ANNALES
POLONICI MATHEMATICI
95.1 (2009)

On solutions of a fourth-order Lidstone
boundary value problem at resonance

by MARIUSZ JURKIEWICZ (Lo6dz)

Abstract. We consider a Lidstone boundary value problem in R* at resonance.
We prove the existence of a solution under the assumption that the nonlinear part is
a Carathéodory map and conditions similar to those of Landesman—Lazer are satisfied.

1. Introduction. In this article we deal with the existence of solutions
for fourth-order boundary value problems (BVP). We consider the system

(G =A@ = plat = finat b @) ),

(xk)(él) o )\k(l‘k),/ o ,U,k$k _ fk(tal'ly - --’Eka (331)”, o (CL‘k)N),

<1) 1 1 _ 1\7 _ 1\7 _
27(0) = 2 (1) = (¢7)7(0) = (z)"(1) = 0,

2*(0) = 2%(1) = (")"(0) = (2*)"(1) = 0,
where f:[0,1] x RF x R* — R is a Carathéodory map.
In recent years much attention has been given to the above problem for

k=1 and A\ = p = 0 by many authors (see |2, 3] and references therein).
In [4], Youngxiang Li has proved some results for the problem

2 =N — pa = g(t,2),

z(0) = z(1) = 2"(0) = 2" (1) = 0,
where g : [0,1] x R — R is continuous and A > —272 u > —\%/4,
p/m—\/m? < 1. The differential operator which corresponds to the left-hand

side of the above equation is always invertible. Here we shall consider the
case of a noninvertible operator. In [9] Jolanta Przybycin has obtained the
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existence of solutions to a problem similar to the one considered in |4] where
g : R — R does not depend on t and A > 0, u # —72n?, n =1,2,.... It
is easy to see that for some u, A the corresponding differential operator is
non-invertible. Her result is a particular case of ours.

Existence of a solution to (1) depends on the vectors A = [A!, ..., A\¥] and
p=[u', ..., u¥]; the corresponding differential operator may be invertible or
not. Our principal purpose is to examine the latter, so-called resonance case.
The first important paper on BVP at resonance appeared in the 70s |7], and
this problem has been under examination since then (see [8]).

We start with a crucial definition.

DEFINITION 1.1. A pair (A, ) € R? will be called a two-dimensional

etgenvalue if the homogeneous problem
@ @ — X" — px =0,
2(0) = (1) = 2"(0) = 2"(1) =0,

has a nontrivial solution. The set of all those pairs will be denoted by o2.

One can prove that o2 is the union of the straight lines ,, given by

L p=n’m?\+ nir? n €N,
that is,
3) o? = [ J{O ) | 5= 02 + nirt},
neN
The line I, is tangent to the parabola p = —(\/2)? at (—2n27?, —nir?).

Moreover, I,,, and l,,,, n; # ne, intersect at (—(n? +n2)m? —n2n27r4 Define
» ny 29 ’ 1 2 172

ot =0\ | {(~(nf +nd)n?, —nindrh)}
ni,n2€N
ni1#ng

REMARK 1.1. It is easy to check that for each point from 0% (resp. o\ o?)
the corresponding eigenspace of the problem (2) is one-dimensional (resp.
two-dimensional).

In the next section we consider the simpler case when (\, ) ¢ o2 and
f is sublinear. We find a Green map for our problem, and we prove the
existence of a solution by using the Schauder fixed point theorem. The case
when (A, 1) € o2 is much more complicated. We examine it for (), u) € o?
in Section 3. If some conditions of Landesman-Lazer type are satisfied and
f is bounded then the problem has a solution.

2. Preliminaries. Assume that (\, 1) ¢ 0. Consider the homogeneous
equation

(4) W —xa" — px = 0.
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The set of solutions to (4) is a four-dimensional vector space, denoted by
D(A, it). The sets of solutions to the initial value problems
{ @ — \a” — pz =0, { @ — X2’ — pz =0,
z(0) = z"(0) =0, z(1) = 2"(1) = 0,
are subspaces of D(\, ), denoted by Dy(A, p) and Dy (A, ) respectively.

LEMMA 2.1. The linear spaces Do(A, p) and Di(A, p) are two-dimen-
sional. Furthermore, D(\, u) = Do(A, p) ® D1(A, p).

Let f : [0,1] — R be a bounded continuous function and (A, u) ¢ o2.
Consider the problem

(5) 2 () = Aa"(t) — pa(t) = F(0),

(6) x(0) = x(1) = 2" (0) = 2"(1) = 0.

By Lemma 2.1, there exist linearly independent solutions g, ae, ag, ay to
the homogeneous equation corresponding to (5) such that a1(0) = of(0)
=0, az(1) = a5(1) =0, a3(0) = a5(0) = 0, as(1) = /(1) = 0. Thus, the
fundamental matrix has the form

Ozl(t) 042(75) Oé3(t) Oz4(t)
A | BO b 6k i)
of(t) a4t ) )
1) D) D) P

The matrix A with the ith column and fourth row deleted will be denoted
by A;. We check at once that if there exists a solution x to (5)—(6) then

1 t
() 2"() = (1) | Wl(s) det Ay (5)F(s) ds + o (1) | Wl(s) det As(s) [ (s) ds
t 0
1 t
+alj(t)]| Wl(s) det As(s) f(s) ds-+a(1) | Wl(s) det Au(s)F(s) ds
t 0
Define H : [0,1] x [0,1] — R by the formula
o Wl(s) (//(£) det Ay (s) + all(t) det Ag(s)), 0<t<s<1,
Wis) (ay(t)det Aa(s) + aff(t) det Aq(s)), 0<s<t<1.

It is easily seen that H is continuous. Moreover, we can rewrite (7) as
1
(8) 2(t) = \H(t, ) f(s) ds.

0
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We equip R¥ with the maximum norm |ja|| = max(|al,...,|a"]).
Furthermore, || - || is the supremum norm in C([0,1],R), and ||z||; =
max(||z1][1, ., ||zx][1) is the norm in C([0, 1], R¥).

Suppose that f :[0,1] x R¥ x R¥ — R¥ is a Carathéodory map, i.e.

(i) the map [0,1] >t +— f(t,x,y) is measurable for every z,y € R¥;
(ii) the map R¥ x R* 5 (z,y) — f(t,z,y) is equicontinuous for almost

all t € [0, 1].
If we define the operation e : R¥ x RF — R* by [a!,..., o] e[, ..., 3F] =
[@'BY,...,a*B¥] then the problem (1) can be rewritten as

2@ N’ —pew = f(t,n,a"),

z(0) = z(1) = 2"(0) = 2" (1) = 0,
where z = [z!,...,2"] etc. It is easily seen that R¥ with the e operation is
a Banach algebra.

We shall show that (1) has a solution if the linear differential operator
which corresponds to the right hand side of our problem is invertible.

THEOREM 2.1. Let A\, € R* with (M, /) & o2 for j = 1,...,k. Fur-

thermore, assume that for each M > 0, there exists Cpy € L*([0,1],Ry)
such that ||z|| + ||y|| < M implies

(9) 1t 2, 9)] < Cu(t)
for almost all t € [0,1], and

(10) i 1Cvlle=

M—o0 M
Then the problem (1) has a solution.

Proof. From (8) it follows that if = is a solution of (1) then it satisfies

the equation
1

2(t) = \H(t,s) » f(s,2(s),a"(s)) ds,

0
where H = [H',...,H*] and H7 corresponds to the pair (M,pu’) for j =
1,...,k. It is obvious that the converse is true as well. Putting y = 2" one

can observe that (1) is equivalent to the system

G(t,s)y(s)ds,
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where G : [0, 1] x [0, 1] — R has the form

pt—1) for0<p<t<I1,
tip—1) for0<t<p<l1.

Gwm:{

This implies that it is sufficient to prove that the operator T': C([0, 1], R¥) —
C([0,1], R*) defined by the formula

(Ty)(t) = H(t,5) o £ (5, Gs,p)y(p) dp, y(s) ) ds

has a fixed point.

It is clear that the above definition of 1" is correct. We may assume that
the functions {Cys}ar>o satisfying (9) have the property, that

(11) ||CM1HL°° < HCMQHLOO for My < Ms.

By (10) and (11) there exists Ry > 0 such that

1

C o < ||C oo - -
ICM |l < ||CRr,y L <(1+N)N

Ry for every M < Ry,

where N is a common bound of G and H. Therefore, if ||z|| + ||y|| < Ry then

1

(12) If(t, 2, y)| < Cr,(t) < (1+N)N

Ry

for almost all ¢ € [0,1]. Set R := R;/(1+ N). Taking any y € C([0, 1], R¥)
such that ||y||x < R, we obtain

R.

1
Ry RN
. < =
mm+%cummmwhl+N+l+N

Therefore, by (12),

1

(1+N)N .

1
| (s VG lpy) dpy(o) | <
0
Finally, we obtain ||Ty||r < R.

To sum up, we have shown the existence of R > 0 such that T" maps the
ball B¢(0, R) into itself. From now on, we consider 7" on this ball only.

We shall show that T is a continuous operator. Choose a sequence
{Yn}nen C B (0, R) such that y,, —yo. Then the sequence {G(t, $)yn($) }nen
is bounded by RN and uniformly convergent to G(t, s)yo(s). The Lebesgue
dominated convergence theorem shows that {S(l) G(t,8)yn(s) ds}npen is con-
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vergent. As f is continuous in the second and third variables, we have

(13)  lim | (s G (5,29 (p) dp.yas)
—f(sin(svp)yo( ) dp,yo(s) )| = 0
0

for almost all s€ [0, 1]. It is evident that f(s, Sé G(38,p)yn(p) dp,yn(s)), n€N,
and f(s, 8(1) G(s,p)yo(p) dp,yo(s)) are bounded by Crynr(s). Thus

\\f(s,§G<s,p>yn<p>dp,yn<s>)—f(s,§G<s,p>yo Y dp,yo(s)) |
0 0

< 2CRr4NR(5),

for almost all s € [0,1]. This estimate, (13) and the boundedness of H yield
ITyn — Tyollx — 0 as n — oo. This proves the continuity of 7.
Pick g € [0,1] and € > 0. By (9) there exists x> 0 such that

|f(t,z,9)|| <p for almost all ¢ € [0, 1].
By the continuity of H there exists § > 0 such that
[H(t, 5) — H(to, )| < </
for [t —to| < ¢ and all s. Therefore,

I(Ty)(t) = (Ty)(o)ll < p{IIH(E, 5) = H(to, ) ds < e.

It is evident that the family {Ty} yeB(o,r) 15 uniformly bounded by R.

Concluding, the continuous operator T satisfies the assumptions of the
Arzela—Ascoli theorem. Therefore, it is compact, and hence, by the Schauder
theorem, it has a fixed point. This completes the proof. =

3. Main results. In the previous section we have proved the existence
of solutions to (1) in a simpler case without resonance. Now, we deal with
the resonance case, which is fundamentally different. We show two results,
Theorem 3.1 and Theorem 3.2. The first will be proved only in the case of
a scalar equation. The second is a generalization of the second part of The-
orem 3.1 and gives the existence of solutions to (1) under some additional
assumptions on (A%, u?), i =1,..., k. In fact, we have also obtained a vector
version of the first part of Theorem 3.1 in R*, but we refrain from present-
ing it, as it is complicated and we have not found any nonscalar application
of it.

We start with some notation. Let

[0,1] 5 t — sinngnt
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be a basis vector of the eigenspace which corresponds to (), ) € o2 (recall
that p = ndm?\ + ngrt). Let

I ={te0,1]|sinnomt > 0}, I, :={t €[0,1]|sinnort < 0}.

REMARK 3.1. To simplify the notation, we will write I'" and I'~ instead
of F% and I, , respectively. However, it should be remembered that they
both depend on ng.

THEOREM 3.1. Let (\,p) € 02, and let f : [0,1]] x Rx R — R be a
bounded Carathéodory function with

mli}gloof(tax7y) :f+(t)7 xEr_noof<t7x7y) :f—(t)

y——00 y—-+oo
for almost all t € [0, 1].
(i) If the numbers

S f4(t) sinngmt dt + S f—(t) sinngrt dt,

r+ r-
S f-(t)sinnomt dt + S f4(t) sinngnt dt,
r+ =

have opposite signs, then the problem (1) with k = 1 has a solution.
(ii) If f+ = f— =: fo almost everywhere and

1

S fo(t) sinngrt dt # 0,
0

then the problem (1) with k =1 has a solution.
Proof. Set

{1/71 if n is even,
Ep 1=
—1/n if n is odd.
Consider the sequence of boundary value problems
@ — (Nt e — (u+en)z = f(t,2(t), 2" (1)),
z(0) = z(1) = 2"(0) = 2"(1) = 0.
Theorem 2.1 implies existence of a solution u, to the above problem for each
n € N. We shall show that the sequence {u,}n,en converges to a solution

of (1). The proof will be divided into two steps. First, assume that {u/’ }en
is bounded, i.e. there exists My > 0 such that

sup [up|l1 < Ma.
neN
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Notice that the sequences {uy }nen, {u;}neN,{ug)}neN, {u7(14)}neN are also
bounded. Indeed, for ¢ € [0,1/2] the Taylor formula yields

Un (1) — up(t) = ul, (1)(1 — t) +ult(Bp.0) (1 — 1)/2,  where 6, € (t,1),
As u,(1) =0, for n =1,2... we have

un(®)] | (Gl (1— 1)

14 g <
(1) 1)) < ) )
Since |ulr(Opn)|(1 —t) < My and 1/(1 —t) < 2,
1
o ()] < (8] 2.+ 5Mz.

The above inequality and the fact that w, (¢ ul,(s) ds show that

=%
¢ 1 t
Jun (£)] < {0/ (s)| ds < 1 M2+ 2\ un(s)| ds.
0 0

This and the Gronwall inequality imply that

1 1
lun (t)] < ZMQ exp( S ) < zMge for t € 0,1/2].
0
Similar arguments for ¢ € [1/2,1] giv
1
lun (t)] < My := 1 Mse.
Now, inequality (14) and

(t (0|t

for ¢ € [1/2, 1] imply the boundedness of {u}, },en by some M;.

The estimate for {u,(;l)}neN is a consequence of the boundedness of f on
compact sets.

To prove the boundedness of {ug’)}neN we apply the analogous procedure
to the one used for {u),},en. Let M3 be the resulting bound of {ug)}neN.

Thus

M = max(MO, Ml, Mg, Mg, M4)

is a common bound for all the sequences considered.

Fix r € {0,1,2,3} and to € [0, 1]. For any € > 0 let ¢ := /M. Then the
mean value theorem implies that

) (0) ) ()] = Iy () £ — to] < Mt — to] < <

forn=1,2,... and |t —to| < ¢. Therefore, the sequences {un }nen, {u), }nen,
{u'}nen, {US’)}%N are equicontinuous. From the Arzela—Ascoli theorem and
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the convergence theorem for derivatives, it now follows that uq(f) = u(") for
r =0,1,2,3 (considering a subsequence if necessary).
From the equality

ug (8) = (A en)un () + ( + en)un (1) + f(tun(t), 4 (1)),
the above condition and the continuity of the function f(¢,-,-) for almost

all t € [0,1] we see that the sequence {U%)}neN converges uniformly to the

function A\u”(t) + pu(t) + f(t,u,u”) for almost all ¢ € [0,1]. This together

with uS’) = u®) and the convergence theorem for derivatives shows that
(4) (4)

Uy’ = u'® almost everywhere.

Thus, we have shown that
ug) =u  forr=0,1,23,4
almost everywhere. This condition enables us to let n — oo to obtain
u® — " — pu = f(t,u,u").
The above equality means that u is the desired solution.

Now, suppose that {u)},en is not bounded. Dividing the relevant se-
quence of equations by ||u |1, we get

(4) "

Up U Un, 1 "
(e T () L g, u).
[zl "l "l gl o

We may assume that ||ull|| — oo as n — oo. Let v, := uy/||ul||. Then
o) = ug)/HuZH for r = 0,...,4. Thus, our sequence of equations has the
form

(15) U7(’L4) — (At en)vy — (u+en)on = fult),

where f, := ||u'1'|\1f("um ull). It is obvious that

(16) fn=0 asn— oo.

It is easily seen that ||v)||; = 1, so {v]},en is bounded. The boundedness
of {w(f)}neN for r = 0,1, 3,4 and the equicontinuity of {vq(f)}neN for r =
0,1,2,3 follow by the same method as in the first step. Therefore, there
exists a function v such that vg) = v for r = 0,1,2,3. We shall show
that vi) = v@® as well. After passing to the limit in oY = (A +en)v)) +
(1 + en)vn + fn(t), we have o = M+ pv (1)). Therefore, by applying
the same arguments as above we finally have vff) = o) wherer=1,...,4
(considering a subsequence if necessary). Furthermore, the equality ||v”||1

= 1 implies ||v||; # 0.

(1) Note that in the first step we have shown that u';) = u® almost everywhere; now
because of (16) we have v7(L4 ) = @ everywhere.
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Altogether, we can let n — oo in (15) to obtain

(17) o™ — X" — v = 0.
This means that v is the element of the eigenspace corresponding to (A, p)
€ O‘%.

By multiplying (15) by v, we get
oo — (A + )Vl — (1 + e0)vnv = fu(t).

If we integrate this over [0, 1], we obtain

1 1 1 1
Sv,(f)v dt — (A +¢ep) S vivdt — (p+ep) S vpvdt = S fa(t)vdt.
0 0 0 0
Integration by parts yields
1 1 1 1
Svnv(4) dt — (A +¢en) Svnv" dt — (p+en) S vpudt = S fn(t)vdt.
0 0 0 0
Therefore
1 1 1 1
Svn(v(4) -\ — ) dt — e, S vpv” dt — e, S VU dt = S fn(t)vdt.
0 0 0 0

By (17), the above equality takes the form
1 1
—6ngvnv +v)d an t)vdt.
0

Analogously, multiplying (15) by v leads to

1

—Enxv’ (" +v) an( " dt.
0

—

Adding the above conditlons, we obtain

1 1
(18) —ang(vn—i-vg)(v—i-v”) dt = an(t)(v—i-v”)dt.
0 0
Lebesgue’s dominated convergence theorem implies that
1 1
lim S (vn + ) (v + ") dt = S (v +v")2 dt.
n—oo 0

We have noticed that v is not equal to 0 and satisfies (17). Therefore v =
C'sinnort, where C # 0. Furthermore, v" + v = (1 — n3n?)C'sinnort # 0,
so v” + v # 0. Hence the last equality gives

1

S (v +0")2dt > 0.

0
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This implies the existence of a natural number N such that
1

(19) S(vn+v§{)(v+v”) dt >0 forn > N.
0

On the one hand,

"

Up " un
v Uy = T
S A Tk
and on the other
n11_>11010 v, = C'sinngt, nh_)rglo v = —Cn2n? sinngrt.
Consequently,
2
(20) lim = Csinngrt, lim —2% = —Cn2r?sinnort.
m—oc0 Hu | m—o0 [[ug|

Let us consider two cases:

(a) If t € I'" we conclude from (20) that

. 400 if C' >0, . " —o0 ifC >0,
lim Uy = . lim U, = .
n—o0 -0 ifC <0, n—o0 +oo it C'<O0.
Therefore

(1) lim f(twn,u)) = { fe(t) i C >0,

f-(@t) i C <0,
(b) If t € I'™ we conclude from (20) that
{—oo if C >0, ) ,,_{+oo if C >0,

lim u, = lim wu, =
400 if C <0, n—00 —o0 i C<0.

In this case
f-(@) ifC >0,

(22) lim f(t, up,u n) = { fo(t) ifC <o,

n—oo

Consider the subsequences {ey,, }men and {ey,, } of {ey, }nen, where &, ,

1/(2m) and e,, = —1/(2k — 1). Condition (19) implies that
1
“Enm S (Uny, + vy Yv+20")dt <0 form > N,

0
1

—Eny, S (Vny, + ng)(v +v")dt >0 for k> N.
0

for almost all t € I'T.

for almost all t € I

11
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These inequalities together with (18) give
1

(23) Sf(t Un,psup (v +0")dt <0 for m > N,
0
1

(24) V£t tn, up )0 +0")dt >0 for k> N.
0

Let C' > 0. Formula (23) yields

0>\ f(t,un,,,uy Y +v)dt

e = O e

F(ttn,, un YCO(1 — ngm?) sinngmt dt

I
Q °

( t s Uppy s U ;/L )(1—n%7r2)sinno7rtdt

+ S [t un,,,up (1 —n%wQ)Sinnoﬂtdt>.
s
It follows that

S [t un,,, uy, ) sinnomt dt + S [t tun,,, uy, ) sinngmt dt > 0.

r+ r-
Letting m — oo we get, by (21) and (22),
(25) S f4(t) sinngmt dt + S f=(t)sinnomtdt > 0.
r+ r-

If we proceed in the same way as above, but with respect to {e,, }, we get
from (24), (21) and (22)

(26) S f4(t) sinngrt dt + S f-(t)sinngrtdt < 0.
r+ r-

The inequalities (25) and (26) lead to

(27) S f4(t) sinngmt dt + S f-(t)sinnomtdt = 0.
r+ -

Let C < 0. As in the previous case, we obtain

(28) S f=(t)sinngmt dt + S f4(t)sinnomt dt = 0.

r+ r-

The equalities (27) and (28) contradict our assumptions. This proves (i).
If we substitute fo = f+ = f— in (27) and (28), we obtain

S fo(t)sinngmtdt = 0,
r+ur-
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regardless of the sign of C. This contradicts the assumption and proves (ii).
This completes the proof. m

EXAMPLE 3.1. Let ¢ : [0,1] — R be continuous and positive. Consider
the equation

1
ul® + —u’ 4+ (1 - mu = ¢(t) arctan(u?u” — t)
™
with the boundary conditions
u(0) = u(1) = 4”"(0) = u”(1) = 0.
This is a problem at resonance, with ng = 1. We have
lim ¢(t)arctan(zy — ) = — = (1),
z—-+o00 2
y——00
lim ¢(t)arctan(z?y —t) = T
T——00 2
y—-+oo

It is evident that in this case I'" = [0,1] and I'~ = () and the Landesman—
Lazer conditions are satisfied. Theorem 3.1 implies that the above problem
has a nontrivial solution.

(t).

Now, assume that \, u € R¥ with (M, u?) € 02, and there exists a positive

integer ng such that yu/ = n%wz)\j + néw‘l for all j = 1,..., k. This means
that the points (M, u7) lie on the same line in the set o2,
Let

I, :={t €]0,1] | sinngnt # 0}.

We will write I" instead of I}, (see Remark 3.1). It is apparent that the func-
tion [0, 1] 3 t — sinngnt is the basis vector of the eigenspace corresponding
to each (M, p?) € o?. This space will be denoted by V.

THEOREM 3.2. Let f :[0,1] x R¥ x R¥ — R* be a bounded Carathéodory
map and suppose that

lim I (t,x,y) = f(t), Jj=1,....k

<x,y)—>—oo
for almost all t € [0,1]. If for each j =1,...k,
1
ng(t) sin ngrt dt # 0,
0

then the problem (1) has a solution.
Proof. Set
. { 1/n  if nis even,
" —1/n if nis odd,
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1

L ..., ek] and consider the sequence of boundary

forj=1,...,k.Pute, =
value problems

W — (Nte,) ea” — (u+e,) ex = f(t,a(t),a"(t)),
2(0) = x(1) = 2" (0) = 2" (1) = 0.
Theorem 2.1 implies that for every n € N there exists a solution u, to
the above problem. In the same way as above we show that if the sequence
{un }nen is bounded then it has a subsequence convergent to a solution of (1).
Now, suppose that {u },en is not bounded. By using the same method

as in Theorem 2.1 we obtain a sequence {vy, }nen such that v} = u, /||u”||x,
lvl]|x =1 and

(29) U#) — (A ten) vy, — (u+en) @v, = fult),

where f, := ”u,l,ka(-,un, u]’). Furthermore, vgf) = v), where s = 0,...,4,
v #£ 0 and

(30) oW —Xev — pev=0.

This means that v/, j = 1,...,k,, is an element of the space Vy. It is obvious
that v = [v,...,vx] is not equal to 0 and satisfies (30). Therefore, there
exists at least one j such that v/ = CYsinngnt, where C7 # 0. Define

Vi={je{l,....,k} | C7 # 0}. Then for j € V we have (/)" 4+ v/ =
(1 — ndn?)CJ sinngnt # 0, thus v + v # 0.
On the one hand, we have

" "
<vn7vn> = ) (unvun>’
[[ur |
nilk
and on the other,
. . . " 2,2 :

lim v, = sinngnt - C, lim v, = —ngm”~sinngnt - C,
n—oo n—o0

where C' = [C?, ..., C*]. Therefore

lim (v, v!) = —n2n? sin® not| C||%.
n—oo

We have ||C|| # 0, so for t € I',

lim {(up,u,) = —oo.
n—oo

This implies that for ¢ € I,

(31) Tim 7 (t un, ) = f3(2).

Let j € V. Consider the subsequences {el, Ymen and {&h, Yren of {eh}nen,
where €, = 1/(2m) and &7,, = —1/(2k — 1). As in the proof of the previous



Lidstone problem at resonance 15

theorem, we can show that there exists N such that

I S f(t, Un,y > Uy, )SINNomtdt >0 for m > N,
r
ol S fj(t,unk,u;;k)sinnoﬂtdt <0 fork>N.
r

If we reason as in the proof of Theorem 3.1, we obtain
S fg(t) sinnomt dt = 0,
r

regardless of the sign of CJ, j € V. This contradiction implies that there
exists a solution to problem (1). This completes the proof. =

REMARK 3.2. It has to be emphasized that, in particular for k = 1, the
limit condition in the last theorem has the form

(32) lim f(¢t,z,y) = fo(t) for almost all ¢ € [0, 1].
ZTy——00

It is easily seen that this condition is stronger than the corresponding one
from Theorem 3.1(b).

EXAMPLE 3.2. Let ¢ : R* — R be a continuous function satisfying the
condition ¥ (x,y) < (z,y) (z = [x1,22], y = [y1,y2]) and let ¢ : R — R be
given by the formula

p1(t) for t € [0,1/3],
(33) @(t) :=q —pao(t) forte (1/3,2/3),
p3(t) for t € [2/3,1],
where 1, @2, @3 are continuous and positive. Consider the system of BVP

2D () = = (1) — a1 (£) — Bl (1)

972
_ ¢($1(t),x2(t),37,1/(
=) (1 + [(21(t), 22(t), 27
3:§4) (t) + 7T213/1,(t) — 727741‘1(75) = tarctan(xq (t)x] (t) + 22 (t)25 (1)),

with the boundary conditions
21(0) = 21(1) = 27(0) = 2/(1) =0,
72(0) = x2(1) = 25(0) = 25(1) = 0.
This is a resonance problem because (1/(972),1 + 817%), (—=2,727%) € o2.

Furthermore, it is apparent that these points lie on the line = 972\ 4817
We have

lim tarctan((z,y)) = —gt.

(z,y)——o0
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The inequality 1 (z,y) < (x,y) implies that

1 7/}@1737273/17312) > -
<x’yl>lin*°° #) (1 + [ (w1, 22, Y1, y2)]2 )= el

Therefore

and

1
1
| Ztsin3ntdt = — #0,
)2 6

1
S ©(t) sin 3wt dt # 0,
0

because of (33). The above conditions and Theorem 3.2 lead to the conclusion
that the above problem has a solution.
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