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Existence and uniqueness of periodic solutions for a kind of
nonlinear nth order differential equations with delays

by WEIWEN SHAO (Beijing), FUXING ZHANG (Shaoyang)
and YA L1 (Changsha)

Abstract. By applying the continuation theorem of coincidence degree theory, we
establish new results on the existence and uniqueness of 27-periodic solutions for a class
of nonlinear nth order differential equations with delays.

1. Introduction. In this paper, we study the existence and uniqueness
of 2w-periodic solutions of the nonlinear nth order delay differential equation

n—1
(L11) 2+ age +g(ta(t — 7(1) = (D),

j=1
where 7,p : R — R and ¢ : R x R — R are continuous functions, 7(¢) and
p(t) are 2m-periodic with respect to t, g is 2m-periodic in the first variable,
n > 2 is an integer, and a; (j =1,...,n — 1) are constants.

During the past thirty years, there has been a great amount of work on

the existence of periodic solutions for the higher-order Duffing equation

k—1
(1.2) 2R 4 Zaja:(2j) + (=1)"g(t,z) =0,
j=1
or
k—1 '
(1.3) 2Pk 4 Z ajx(2]+1) +g(t,z) = 0.
j=1

Many of these results can be found in [1, 5, 6, 12-14, 16] and the references
cited therein. However, to the best of our knowledge, there exist few results
on the existence and uniqueness of 27-periodic solutions of (1.1).
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The main purpose of this paper is to establish sufficient conditions for the
existence and uniqueness of 27-periodic solutions of (1.1). Our results are
new and they complement previously known results. An illustrative example
is given in Section 4.

If n is even, let n = 2k; then equation (1.1) becomes

2k—1
(1.4) 2 k) 4 Z ajz) + g(t,z(t — 7(t))) = p(t).

If n is odd, let n = 2k + 1; then (1.1) becomes

2k
(1.5) 2 LN " aeld) gt a(t = 7(t))) = p(b).
j=1
For ease of exposition, throughout this paper we will adopt the following
notations:
2

1/p
|zl = ( S |lz(t)[” dt) ;o zlee = max |z(t)], ¥ =max{0,a},

0 t€[0,2m]

n—1 '

|| = Z 2], 2 =a,

=0
Ar=1—afy )~ lagg-o)| = —las| — a3,
Ay = agr—1 — a;k_y, — |agk—5] — -+ —|as| - af,
A= 1— by, sy = —at —Jasl
A = agp—1 — agj,_5 — |ask—s| — - — a3 — a1,
A3 =1— a;'k_l — |agk—3| — — a3 la1],
Ay = agy —ag, o — |asg—a| — -+ — |aa| — a3,
Ay =1—ag , — lagk—3| — - — |ag| — af,
Ay =aogy —ady o — lagg—a| — -+ — - —af — |aal.

It is convenient to introduce the following assumptions:
(H1) There exists a constant d; > 0 such that
z[g(t,z) —p(t)] >0 forall t € R, |z| > d;.
(H2) There exists a constant da > 0 such that
z[g(t,z) —p(t)] <0 forallt € R, |x| > da.
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2. Several lemmas. Let us introduce the auxiliary equation

n—1
2.1y =™ 4 )\[Z a;z9) + g(t, x(t — 7)) = Ap(t), A€ (0,1).
j=1
Let
X ={r e C" '(R,R) | z(t + 2r) = x(t) for all t € R}

and
Y ={z e CR,R) | z(t +27) = z(t) for all t € R}

be Banach spaces with the norms
lallx = llell = >_ 2%l and lelly = lalo = max la(t)l

§=0

Define a linear operator L : D(L) C X — Y by setting
D(L) ={z e X |z™ e C(R,R)}

and for x € D(L),

(2.2) Lo =z,

We also define a nonlinear operator N : X — Y by setting

(2.2) [Za] +g(ta(t = 7()] +p(t).
It is easy to see that

Ker L =R and ImL = {a: cy ‘ Sﬂx(s) ds = 0}.
Thus L is a Fredholm operator with index zero. 0

Define the continuous projectors P : X — Ker L and Q : Y — Y/Im L
by setting

2m
Px(t) = % S x(s) ds
0
and )
Qx(t) = % S x(s)ds
0

Hence, Im P = Ker L. and Ker Q = Im L. Denoting by L}l :ImL — D(L)N
Ker P the inverse of L|p(r)nKer p» One can observe that Ll,;1 is a compact

operator. Therefore, N is L-compact on {2, where {2 is an open bounded
subset of X.
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In view of (2.2) and (2.2)’, the operator equation
Lx =ANz, Xe(0,1),

is equivalent to the auxiliary equation (2.1).
We now recall the continuation theorem of [8].

LEMMA 2.1. Let X and Y be Banach spaces. Suppose that L : D(L) C
X — Y is a Fredholm operator with index zero, and N : 2 — Y is L-compact
on §2, where 2 is an open bounded subset of X. Moreover, assume that the
following conditions are satisfied.

(1) Lz # ANz, Vo € 02N D(L), A € (0,1);
(2) Nx ¢ImL, Vo € 02N Ker L;
(3) The Brouwer degree

deg{QN, 2 NKer L,0} # 0.
Then the equation Lz = Nx has a solution on 2N D(L).

The following lemmas will be useful to prove our main results in Sec-
tion 3.

LEMMA 2.2. If v € C*(R,R) and x(t + 27) = z(t), then
(2.3) ' (6)13 < |2"(t)]3-

Lemma 2.2 is known as the Wirtinger inequality; for the proof, see [10,
19, 20).

LEMMA 2.3. Let (Hy) or (Ha) hold. If z(t) is a 2m-periodic solution of
(2.1)y, then

(2.4) oo < d+ V21|22,
where d = dy or do according to the case.

Proof. Let x(t) be a 2m-periodic solution of (2.1),. Integrating (2.1),
from 0 to 27, we see that

27

(2.5) [ gt 2(t = 7(£))) = p(H)] dt = 0.

Thus, there exists a £ € [0, 27| such that
9(&z(§ —7(8))) — p(§) = 0.

In view of (H;) or (Hs), we obtain

2(§ = 7(§)] < d.
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Let £ = 2mm + &, where £ € [0,27] and m is an integer. Then, using the
Schwarz inequality and the relation

t 27

(2.6) l2(t)] = ‘x(g‘) +{a/(s) ds‘ <d+ | |2/(s)lds, teo,2n],
g 0

we have

(2.7) |%]oe = max |z(t)] < d+ V2 |2]2,
te[0,27]

)

which implies that (2.4) is satisfied.

LEMMA 2.4. Assume that k is even, and one of the following conditions
1s satisfied:
(Hs) g(t,x) is strictly monotone in x and there exists a constant b such
that
Ay
0<b< o lg(t,z1) — g(t,x2)| < blzy — 2| for all t,x1, 9 € R;

(Hy) g(t,x) is strictly monotone in x and there exists a constant b such
that
A
0<b< 5 lg(t,x1) — g(t, x2)| < blzr — 22| for all t,z1,22 € R.
T

Then (1.4) has at most one 27-periodic solution.
Proof. Suppose that 1 (t) and z2(t) are two 2m-periodic solutions of (1.4).

Then
2k—1

(2.8)  (a1(t) — 22(t) <2’€>+Zaj 1 (t) — o ()9

+ [g(t, w1t =7(t)) = g(t, z2(t — 7()))] = 0.
Set Z(t) = x1(t) — x2(t). Then (2.8) reads

2k—1

(2.9) 2R Z a; Z9(t) + [g(t, z1(t — 7(1))) — g(t, a(t — 7(t)))] = 0.

Integrating (2.9) from 0 to 27, we have
27

[ gt a1t = 7(6))) — gt aa(t — 7(B)))] dt = 0.
0

Thus, in view of the integral mean value theorem, there exists a constant
v € [0, 27] such that

(2.10) g(v, o1 (y = 7(7))) — g(v, z2(y — 7(7))) = 0.
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Let v — 7(y) = m12m + 7, where ¥ € [0,27] and m; is an integer. Then
(2.10), together with (Hs) (or (Hy)), implies that

(2.11) Z(7) = 21(y) = 22(7) = 21(y = 7(7)) — 22(y — 7(7)) = 0.
Hence,
t 2
Z(t)| = |2() + [ Z/(s)ds| < [ 1Z/(s)| ds, 1€ [0,27],
5 0
and
(2.12) |Z|oo < V21| Z|5.

Now we consider two cases.

CaSsE (i): (H3) holds. Multiplying (2.9) by Z(?*)(t) and then integrating
from 0 to 27, in view of (2.3), (2.9) and the Schwarz inequality, we have

2m
(2.13)  A[Z2CP5 = Ay | |Z0F)(1))at
0 27
= (1= afy )~ lasges)| = — las] —a) § 12202 at
0
2 2
< V128917 dt + | [—ag, )| 2D OF = lage-o)| 12252 (@)
0 0
= a7 O — af |20 ar
27 27 2k—1
§S| 2k) |2dt+xza3 (2k()dt
0 0 j=1
2m
= — Vgt 21(t = 7(1))) = g(t, 22t — 7(1)))] 2P (1) dt
0
27
<b | fan(t —7() — aa(t — 7(1)] [1Z2%F) ()] dt.
0

From (2.3), (2.12) and the Schwarz inequality, (2.13) implies that
(2.14)  AZPP)3 < b|Z|oo V2 [Z2CP)]y < bv2r | Z]5v/2m | 2P,

< 27b| Z P2,
Since Z(t), Z'(t),..., Z¥)(t) are 2r-periodic and continuous functions, in
view of (H3), (2.11) and (2.14), we have

ZW)=Z't)=---=2Z%@)=0 forallteR.
Thus, z1(t) = z2(t) for all t € R.
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CASE (ii): (Hy) holds. Multiplying (2.9) by Z(%*=1(¢) and then integrat-
ing from 0 to 27, in view of (2.3), (2.9), (2.12) and the Schwarz inequality,
we get

2
(2.15)  Ap|ZPFV3 = Ay | [Z2CF V(1) dt
0
2m
= (agg—1 — agy,_5 — |agk—s| — -+ — |as| — af) S |20 ()2 dt
0
21 2m
<ager | [ZOFV 0P dt + | [—ag,_s| 22 () — |agk-s5] 12 (1)
0 0

== lag |ZEV O — af [20(0) ) at

2 2w 2k—2
<agey | 2OV Pdt+ | D a;29() 2% D (1) dt
0 0 j=1
27
= — Vgt a1 (t = 7(1)) = g(t, wa(t — 7(1)))] Z2F D (x) dt
0
2T
<0\ it = 7(t) — 2ot — 7(1))| |2V (1) dt < 27b| Z2CF V3
0
From (2.11) and (H4), (2.15) implies that
ZW)=Z2't)=---=2%Vt)=0 forallteR.

Hence, z1(t) = z2(t) for all ¢ € R. The proof of Lemma 2.4 is now complete.
In a similar fashion we can show the following:
LEMMA 2.5. Assume that k is odd, and one of the following conditions
1s satisfied:

(Hs) g(t,z) is strictly monotone in x and there exists a constant b such
that

A
0<b< ?1, lg(t,x1) — g(t, x2)| < blxy —xa| for all t,x1, 2z € R;
T

(Hy) g(t, ) is strictly monotone in x and there exists a constant b such
that

A
0<b< 2—;, lg(t,z1) — g(t,x2)| < blzy — 2| for all t,x1, 9 € R.

Then (1.4) has at most one 2w-periodic solution.
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3. Main results

THEOREM 3.1. Let (Hy) or (Hz) hold. Assume that k is even, and either
(H3) or (Hy) is satisfied. Then (1.4) has a unique 27-periodic solution.

Proof. By Lemma 2.4, we only have to prove the existence. To do this,
we shall apply Lemma 2.1. First, we claim that all 2w-periodic solutions of
(2.1)) are bounded. We consider two cases.

CASE (1): (H3) holds. Let x(t) be a 2w-periodic solution of (2.1)y. Mul-
tiplying (2.1)y by z(?¥)(¢) and then integrating from 0 to 27, in view of (2.3),
(2.4), (Hs) and the Schwarz inequality, we have

27
(3.1)  Ayfa®E=(1- Ay p,_yy ~ asge—o)| = = laa| — a3) | 2R (t) 2 at
0
21 21
< [ 2 @)Pdt+ | A[—aj(k_l)lm(%‘”(t)ﬁ — lag(e_o| [z (2) 2
0 0
— o = Jag| [£*FD (@) — af |25 (1) ] dt
27 2w 2k—1
< PP@Pd+ A | Y aa? )2 (1) dt
0 0 j=1
2T 27
= — | gt z(t — 7(1))2@ (t) dt + | p(t)®)(¢) dt
0 0
27
< Vgt a(t — (1)) — g(£,0)| + [g(t, 0)]] |=®*) (£)| dt
0
27
+ | [p)] =) (2)| dt
0
27 21
<b | |zt —r@)]12®P @) dt + | |g(2,0)] [+ (2)] dt
0 0
21
+ | Ip@®)] |29 (1) dt
0

< bV [a'lav/2m o0l + [bd + maxc lo(t0)l + [ploclv2r 2

< 2mb|2 M3 + bd + max |g(t, 0)] + |ploc] V2 [2ZV)].

Since b < Aj/2m, (2.3), (2.4) and (3.1) imply that there exists a constant
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D1 > 0 such that
2Dy < [z@®P|y < Dy, j=1,...,2k—1,
2|0 < d+ V21 |2'|2 < Dy.

For j = 1,...,2k — 1, noting that xU)(t) are 27-periodic, there exists a
T; € (0,27) such that 2UT)(T};) = 0. Therefore

) ¢ , 1/2
(33) 9@ =] § 2 (s)ds| < V2 ( |x(3+1)(s)|2ds>
T}

(3.2)

< V2 ‘i[} (G+1) ’2 < V2r Ds.
Therefore, for all possible 2m-periodic solutions x(t) of (2.1),, there exists a
constant M7 such that
2k—1
(3.4) Izl = > 12V < My,
=0
with M7 > 0 independent of .

CASE (2): (Hy) holds. Let x(t) be a 2w-periodic solution of (2.1)y. Mul-
tiplying (2.1)y by z(**~1(¢) and then integrating from 0 to 2w, by (Hy),
(2.3), (2.4) and the Schwarz inequality, we have
(35)  Asfa®VR

2T
= (agk—1 — agy,_5 — |agk—s| — -+ — |ag| — af) S 2R ()] at
21 21 °
<agrr | [PV P dt+ | [—af,_g|la®F V@) = Jag—s| |2 (1)
0 0
— = ag| [2* D (@) - aﬂx(’“)(t)ﬁ dt
2w 21w 2k—1
<age—r | PPFV@Pdt+ | Y a2 ()2 (t) at
0 0 j=1
2 2
= — | g(t,z(t — 7(1)x@* D) dt + | p(t)z*D(t) dt
0 0
27 21
<b | et —7@) 2P @) dt+ | |g(t,0)] [P (1)] dt
0 0
27
+ S Ip(8)] |21 (1)] dt
0

< 27b|a’ | 2|2 V)5 + [bd + [uax 19(t,0)] + |p|oc] V27 |#ZF 1],

< 2mb|e D + bd + max [g(t,0)] + |ploc] V2 [V,
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Since b < Ag/27, (2.3), (2.4) and (3.5) imply that there exists a constant
D5 > 0 such that

2Dy < |z Dy <Dy, j=1,2,...,2k—2,

2|0 < d+ V27 |2'|3 < Do.

From (2.1), (3.3) and (3.6), we obtain

(3.6)

t
B7) V@I =| | 2®)(s)ds
Tog—1
27 2k—1
< | ] [Za] +g(ta(t - 7(1)))] +p(t)’ds
0
< .
< 223 V2 Dy + 27 maxx  Jo(t.)] + |pls]
= 517

which, together with (3.6), implies that (3.4) also holds.

fre={xecKerLNX | Nx€ImL}, then there exists a constant
M> such that

27

(3.8) w(t) =My, | [g(t, Ma) — p(t)]dt = 0.
0

Thus,

(3.9) |z(t)| = |[Ma] <d for all x € £2;.

Let M = My + d. Set
2k—1

_ _ ) .
0 {xeX ‘ I JZOW |OO<M}

Since N is L-compact on {2, it is easy to see from (3.4), (3.8) and (3.9) that
the conditions (1) and (2) in Lemma 2.1 hold.

Furthermore, define continuous functions ¥;(x, ) and ¥a(z, 1) by set-
ting, for z € R and p € [0, 1],

2w

W) = (U= ) — i o= [glt, ) — p(0)] dt,
0

27

U, ) = (1= ) — i o [olt, ) — p(t)] .
0
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If (Hy) holds, then
a¥(z,u) #0  for all x € 02 N Ker L.

Hence, using the homotopy invariance theorem, we have

27
1
deg{QN, 2 NKerL,0} = deg{—2 | [g(t.2) —p(t)] dt, 2N Ker L, o}
s
0

= deg{—z, 2 NKer L,0} # 0.
If (H2) holds, then
aWs(x,u) #0 for all x € 02 N Ker L.

Hence, using the homotopy invariance theorem, we obtain

27
1
deg{QN, 2 NKerL,0} = deg{—2 {[g(t.2) —p(t)] dt, 2 NKer L, o}
T
0
= deg{x, 2N Ker L,0} # 0.
In view of the above discussion, we conclude from Lemma 2.1 that Theorem
3.1 is proved.

In view of Lemma 2.5, a similar argument leads to

THEOREM 3.2. Let (Hy) or (Hz) hold. Assume that k is odd, and either
(Hs) or (Hy) is satisfied. Then (1.4) has a unique 2mw-periodic solution.

We are now in a position to establish the existence and uniqueness of
27-periodic solutions of equation (1.5). Similarly to the proof of Theorems
3.1 and 3.2, one can prove the following results.

THEOREM 3.3. Let (Hi) or (H2) hold. Assume that k is even, and one
of the following conditions is satisfied:

(Hs) g(t,x) is strictly monotone in x and there exists a constant b such
that

A
0<b< 2—;, lg(t,z1) — g(t,x2)| < blzy — 2| for all t,x1, e € R;

(Hg) g(t,x) is strictly monotone in = and there exists a constant b such

that
Ay
0<b< 5 lg(t,z1) — g(t,x2)| < blzy — 2| for all t,x1, 9 € R.

Then (1.5) has a unique 27-periodic solution.

THEOREM 3.4. Let (Hy) or (Ha) hold. Assume that k is odd, and one
of the following conditions is satisfied:
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(Hs) g(t,z) is strictly monotone in x and there exists a constant b such
that
As
0<b< 5 lg(t, 1) — g(t, x2)| < blwy — 22| for all t,x1, 22 € R;
T

(Hg) g(t, ) is strictly monotone in x and there exists a constant b such
that
Ay
0<b< o 9(t, 21) — g(t, x2)| < blz1 —z2| for all t,z1, 22 € R.

Then (1.5) has a unique 2m-periodic solution.

4. Example and remark

EXAMPLE 4.1. Let g(t,z(t — 7(t))) = —3x(t — 30" ")es™" and p(t) =
2cost. Then the equation

(4.1) 2 +1002®) + 2@ — 1023 + 202" — 62" + g(t, x(t — 7(t))) = e(t)
has a unique 27-periodic solution.

Proof. Tt is straightforward to check that the assumptions (Hs) and (ﬁ[4)
are satisfied. Therefore, by Theorem 3.2, equation (4.1) has a unique 27-
periodic solution.

REMARK 4.1. As in [1, 2, 5, 6, 12-14], the papers [16, 17] only study
the existence of periodic solutions. Therefore, the results in [1-6, 7, 9, 11—
21] and the references therein cannot be applied to show the uniqueness of
2m-periodic solutions of equation (4.1). This implies that the results of this
paper are essentially new.
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