a norm ‖·‖. Then (X∗, ‖·‖∗) denotesthe dual spa
e of X. The value of a fun
tional u∗ ∈ X∗ at a point u will bedenoted by 〈u∗, u〉. Let Xn be a subspa
e of X generated by x1, . . . , xn andlet Pn denote the proje
tion operator of X onto Xn given by the formula

Pnx =
n

∑

k=1

〈x∗k, x〉xk, x ∈ X.

Analogously, for the spa
e X∗
n generated by x∗1, . . . , x∗n the proje
tion oper-ator Qn of X∗ onto X∗

n is given by the formula
Qnx

∗ =
n

∑

k=1

〈x∗, xk〉x
∗
k, x∗ ∈ X∗.

Let S = [0, T ] and F : S×X → X be a mapping satisfying the following
onditions:(A1) for every t ∈ S the mapping F (t, ·) : X → X is 
ontinuous withrespe
t to the weak topology,(A2) for every u ∈ X the mapping F (·, u) : X → X is Bo
hner measur-able,(A3) there exist b1, b2 > 0 su
h that ‖F (t, u)‖ ≤ b1 + b2‖u‖ for u ∈ X,
t ∈ S.2000 Mathemati
s Subje
t Classi�
ation: Primary 34G99; Se
ondary 49K45, 49K27.Key words and phrases: abstra
t di�erential equations, statisti
al solution.[171℄ 
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172 L. SªawikWe study the di�erential equation
u′(t) = F (t, u(t)).(1.1)In the 
lassi
al setting, (1.1) is 
onsidered with an initial 
ondition

u(0) = a,(1.2)but for physi
al reasons (e.g. turbulan
e phenomena) it is interesting to 
on-sider a statisti
al approa
h to (1.1) repla
ing a by a probability measure µ0.In [3℄ we introdu
ed the following de�nition.Definition 1.1. Let µ0 be a given probability measure on B(X) (the σ-algebra of all Borel subsets of X) with bounded support. We say that afamily {µ(t, ·)}t∈[0,T ] of probability measures is a statisti
al solution of (1.1)with initial measure µ0 if the following 
onditions are satis�ed:(1) For every u∗ ∈ X∗ the fun
tion [0, T ] ∋ t 7→ ψ(t, u∗) ∈ C is abso-lutely 
ontinuous (ψ(t, ·) denotes the 
hara
teristi
 fun
tional of themeasure µ(t, ·)).(2) For almost all t ∈ [0, T ] and for every u∗ ∈ X∗,(1.3) ∂ψ(t, u∗)

∂t
= i

\
X

〈u∗, F (t, u)〉ei〈u∗,u〉 µ(t, du).(3) For every u∗ ∈ X∗,(1.4) ψ(0, u∗) =
\
X

ei〈u∗,u〉µ0(du).Existen
e of a statisti
al solution was proven in [3℄. Unfortunately, su
h asolution need not be unique. However, analysis of physi
al events related tothis abstra
t model shows that frequently, apart from an initial 
ondition,additional 
onstraints should be 
onsidered. In what follows, we take intoa

ount (inspired by [1℄, [2℄, [4℄) a fun
tional de�ned on the set of statisti
alsolutions and investigate under what 
onditions it has a minimum at exa
tlyone point.2. Variational problem. Let Cb,w(X) denote the ve
tor spa
e of allreal fun
tions on X whi
h are weakly 
ontinuous and bounded. Let further
M(X) denote the ve
tor spa
e of all bounded real measures on B(X). Asis known, the spa
e M(X) may be identi�ed with a subspa
e of [Cb,w(X)]′(the algebrai
 dual). The spa
e M(X) separates points in Cb,w(X) so thereexists a lo
ally 
onvex topology in Cb,w(X) su
h that the topologi
al dual
[Cb,w(X)]∗ is equal to M(X). Consequently, M(X) may be regarded as alo
ally 
onvex topologi
al spa
e with the weak∗ topology. Let C(S,M(X))denote the spa
e of all 
ontinuous fun
tions from S into M(X). This spa
eis 
onsidered with the pointwise 
onvergen
e topology.



Statisti
al solutions of di�erential equations 173Let W be the set of all families µ = {µ(t, ·)}t∈S of probability measureson B(X) whi
h are statisti
al solutions of (1.1) with initial measure µ0 andsatisfy the 
onditions:(A4) there exists d > 0 su
h that for all µ ∈W , t ∈ S, R ∈ R,\
ER

‖u‖µ(t, du) ≤ d
\

ER/d−1

(1 + ‖u‖)µ0(du),where ER = {u ∈ X : ‖u‖ > R},(A5) the mapping J : S ∋ t 7→
T
X
f(u)µ(t, du) belongs to L∞(S,R) forall f ∈ C(X) su
h that |f(u)| ≤ c(1 + ‖u‖) for u ∈ X.Let F : C(S,M(X)) ⊃W → R be a fun
tional whi
h is(A6) sequentially lower semi
ontinuous,(A7) strongly 
onvex.Theorem 2.1. Assume thatW 6= ∅. Then there exists exa
tly one µ ∈Wsu
h that

F(µ) ≤ F(µ), µ ∈W.Our proof of Theorem 2.1 is based upon the following two lemmas.Lemma 2.2. Let {µn}n∈N be a sequen
e of probability measures on B(X)su
h that(1) \
X

‖u‖µn(du) ≤M, n ∈ N.Assume that the sequen
e {ψn} of 
hara
teristi
 fun
tionals of µn is point-wise 
onvergent to a 
ontinuous fun
tional ψ : X∗ → C. Then there existsa probability measure µ on B(X) su
h that\
X

‖u‖µ(du) <∞, ψ(u∗) =
\
X

ei〈u∗,u〉 µ(du), u∗ ∈ X∗.Moreover , for every f ∈ Cb(X,R) and k ∈ N,
lim

n→∞

\
X

f(Pku)µn(du) =
\
X

f(Pku)µ(du).In the 
ase of a Hilbert spa
e the proof of this lemma 
an be found in[4℄. If X is a re�exive Bana
h spa
e with basis the proof is similar.Lemma 2.3. The set W is sequentially 
ompa
t in C(S,M(X)).Proof. Let ψn(t, ·) be the sequen
e of 
hara
teristi
 fun
tionals of mea-sures µn(t, ·), t ∈ S, n ∈ N. In view of the de�nition of statisti
al solutionand (A4) we have(2.1) |ψn(t1, u
∗) − ψn(t2, u

∗)| ≤ m1|t1 − t2|, u∗ ∈ X∗, t1, t2 ∈ S,where m1 > 0 is independent of n.



174 L. SªawikDire
tly from the de�nition of 
hara
teristi
 fun
tional we have(2.2) |ψn(t, u∗) − ψn(t, v∗)| ≤ m2‖u
∗ − v∗‖, t ∈ S, u∗, v∗ ∈ X∗,where m2 > 0 is independent of n and t.By inequalities (2.1), (2.2), the family ψn, n ∈ N, is equi
ontinuous on

S × X. As the sequen
e ψn is bounded, we 
an 
hoose a subsequen
e ψn′whi
h is 
onvergent to a 
ontinuous fun
tional ψ.By Lemma 2.2, we know that ψ is the 
hara
teristi
 fun
tional of aprobability measure µ(t, ·), t ∈ S. It is straightforward to show that themapping S ∋ t 7→ µ(t, ·) ∈ M(X) is an element of W su
h that µn′ 7→ µ inthe sense of C(S,M(X)).Proof of Theorem 2.1. By Lemma 2.3 and assumption (A6), the proof issimilar to the proof of the 
lassi
al extreme value theorem. Uniqueness of µis an obvious 
onsequen
e of (A7).In what follows, we study the properties of the statisti
al solution 
on-stru
ted in [3℄. In parti
ular, we show that, assuming some kind of regularityof F , the demand W 6= ∅ is not ne
essary.First, we re
all some fa
ts for 
ompleteness.Set(2.3) µ0
n = µ0(P

−1
n (ω ∩Xn)), ω ∈ B(X), n ∈ N.Definition 2.4. A statisti
al approximate solution of (1.1) is a family

{µn(t, ·)}t∈[0,T ] of probability measures on B(X) su
h that(1) suppµn(t, ·) ⊂ Xn, t ∈ S.(2) For every u∗ ∈ X∗ the 
hara
teristi
 fun
tional of the measure
µn(t, ·), [0, T ] ∋ t 7→ ψn(t, u∗) ∈ C, is absolutely 
ontinuous.(3) For almost all t ∈ [0, T ] and for every u∗ ∈ X∗,(2.4) ∂ψn(t, u∗)

∂t
= i

\
X

〈Qnu
∗, F (t, u)〉ei〈u∗,u〉 µn(t, du).(4) For every u∗ ∈ X∗,(2.5) ψn(0, u∗) =
\
X

ei〈u∗,u〉µ0
n(du).For every n ∈ N and t ∈ S we set

Fn(t, ·) = Pn ◦ F (t, ·)|Xn .The mapping Fn(t, ·), written in the 
oordinates with respe
t to the basisof X, gives n s
alar fun
tions
F i

n : S × R
n ∋ (t, u1, . . . , un) → F i

n(t, u1, . . . , un) ∈ R, i = 1, . . . , n.It is assumed that



Statisti
al solutions of di�erential equations 175(i) for all n ∈ N, t ∈ S and i = 1, . . . , n the fun
tions F i
n(t, ·) are of 
lass

C1(Rn),(ii) for all n ∈ N and i = 1, . . . , n there exists ki
n ∈ L2(S,R) su
h thatfor all (u1, . . . , un) ∈ R

n and for a.a. t ∈ S,
∣

∣

∣

∣

∂F i
n(t, u1, . . . , un)

∂uk

∣

∣

∣

∣

≤ ki
n(t), k = 1, . . . , n.Theorem 2.5. Let Sn be the translation along solution of the problem

u′n(t) = Fn(t, un(t)),

un(0) = Pna.Let {µn} be the family of measures given by the formula(2.6) µn(t, ω) = µ0(P
−1
n (S−1

n (t, ω))), ω ∈ B(X), t ∈ S.Then {µn(t, ·)}t∈[0,T ] is a statisti
al approximate solution of (1.1) with initialmeasure µ0. Moreover , there is d > 0 su
h that for every R ∈ R,(2.7) \
ER

‖u‖µn(t, du) ≤ d
\

ER/d−1

(1 + ‖u‖)µ0(du).Theorem 2.6. There exists a statisti
al solution of (1.1) with initialmeasure µ0.Sket
h of proof. Let ψn : S × X∗ → C, n ∈ N, be the 
hara
teristi
fun
tional of µn. In virtue of the As
oli theorem there exists a subsequen
e
{ψn′} su
h that

lim
n′→∞

ψn′(t, u∗) = ψ(t, u∗), (t, u∗) ∈ S ×X∗,where ψ : S×X∗ → C is a 
ontinuous fun
tional. Without loss of generalitywe may assume that ψn′ 
oin
ides with ψn.By Lemma 2.2 we 
an show that there exists a family of {µ(t, ·)} on B(X)su
h that \
X

‖u‖µ(t, du) <∞, t ∈ S,

ψ(t, u∗) =
\
X

exp(i〈u∗, u〉)µ(t, du), u∗ ∈ X∗.This family is a statisti
al solution of (1.1) with initial measure µ0. For moredetails we refer the reader to [3℄.Theorem 2.7. The statisti
al solution 
onstru
ted above satis�es 
ondi-tions (A4), (A5) (with d taken from (2.7)).Proof. It 
an be shown that for t ∈ S, k ∈ N, R ∈ R,(2.8) lim inf
n→∞

\
ER(k)

‖Pku‖µn(t, du) ≥
\

ER(k)

‖Pku‖µ(t, du),where ER(k) = {u ∈ X : ‖Pku‖ > R}.



176 L. SªawikAs a 
onsequen
e of (2.7) and (2.8), we have(2.9) \
ER(k)

‖Pku‖µ(t, du) ≤ d
\

ER/d−1

(1 + ‖u‖)µ0(du).This inequality, together with the observation that
lim

k→∞

\
ER(k)

‖Pku‖µ(t, du) =
\

ER

‖u‖µ(t, du),�nishes the proof that 
ondition (A4) is satis�ed.We have
J = lim

k→∞
Jk,where Jk : S ∋ t 7→

T
X
f(Pku)µ(t, du), k ∈ N, are 
ontinuous fun
tions.Hen
e J is measurable and, by (A4), 
ondition (A5) is easily veri�ed.An important example of a fun
tional F is related to the average valueof a measure. Re
all that if µ is a probability measure on B(X) with\

X

‖u‖µ(du) <∞,then there exists E(µ) ∈ X su
h that
〈u∗, E(µ)〉 =

\
X

〈u∗, u〉µ(du), u∗ ∈ X∗.

E(µ) is 
alled the average value of µ.For {µ(t, ·)}t∈S ∈W we set
F({µ(t, ·)}t∈S) =

T\
0

‖E(µ(t, ·))‖2 dt.It is easily 
he
ked that the fun
tional F is lower semi
ontinuous andstrongly 
onvex on W . Referen
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