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Normal families of meromorphic mappings of several
complex variables into CP n for moving hypersurfaces

by Si Duc Quang and Tran Van Tan (Hanoi)

Abstract. We prove some normality criteria for families of meromorphic mappings
of a domain D ⊂ Cm into CP n under a condition on the inverse images of moving hyper-
surfaces.

1. Introduction. Classically, a family F of meromorphic functions de-
fined on a domain D of the complex plane C is said to be normal on D if
every sequence of functions of F has a subsequence which converges uni-
formly on every compact subset of D with respect to the spherical metric
to a function meromorphic or identically ∞ on D.

The concept of normal families of meromorphic functions in several com-
plex variables was first introduced by H. Rutishauser and W. Stoll. In 1974,
H. Fujimoto introduced the notion of a meromorphically normal family into
the complex projective space.

Let f be a meromorphic mapping of a domain D in Cm into CPn.
Then for each a ∈ D, f has a reduced representation f̃ = (f0, . . . , fn)
on a neighborhood U of a in D, which means that each fi is a holomor-
phic function on U and f(z) = (f0(z) : · · · : fn(z)) outside the analytic set
I(f) := {z | f0(z) = · · · = fn(z) = 0} of codimension ≥ 2.

Let F be a family of holomorphic mappings of a domain D in Cm into a
compact complex manifold X. Then F is said to be a normal family on D
if any sequence in F contains a subsequence which converges uniformly on
compact subsets of D to a holomorphic mapping of D into X.

A sequence {fk}∞k=1 of meromorphic mappings of a domain D in Cm into
CPn is said to converge meromorphically on D to a meromorphic mapping
f of D into CPn if, for any z ∈ D, each fk has a reduced representation
f̃k = (fk0, . . . , fkn) on some fixed neighborhood U of z such that {fki}∞k=1
converges uniformly on compact subsets of U to a holomorphic function fi
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(0 ≤ i ≤ n) on U with the property that (f0, . . . , fn) is a representation of
f in U.

A family F of meromorphic mappings of a domain D in Cm into CPn
is said to be meromorphically normal on D if any sequence in F has a
meromorphically convergent subsequence on D.

Denote by HD the ring of all holomorphic functions on D. Let Q be
a homogeneous polynomial in HD[x0, . . . , xn] of degree d ≥ 1. Denote by
Q(z) the homogeneous polynomial over C obtained by substituting a spe-
cific point z ∈ D into the coefficients of Q. We define a moving hypersurface
in CPn to be any homogeneous polynomial Q ∈ HD[x0, . . . , xn] such that
the coefficients of Q have no common zero point. We say that moving hy-
persurfaces {Qj}qj=1 (q ≥ n+1) in CPn are in general position (respectively
in pointwise general position on a subset Ω ⊂ Cm) if for some z ∈ Cm (re-
spectively for all z ∈ Ω) and for any 1 ≤ j0 < · · · < jn ≤ q the system of
equations

Qji(z)(w0, . . . , wn) = 0, 0 ≤ i ≤ n,
has only the trivial solution w = (0, . . . , 0) in Cn+1.

Let F be a nonzero holomorphic function on a connected open neighbor-
hood D in Cm. For a set α = (α1, . . . , αm) of nonnegative integers, we set
|α| := α1 + · · ·+ αm and DαF := ∂|α|F/∂zα1

1 · · · ∂zαm
m . For each a ∈ D, the

number νF (a) = max{p | DαF (a) = 0 for all α with |α| < p} is said to be
the zero-multiplicity of F at a. Set

|νF | = {z | νF (z) 6= 0}.

Let f be a meromorphic mapping of a domain D ⊂ Cm into CPn. For
each moving hypersurface Q in CPn, we define the divisor ν(f,Q) on D as
follows: For each a ∈ D, let f̃ = (f0, . . . , fn) be a reduced representation of
f in a neighborhood U of a, and put ν(f,Q)(a) := ν

Q( ef)
(a), where Q(f̃) :=

Q(f0, . . . , fn). Sometimes we identify f−1(Q) with the divisor ν(f,Q). We
say that f intersects Q on D with multiplicity at least k if ν(f,Q)(z) ≥ k
for all z ∈ supp ν(f,Q).

In 1974, H. Fujimoto proved the following result.

Theorem 1.1. Let F be a family of holomorphic mappings of a domain
D ⊂ Cm into CPn and let {Hj}2n+1

j=1 be hyperplanes in CPn in general
position such that for each f ∈ F , f(D) 6⊂ Hj (j = 1, . . . , 2n + 1), and for
any fixed compact subset K of D, the 2(m−1)-dimensional Lebesgue areas of
f−1(Hj)∩K (j = 1, . . . , 2n+1) counting multiplicities are uniformly bounded
above for all f in F . Then F is a meromorphically normal family on D.

In 2005, Tu and Li [13] extended the above theorem to the case of moving
hyperplanes as follows:
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Theorem 1.2. Let F be a family of holomorphic mappings of a domain
D ⊂ Cm into CPn and let {Hj}qj=1 be q (≥ 2n+ 1) moving hyperplanes in
CPn in pointwise general position on D such that each f in F intersects
Hj on D with multiplicity at least mj (j = 1, . . . , q), where m1, . . . ,mq are
fixed positive integers or +∞, with

∑q
j=1 1/mj < (q − n− 1)/n. Then F is

a normal family on D.

Theorem 1.3. Let F be a family of meromorphic mappings of a domain
D ⊂ Cm into CPn and let {Hj}2n+1

j=1 be moving hyperplanes in CPn in point-
wise general position on D such that for any fixed compact subset K of D,
the 2(m−1)-dimensional Lebesgue areas of f−1(Hj)∩K (j = 1, . . . , 2n+ 1)
counting multiplicities are uniformly bounded above for all f in F . Then F
is a meromorphically normal family on D.

The following question arises naturally: Are there normality criteria for
families of meromorphic mappings, involving hypersurfaces?

It seems to us that the difficulty of this case comes from the fact that
we do not have the Second Main Theorem in value distribution theory for
hypersurfaces and truncated multiplicities. In this paper we will give some
normality criteria for families of meromorphic mappings of a domain D ⊂
Cm into CPn, involving moving hypersurfaces. Our first aim is to generalize
the above results to this case. Furthermore, we also obtain an improvement
concerning counting multiplicities (Theorem 1.4). The second aim is to find
some normality criteria for the case of few moving hypersurfaces (Theorems
1.5–1.6). We note that so far, all results about normality criteria for families
of meromorphic mappings into CPn have been restricted to the case where
the number of hyperplanes q is at least 2n+ 1.

In order to prove Theorems 1.5 and 1.6, we need some results of value
distribution theory of meromorphic mappings of Cm into CPn, involving
hypersurfaces. But the Second Main Theorems as in [8] (for fixed hyper-
surfaces) or as in [1] (for moving hypersurfaces) which are the best results
available at present seem not to be sufficient for our purpose. In order to
overcome this difficulty we establish, for the special situation of the hy-
persurfaces in these theorems, a Second Main Theorem for meromorphic
mappings of Cm into CPn and multiplicities truncated by n.

Our main results are as follows:

Theorem 1.4. Let F be a family of meromorphic mappings of a domain
D ⊂ Cm into CPn, and let Q1, . . . , Qq (q ≥ 2n+1) be q moving hypersurfaces
in CPn in general position such that :

(i) For any fixed compact subset K of D, the 2(m − 1)-dimensional
Lebesgue areas of f−1(Qj)∩K (1 ≤ j ≤ n+1) counting multiplicities
are uniformly bounded above for all f in F .
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(ii) There exists a thin analytic subset S of D such that for any fixed
compact subset K of D, the 2(m− 1)-dimensional Lebesgue areas of
f−1(Qj) ∩ (K \ S) (n + 2 ≤ j ≤ q) regardless of multiplicities are
uniformly bounded above for all f in F .

Then F is a meromorphically normal family on D.

Theorem 1.5. Let F be a family of holomorphic mappings of a domain
D ⊂ Cm into CPn, and let Q0, . . . , Qn be n + 1 moving hypersurfaces in
CPn in pointwise general position on D of common degree d ≥ 1. Define
moving hypersurfaces L1, . . . , Ln in CPn by

Li =
n∑
j=0

aijQ
p
j ,

where p is a fixed positive integer (p > n(n + 1)) and aij (0 ≤ i, j ≤ n)
are holomorphic functions on Cm such that for any square submatrix A of
(aij)0≤i,j≤n, detA 6= 0 on D. Assume that each f in F intersects Li on D
with multiplicity at least mi, where m1, . . . ,mn are fixed positive integers
or ∞, with

n∑
i=1

1
mi

<
p− n(n+ 1)

np
.

Then F is a normal family.

Theorem 1.6. Let F be a family of meromorphic mappings of a domain
D ⊂ Cm into CPn, and let Q0, . . . , Qn be n+1 moving hypersurfaces in CPn
in general position of common degree d ≥ 1. Define moving hypersurfaces
L1, . . . , Ln in CPn by

Li =
n∑
j=0

aijQ
p
j ,

where p is a fixed positive integer (p > n(n + 1)) and aij (0 ≤ i, j ≤ n)
are holomorphic functions on D such that for any square submatrix A of
(aij)0≤i,j≤n, detA 6≡ 0. Assume that for any fixed compact subset K of D,
the 2(m− 1)-dimensional Lebesgue areas of f−1(Li)∩K (for all 1 ≤ i ≤ n)
and f−1(Qi0) ∩ K (for some i0 ∈ {0, . . . , n}) counting multiplicities are
uniformly bounded above for all f in F . Then F is a meromorphically normal
family.

Acknowledgements. We would like to thank Professors Junjiro No-
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this material.
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2. Notations

2.1. For z = (z1, . . . , zm) ∈ Cm, we set ‖z‖ = (
∑n

j=1 |zj |2)1/2 and define

B(r) = {z ∈ Cm | ‖z‖ < r}, S(r) = {z ∈ Cm | ‖z‖ = r},

dc =
√
−1

4π
(∂−∂), V = (ddc‖z‖2)m−1, σ = dc log ‖z‖2∧(ddc log ‖z‖)m−1.

Let F be a nonzero holomorphic function on Cm. For each positive integer
p (or +∞), we define the counting function of F (where multiplicities are
truncated by p) by

N
[p]
F (r) :=

r�

1

n
[p]
F (t)
t2m−1

dt (1 < r < +∞),

where

n
[p]
F (t) =


�

|νF |∩B(t)

min{vF , p} · V for m ≥ 2,

∑
|z|≤t

min{νF (z), p} for m = 1.

2.2. Let f be a meromorphic map of Cm into CPn. For fixed homoge-
neous coordinates (w0 : · · · : wn) of CPn, we take a reduced representation
f̃ = (f0, . . . , fn) of f. Set ‖f‖ = max{|f0|, . . . , |fn|}. The characteristic func-
tion of f is defined by

Tf (r) :=
�

S(r)

log ‖f‖σ −
�

S(1)

log ‖f‖σ, 1 < r < +∞.

2.3. We state the First and Second Main Theorems in value distribution
theory:

First Main Theorem. Let f be a meromorphic mapping of Cm into
CPn and Q be a homogeneous polynomial in C[x0, . . . , xn] of degree d ≥ 1
such that Q(f) 6≡ 0. Then

NQ(f)(r) ≤ dTf (r) +O(1) for all r > 1.

Second Main Theorem (Classical version). Let f be a linearly nonde-
generate meromorphic mapping of Cm into CPn and H1, . . . ,Hq (q ≥ n+1)
be hyperplanes in CPn in general position. Then

(q − n− 1)Tf (r) ≤
q∑
j=1

N
[n]
(f,Hj)

(r) + o(Tf (r))

for all r except for a subset E of (1,+∞) of finite Lebesgue measure.
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3. Proof of Theorem 1.4. In order to prove Theorem 1.4, we need
some preparations.

Definition 3.1 ([10]). Let M be a locally compact Hausdorff space. A
point p of M is called a limit point of a sequence {Ek}∞k=1 of closed subsets
of M if there exist a positive integer k0 and points pk ∈ Ek (k ≥ k0) such
that p = lim pk. A point of M is called a cluster point of {Ek}∞k=1 if it is
a limit point of some subsequence of {Ek}∞k=1. If the set E of limit points
coincides with the set of cluster points, {Ek}∞k=1 is said to converge to E
and we write limEk = E.

Lemma 3.1 ([10, Proposition 4.11]). Let {Ni}∞i=1 be a sequence of pure
(m−1)-dimensional analytic subsets of a domain D in Cm. Assume that the
2(m − 1)-dimensional Lebesgue areas of Ni ∩K regardless of multiplicities
(i = 1, 2, . . .) are bounded above for any fixed compact subset K of D, and
{Ni}∞i=1 converges to N as a sequence of closed subsets of D. Then N is
either empty or a pure (m− 1)-dimensional analytic subset of D.

Lemma 3.2 ([10, Proposition 4.12]). Let {Ni}∞i=1 be a sequence of pure
(m−1)-dimensional analytic subsets of a domain D in Cm. Assume that the
2(m − 1)-dimensional Lebesgue areas of Ni ∩K regardless of multiplicities
(i = 1, 2, . . .) are bounded above for any fixed compact subset K of D. Then
{Ni} is normal in the sense of the convergence of closed subsets in D.

Definition 3.2 ([13, Definition 4.4]). Let {νi}∞i=1 be a sequence of non-
negative divisors on a domain D in Cm. It is said to converge to a non-
negative divisor ν on D if any a ∈ D has a neighborhood U such that there
exist nonzero holomorphic functions h and hi on U with νi = νhi

and ν = νh
on U such that {hi}∞i=1 converges to h uniformly on compact subsets of U .

Lemma 3.3 ([10, Theorem 2.24]). A sequence {νi}∞i=1 of nonnegative
divisors on a domain D in Cm is normal in the sense of convergence of
divisors on D if and only if the 2(m − 1)-dimensional Lebesgue areas of
νi∩E (i = 1, 2, . . .) counting multiplicities are bounded above for any compact
subset E of D.

Lemma 3.4 ([3, Proposition 3.5]). Let {fi} be a sequence of meromorphic
mappings of a domain D in Cm into CPn and let S be a thin analytic
subset of D. Suppose that {fi} meromorphically converges on D \ S to a
meromorphic mapping f of D \ S into CPn. If there exists a hyperplane H
in CPn such that f(D \ S) 6⊂ H and {ν(fi, H)} is a convergent sequence of
divisors on D, then {fi} is meromorphically convergent on D.

Definition 3.3 ([12, Definition 2.2]). Let X,Y be complex spaces and
F ⊂ Hol(X,Y ).
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(i) We say that a sequence {fj} ⊂ F is compactly divergent if for every
compact set K ⊂ X and for every compact set L ⊂ Y there is a
number j0(K,L) such that fj(K) ∩ L = ∅ for all j ≥ j0(K,L).

(ii) The family F is not compactly divergent if F contains no compactly
divergent subsequences.

Lemma 3.5 ([12, Theorem 2.5]). Let D be a domain in Cm and M be
a complex Hermitian space. Let F ⊂ Hol(D,M). Then the family F is not
normal if and only if there exist sequences {pj} ⊂ D with pj → p0 ∈ D,
{fj} ⊂ F , %j ⊂ R with %j > 0 and %j → 0 such that the functions gj(z) :=
fj(pj + %jz), z ∈ Cm satisfy one of the following two assertions:

(i) The sequence {gj} is compactly divergent on Cm.
(ii) The sequence {gj} converges uniformly on compact subsets of Cm to

a nonconstant holomorphic map g : Cm →M.

Proof of Theorem 1.4. Without loss of generality, we may assume that
D is a polydisc in Cm, D = ∆m. By replacing Qi by Qdi

i where di is a
suitable positive integer for all i = 1, . . . , q, we may assume that all the Qi
(i = 1, . . . , q) have the same degree d.

Let {fk}∞k=1 ⊂ F be an arbitrary sequence. By Lemma 3.2, there exists
a subsequence (again denoted by {fk}∞k=1 ) such that

lim
k→∞

f−1
k (Qi) = Si (i = 1, . . . , q)(3.1)

as a sequence of closed subsets of D, where Si (i = 1, . . . , q) are either empty
or pure (m− 1)-dimensional analytic sets of D.

Set

Td :=
{

(i0, . . . , in) ∈ Nn+1
0 | i0 + · · ·+ in = d

}
.

Assume that

Qj =
∑
I∈Td

ajIx
I (j = 1, . . . , q),

where ajI ∈ HD, xI = xi00 · · ·xinn for x = (x0, . . . , xn) and I = (i0, . . . , in).
Let T = (. . . , tkI , . . . ) (k ∈ {1, . . . , q}, I ∈ Td) be a family of variables.

Set

Q̃j =
∑
I∈Td

tjIx
I ∈ Z[T, x], j = 1, . . . , q.

For each subset L ⊂ {1, . . . , q} with |L| = n+ 1, let R̃L ∈ Z[T ] be the resul-
tant of Q̃j (j ∈ L). Since {Qj}j∈L are in general position, R̃L(. . . , akI , . . . )
6≡ 0. Set S̃ := {z ∈ D | R̃L(. . . , akI , . . . ) = 0 for some L ⊂ {1, . . . , q} with
|L| = n + 1}. Let E :=

⋃q
i=1 Si ∪ S ∪ S̃. Then E is a thin analytic subset
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of D. For any fixed point z0 ∈ D \E, there exist a relatively compact Stein
neighborhood Uz0 of z0 in D \ E and a positive integer k0 such that for all
k ≥ k0,

f−1
k (Qi) ∩ Uz0 = ∅.(3.2)

Since Qi(f̃k) 6= 0 on Uz0 , we deduce that Uz0 ∩ I(fk) = ∅ (k ≥ k0). Then
{fk|Uz0

}∞k=k0 ⊂ Hol(Uz0 ,CPm). We now prove that {fk|Uz0
}∞k=k0 is a normal

family on Uz0 . Indeed, otherwise by Lemma 3.5 there exist a subsequence
(again denoted by {fk|Uz0

}∞k=k0) and p0 ∈ Uz0 , {pk}
∞
k≥k0 ⊂ Uz0 with pk → p0,

{%k} ⊂ (0,+∞) with %j → 0 such that the sequence of holomorphic maps

gk(z) := fk(pk + %kz) : ∆m
rk
→ CPn, k ≥ k0 (rk →∞)

converges uniformly on compact subsets of Cm to a nonconstant holomor-
phic map g : Cm → CPn. Then there exist reduced representations g̃j =
(gj0, . . . , gjn) of gj (j ≥ k0) and a representation g̃ = (g0, . . . , gn) of g such
that {g̃j} converges uniformly on compact subsets of Cm to g̃. This implies
that Qj(pk + %kz)(g̃k(z)) converges uniformly on compact subsets of Cm to
Qj(p0)(g̃(z)). By (3.2) and Hurwitz’s theorem, for each j ∈ {1, . . . , q} we
have

(i) Qj(p0)(g̃) 6= 0 on Cm, i.e. g(Cm) ∩Qj(p0) = ∅, or
(ii) Qj(p0)(g̃) ≡ 0 on Cm, i.e. g(Cm) ⊂ Qj(p0)

(we identify the polynomial Qj(p0) ∈ C[x0, . . . , xn] with the hypersurface in
CPn defined by Qj(p0)).

Denote by I the set of all indices j ∈ {1, . . . , q} with g(Cm) ⊂ Qj(p0).
Set X :=

⋂
j∈I Qj(p0) if I 6= ∅, and X := CPn if I = ∅. Since Cm is

irreducible, there exists an irreducible component Z of X such that g(Cm) ⊂
Z \

⋃
i 6∈I Qj(p0). Since p0 ∈ Uz0 , we see that {Qj(p0)}qj=1 are in general

position in CPn. This implies that {Qj(p0) ∩ Z}j 6∈I are in general position
in Z. Furthermore, it is easy to see that #({1, . . . , q} \ I) ≥ 2 dimZ + 1,
since q ≥ 2n + 1. From these facts, by Corollary 1.4 in [7], we infer that
Z \

⋃
i 6∈I Qi(p0) is hyperbolic. Hence, g is constant. This is a contradiction,

hence {fk|Uz0
}∞k=k0 is a normal family on Uz0 .

By the usual diagonal argument, we can find a subsequence (again not
relabeled) which converges uniformly on compact subsets of D \ E to a
holomorphic map f . Since {Qj}n+1

j=1 are in general position, there exists a
fixed index j0 (1 ≤ j0 ≤ n + 1) such that Qj0(f̃) 6≡ 0 on D \ E. We define
meromorphic mappings {Fk}∞k=1 of D into CPn+1 as follows: for any z ∈ D,
if fk has a reduced representation f̃k = (fk0, . . . , fkn) on a neighborhood
Uz ⊂ D then Fk has a reduced representation F̃k = (fdk0, . . . , f

d
kn, Qj0(f̃k))
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on Uz. Let Hi (i = 0, . . . , n) be hyperplanes in CPn defined by

Hi = {(w0 : · · · : wn) | wi = 0}

and let H i (i = 0, . . . , n+ 1) be hyperplanes in CPn+1 defined by

H i = {(w0 : · · · : wn+1) | wi = 0}.
It is easy to see that {Fk} converges uniformly on compact subsets of D \E
to a holomorphic map F of D \E into CPn+1, and if f has a reduced repre-
sentation f̃ = (f0, . . . , fn) on an open subset U ⊂ D then F has the reduced
representation F̃ = (fd0 , . . . , f

d
n, Qj0(f̃)) on U . Since f is holomorphic on

D \ E, there exists i0 (0 ≤ i0 ≤ n) such that Hi0(f̃) 6≡ 0 on D \ E, and
hence H i0(F̃ ) 6≡ 0 on D\E. Then there exists k0 > 0 such that Hi0(f̃k) 6≡ 0,
H i0(F̃k) 6≡ 0 on D \ E for all k ≥ k0.

Since Qj0(f̃) 6≡ 0 on D \ E, we have Hn+1(F̃ ) 6≡ 0 on D \ E. By (3.1)
and Lemma 3.3, we may assume that F−1

k (Hn+1) converges in the sense of
convergence of divisors on D to a divisor (note that 1 ≤ j0 ≤ n + 1). By
Lemma 3.4, {Fk} is meromorphically convergent on D. This implies that
{F−1

k (H i0)}k≥k0 converges, and hence {f−1
k (Hi0)}k≥k0 converges in the sense

of convergence of divisors on D. By Lemma 3.4 again, {fk}k≥k0 is meromor-
phically convergent on D. Therefore {fk} has a meromorphically convergent
subsequence on D. Thus F is a meromorphically normal family on D.

4. Proof of Theorem 1.5. As usual, by the notation “|| P” we mean
that the assertion P holds for all r ∈ (1,+∞) excluding a subset E of
(1,+∞) of finite Lebesgue measure.

Lemma 4.1 ([11, Corollary 1]). Let f : Cm → CPn be a meromorphic
mapping. Let {Hi}qi=1 (q ≥ 2n + 1) be fixed hyperplanes in CPn in general
position such that Hi(f̃) 6≡ 0 (1 ≤ i ≤ q). Then∣∣∣∣∣∣∣∣ q

2n+ 1
Tf (r) ≤

q∑
i=1

N
[n]

Hi( ef)
(r) + o(Tf (r)).

Lemma 4.2. Let f : Cm → CPn be a meromorphic mapping. Let Q0,
. . . , Qn be n+1 homogeneous polynomials of C[x0, . . . , xn] of common degree
d ≥ 1. Assume that the hypersurfaces defined by Q0, . . . , Qn in CPn have
no common point. Define homogeneous polynomials L1, . . . , Ln by

Li =
n∑
j=0

λijQ
p
j ,

where λij are constants such that all submatrices of (λij)1≤i≤n, 0≤j≤n are
nonsingular and p is a positive integer (p > n(n + 1)). Denote by F the
meromorphic mapping F = (Q0(f̃) : · · · : Qn(f̃)) : Cm → CPn. Then
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(i) TF (r) = dTf (r) +O(1).

(ii)
∣∣∣∣∣∣∣∣ Tf (r) ≤ 1

(p− n(n+ 1))d

∑
Li( ef) 6≡0

N
[n]

Li( ef)
(r) + o(Tf (r)).

Proof. Let f̃ = (f0, . . . , fn) be a reduced representation of f. It is clear
that (Q0(f), . . . , Qn(f)) is a reduced representation of F. Then we have

‖F‖ = max{|Qi(f)| | i = 0, . . . , n} ≤ c1‖f‖d,(4.1)

where c1 is a positive constant.
Since the hypersurfaces defined by {Qi}ni=0 in CPn have no common

point, by Hilbert’s Nullstellensatz there exists a positive integer s ≥ d such
that

xsj =
n∑
i=0

RijQi, j ∈ {0, . . . , n},(4.2)

where Rij (i, j ∈ {0, . . . , n}) are zero or homogeneous polynomials with
degree s− d. Then

f sj =
n∑
i=0

Rij(f)Qi(f) for all j ∈ {0, . . . , n}.

Thus, there is a positive constant c2 such that

|fj |s ≤
n∑
i=0

|Rij(f)| · max
i=0,...,n

|Qi(f)| ≤ c2‖f‖s−d · max
i=0,...,n

|Qi(f)|

for all j ∈ {0, . . . , n}. This implies that

‖f‖d ≤ c2‖F‖.(4.3)

From (4.1) and (4.3) we deduce (i).
Let F : Cm → CPn be the meromorphic mapping which has a reduced

representation
F̃ = (Qp0(f̃), . . . , Qpn(f̃)).

By (i) we have

pdTf (r) = TF (r) +O(1), where d = degQi.(4.4)

We define hyperplanes {Hi}2ni=0 in CPn by

Hi :=
{ n∑
j=0

aijwj = 0
}

(i = 0, . . . , 2n),

where

aij =


0 if i ≤ n, i 6= j,
1 if i ≤ n, i = j,
λ(i−n)j if i ≥ n+ 1.
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Since all submatrices of (λij) are nonsingular, the hyperplanes {Hi}2ni=0 are in
general position. It is easy to see that Hj(F̃ ) = Qpj (f̃) for all j ∈ {0, . . . , n},
and Hj(F̃ ) = Lj−n(f) for all j ∈ {n + 1, . . . , 2n}. We assume that Hji(F̃ )
≡ 0 with i ∈ {0, . . . , k} and Hji(F̃ ) 6≡ 0 with i ∈ {k + 1, . . . , 2n}, where
{j0, . . . , j2n} = {0, . . . , 2n}. Since {Hi}2ni=0 are in general position, it follows
that k ≤ n− 1.

Case 1: k = n− 1. Then F is constant. By (4.4), we have

Tf (r) =
1
pd
TF (r) = 0.

Case 2: k < n − 1. Let G : Cm → CPn−k−1 be the meromorphic
mapping which has a reduced representation

G̃ = (Hjk+1
(F̃ ), . . . ,Hjn(F̃ )).

Since {Hi}2ni=0 are in general position and Hji(F̃ ) ≡ 0 for i ∈ {0, . . . , k}, we
have

TG(r) = TF (r) +O(1).(4.5)

We define hyperplanes {H̃i}2ni=k+1 in CPn−k−1 by

H̃i =
{ n−k−1∑

j=0

b(i+k+1)jwj = 0
}
, i = k + 1, . . . , 2n,(4.6)

where the bij are constants satisfying
aji0

...
ajin

 =


aj00 · · · ajn0

...
...

...
aj0n · · · ajnn



bi0
...
bin

 .

Then {H̃i}2ni=k+1 are in general position.
We note that 2n − k ≥ 2(n − k − 1) + 1, so by Lemma 4.1 and by the

First Main Theorem, we have∣∣∣∣∣∣∣∣ TG(r) ≤ 2n− k
2(n− k − 1) + 1

TG(r) ≤
2n∑

i=k+1

N
[n−k−1]eHi( eG)

(r) + o(TG(r))

=
2n∑

i=k+1

N
[n−k−1]

Hji
( eF )

(r) + o(TG(r))

≤
∑

Qi( ef)6≡0

N
[n−k−1])

Qp
i ( ef)

(r) +
∑

Li( ef)6≡0

N
[n−k−1]

Li( ef)
(r) + o(TG(r))
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≤
∑

Qi( ef)6≡0

n− k − 1
p

N
Qp

i ( ef)
(r) +

∑
Li( ef)6≡0

N
[n−k−1]

Li( ef)
(r) + o(TG(r))

≤ n(n+ 1)
p

TF (r) +
∑

Li( ef)6≡0

N
[n]

Li( ef)
(r) + o(TG(r))

≤ n(n+ 1)
p

TG(r) +
∑

Li( ef)6≡0

N
[n]

Li( ef)
(r) + o(TF (r)).

Then ∣∣∣∣∣∣∣∣ TG(r) ≤ p

p− n(n+ 1)

∑
Li( ef)6≡0

N
[n]

Li( ef)
(r) + o(TG(r)).(4.7)

By (4.4) and (4.5) and (4.7), we have∣∣∣∣∣∣∣∣ Tf (r) =
1
pd
TF (r) +O(1) =

1
pd
TG(r) +O(1)

≤ 1
(p− n(n+ 1))d

∑
Li( ef)6≡0

N
[n]

Li( ef)
(r) + o(Tf (r)).

4.3. Proof of Theorem 1.5. Without loss of generality, we may assume
that D is a polydisc in Cm, D = ∆m. Suppose that F is not normal on D.
Then by Lemma 3.5 there exist a subsequence denoted by {fk}∞k=1 and
p0 ∈ D, {pk}∞k≥1 ⊂ D with pk → p0, {%k} ⊂ (0,+∞) with %j → 0 such that
the sequence of holomorphic maps

gk(z) := fk(pk + %kz) : ∆m
rk
→ CPn, k ≥ k0 (rk ↗∞)

converges uniformly on compact subsets of Cm to a nonconstant holomorphic
map g : Cm → CPn.

For any fixed z0 ∈ Cm, there exists k0 such that z0 ∈ ∆m
rk

for all k > k0.
By the convergence of {gk}k>k0 , there exist reduced representations g̃k =
(gk0, . . . , gkn) of gk (k > k0) on ∆m

rk
and a representation g̃ = (g0, . . . , gn)

of g on ∆m
rk

such that {gki} converges uniformly on compact subsets of ∆m
rk

to gki. This implies that Qj(pk + %kz)(g̃k(z)) and Lj(pk + %kz)(g̃k(z)) con-
verge uniformly on compact subsets of ∆m

rk
to Qj(p0)(g̃(z)) and Lj(p0)(g̃(z))

respectively. On the other hand, each f in F intersects Li on D with mul-
tiplicity at least mi. So, by Hurwitz’s theorem, either L̃j(p0)(g̃) ≡ 0 or all
zero points of L̃j(p0)(g̃) have multiplicity at least mj (j = 1, . . . , n). Thus,
by Lemma 4.2,∣∣∣∣∣∣∣∣ Tg(r) ≤

1
(p− n(n+ 1))d

∑
Lj(p0)(eg) 6≡0

N
[n]
Lj(p0)(eg)(r) + o(Tg(r))
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≤ n

(p− n(n+ 1))d

∑
Lj(p0)(eg)6≡0

1
mi

NLj(p0)(eg)(r) + o(Tg(r)).

On the other hand, by the First Main Theorem,

NLj(p0)(eg)(r) ≤ pdTg(r) + o(Tg(r)).

Thus, we get∣∣∣∣∣∣∣∣ Tg(r) ≤
np

p− n(n+ 1)

n∑
i=1

1
mi

Tg(r) + o(Tg(r)).

Letting r → +∞, we obtain
n∑
i=1

1
mi
≥ p− n(n+ 1)

np
.

This is impossible. Hence F is normal on D.

5. Proof of Theorem 1.6. Without loss of generality, we may assume
D is a polydisc in Cm, D = ∆m.

Let {fk}∞k=1 ⊂ F be an arbitrary sequence. By Lemma 3.2, we can find a
subsequence (not relabeled) such that

lim
k→∞

f−1
k (Li) = Si (i = 1, . . . , n) and lim

k→∞
f−1
k (Qi0) = S0(5.1)

as sequences of closed subsets of D, where Si (i = 0, . . . , n) are either empty
or pure (m − 1)-dimensional analytic sets of D. Because all submatrices of
(aij)0≤i≤n, 1≤j≤n are nonsingular, {Q0, . . . , Qn, L1, . . . , Ln} are in general po-
sition. Clearly, there exists an analytic set S of codimension at least 1 such
that {Q0, . . . , Qn, L1, . . . , Ln} are in pointwise general position on D\S and
all submatrices of (aij)0≤i≤n, 1≤j≤n are pointwise nonsingular on D\S. Set
E :=

⋃n
i=0 Si ∪ S ∪

⋃∞
k=1 I(fk). Then E is a thin analytic subset of D.

For any z0 ∈ D \ E, by (5.1) there exist an open ball B(z0, r0) ⊂ D \ E
and a positive integer k0 such that Li(f̃k) (i = 1, . . . , n) and Qi0(f̃k) have no
zero point on B(z0, r0) for all k > k0. By Theorem 1.5, {fk}k>k0 is a holo-
morphically normal family onB(z0, r0).Hence, {fk} has a subsequence which
converges uniformly on compact subsets of D \ E to a holomorphic map.

By the usual diagonal argument, we can find a subsequence (again not
relabeled) which converges uniformly on compact subsets of D \ E to a
holomorphic map f . We denote by Ln+1 the moving hypersurface Qi0 .
Because {Li}n+1

i=1 are in pointwise general position on D \ E, there exists
j0 ∈ {1, . . . , n+ 1} such that Lj0(f̃) 6≡ 0 on D \E. We define the meromor-
phic mappings {Fk}∞k=1 of D into CPn+1 as follows: for any z ∈ D, if fk has a
reduced representation f̃k = (fk0, . . . , fkn) on a neighborhood Uz ⊂ D then
Fk has a reduced representation F̃k = (fdk0, . . . , f

d
kn, Lj0(f̃k)) on Uz. By the
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same argument of the proof of Theorem 1.4, {Fk}∞k=1 is a meromorphically
convergent sequence on D and {fk}∞k=1 has a meromorphically convergent
subsequence on D.

Thus, F is a meromorphically normal family on D.
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