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On uniqueness of meromorphic functions
sharing three values and a set
consisting of two small meromorphic functions

by X1a0-MIN L1 (Qingdao) and HONG-XUN Y1 (Jinan)

Abstract. We deal with a uniqueness theorem of two meromorphic functions that
share three values with weights and also share a set consisting of two small meromorphic
functions. Our results improve those by G. Brosch, I. Lahiri & P. Sahoo, T. C. Alzahary
& H. X. Yi, P. Li & C. C. Yang, and others.

1. Introduction and main results. In this paper, by meromorphic
functions we will always mean meromorphic functions in the complex plane.
We adopt the standard notations of the Nevanlinna theory of meromorphic
functions as explained in [6], [10] and [15]. It will be convenient to let E de-
note any set of positive real numbers of finite linear measure, not necessarily
the same at each occurrence. For a nonconstant meromorphic function h,
we denote by T'(r, h) the Nevanlinna characteristic of A and by S(r, h) any
quantity satisfying

S(r,h) =o(T(r,h)) (r—oo,r¢FE).

Let f(z) and g(z) be two nonconstant meromorphic functions, and let a
be a value in the extended plane. We say that f and g share the value a CM
provided that f and g have the same a-points with the same multiplicities.
Similarly, we say that f and g share the value a IM provided that f and g
have the same a-points ignoring multiplicities (see [15]). We say that a is a
small function of f if a is a meromorphic function satisfying T'(r,a) = S(r, f)
(see [15]). If a is a small function such that N(r,1/(f —a)) = S(r, f), then
we say that a is an exceptional small function of f (see [11]). If g, g, as,
ay are four small functions of g such that f = (19 + ag)/(asg+ ay), where
aray — agas Z 0, then f is said to be a quasi-Mdbius transformation of g
(see [15]). We also need the following definition.
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DEFINITION 1.1 (see [1, Definition 1]). Let p be a positive integer and
a € CU{oco}. Then we denote by N, (r,1/(f — a)) the counting function of
those zeros of f —a (counted with proper multiplicities) whose multiplicities
are not greater than p, and by N, (r,1/(f — a)) the corresponding reduced
counting function (ignoring multiplicities). By N,(r,1/(f — a)) we denote
the counting function of those zeros of f — a (counted with proper multi-
plicities) whose multiplicities are not less than p, and by N,(r,1/(f — a))
the corresponding reduced counting function (ignoring multiplicities).

Let f and g be two nonconstant meromorphic functions, and let a be a
value in the extended plane. Let S be a subset of distinct elements in the
extended plane. We define E;(S) = (J,cq{% : f(2) = a}, where each a-point
of f with multiplicity m is repeated m times in E¢(S) (see [4]). Similarly, we
define E¢(S) = U,ecg{z : f(2) = a}, where each point in Ey(a) is counted
only once. We say that f and g share the set S CM provided Ef(S) = E,4(S).
We say that f and g share the set S IM provided E¢(S) = E4(S). Below, the
notation f =a = g = a means Ef({a}) C E4({a}). If S is a set consisting
of small meromorphic functions of f and g, then the above definitions have
the same meanings.

In 1989, G. Brosch proved the following theorem.

THEOREM A (see [3]). Let f and g be two distinct nonconstant mero-
morphic functions such that f and g share 0, 1, oo CM, and let a and b
be two distinct finite complex numbers such that a,b & {0,1}. If f—a and
g —b share 0 IM, then f is a Mobius transformation of g.

Regarding Theorem A, it is natural to ask the following two questions.

QUESTION 1.1 (see [8])). Is it possible to relax in any way the nature of
sharing any one of the values 0, 1 and oo in Theorem A?

QUESTION 1.2. What can be said if the two distinct finite complex num-
bers a (# 0,1) and b (# 0,1) are replaced with two small meromorphic
functions a (# 0,1,00) and b (# 0, 1, 00) respectively?

In this paper, we will deal with these two questions. To this end we
employ the idea of weighted sharing of values which measures how close a
shared value is to being shared IM or to being shared CM. The notion is
explained in the following definition.

DEFINITION 1.2 (see [7, Definition 4]). Let k be a nonnegative integer or
infinity. For any a € C U {oo}, we denote by Eg(a, f) the set of all a-points
of f, where an a-point of multiplicity m is counted m times if m < k, and
k+1 times if m > k. If Ex(a, f) = Ex(a,g), we say that f, g share the value
a with weight k.
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REMARK 1.1. Definition 1.2 implies that if f, g share a value a with
weight k, then zg is a zero of f — a with multiplicity m (< k) if and only
if it is a zero of g — a with multiplicity m (< k), and z¢ is a zero of f —a
with multiplicity m (> k) if and only if it is a zero of g — a with multiplicity
n (> k), where m is not necessarily equal to n. Throughout this paper, we
write f, g share (a,k) to mean that f, g share the value a with weight k.
Clearly, if f, g share (a, k), then f, g share (a, p) for all integer p, 0 < p < k.
Also we note that f, g share a value a IM or CM if and only if f, g share
(a,0) or (a,o0), respectively.

Recently, I. Lahiri and P. Sahoo proved the following theorem which
improves Theorem A and Theorem 1 in [2], and deals with Question 1.1.

THEOREM B (see [9, Theorem 1.1]). Let f and g be two distinct noncon-
stant meromorphic functions such that f and g share (a1,1), (a2, m) and
(as, k), where {ay,a2,a3} = {0,1,00}, and m and k are two positive integers
satisfying (m —1)(mk —1) > (14+m)?, and let a and b be two distinct finite
complex numbers such that a,b ¢ {0,1}. If f—a and g—>b share 0 IM, then
f and g share 0, 1 and oco CM, and f—a and g—b share 0 CM. Moreover,
f and g satisfy one of the following nine relations:

(i) fg =1 with ab =1, (vi) f=(1—a)g+ a with ab = a+1;
) L o o ,_(d—a)g b—a
(i) f+g=Twitha+b=1;  (vii) f="7—==+ 73—
(iii) f = gg%l with ab =a+b; (viil) f = g—ij% with a +b = 1;
_ ‘ . a(b—1)g
= :1' = .
(iv) f = ag with ab=1; (ix) f (b—a)g+ (a—1)b
_ a9,
(V)f_ b7

In 1997, P. Li and C. C. Yang proved the following result dealing with
Question 1.2.

THEOREM C (see [11, Theorem 6]). Let f and g be two distinct noncon-
stant meromorphic functions such that f and g share 0, 1, oo CM, and let
a (£ 0,1,00) and b(# 0,1,00) be two small meromorphic functions of f
such that a Z2b. If f—a and g — b share 0 CM, then f is a quasi-Mdbius
transformation of g.

Regarding Theorem C, it is natural to ask the following two questions.

QUESTION 1.3. What can be said if the condition “f —a and g — b
share 0 CM” in Theorem C is replaced with the condition “f —a and g — b
share 0 IM”?
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QUESTION 1.4. What can be said if the condition “f —a and g — b

share 0 CM” in Theorem C is replaced with the condition “f and g share
the set {a,b} IM”?

In this paper, we will prove the following theorems, which improve The-
orems A—C, and deal with Questions 1.1, 1.3 and 1.4.

THEOREM 1.1. Let f and g be two distinct nonconstant meromorphic
functions such that f and g share (0,k1), (1,k2) and (oo, k3), where ki, ko
and ks are three positive integers satisfying

(1.1) kikoks > k1 + ko 4+ k3 + 2,

and let a (£0,1,00) and b (# 0,1,00) be two small meromorphic functions
of f such that a # b. Suppose that f and g share the set {a,b} IM. Then

(I) If f is a quasi-Mobius transformation of g, then f and g satisfy one
of the following fifteen relations:

(i) fg =1 with ab = 1; (ix) f=(1—a)g+a with ab=a+b;
(1-a)g b—a
=6 " b-1
(i) f:gil with ab=a+b;  (xi) f = (1—b)g+b with ab=a+b;

(i) frg=1lwitha+b=1  (x)f=

(iv)f:%g; (xii)f:#witha—i-b:l;
o . L _ bla—1)g _
(v) f = ag with ab =1, (xiii) f = @byt b—1Da’
(vi)f:%; (xiv)f:gijbg_1 with a + b = 1;
. L B a(b—1)g
(Vll) f - bg7 (XV) f - (b_a)g+ (CL— 1)b
—b —b
(viii) f = (11 _ng +

(IT) If f is not a quasi-Mobius transformation of g, then a and b are
constants, and there exists a nonconstant entire function v such that f and
g are given by one of the following siz expressions:

37 1 =3y _
. _6 _6 . . _ 3 _ 3
(i) f7767_1’9776—7_1 with a = 3 and b =y, or a = § and
b=3;
-1 -1
(ii) f:e%yil,g:ei%i1 witha:% and b= —3, or vice versa;
ey — e=27 —
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e’ —1 e 7T -1 . 4 _
(iii) f= prm R Al v with a = 5 and b= 3, or vice versa;

2y _1 27 _1
e e
(iv) f= 19T o5 with a = 2 and b= —%, or vice versa;
27_1 —27_1
=8 T =% T witha=-— — 1 o v .
(v) f_e—W—l’g_ 1 with a = —2 and b = 7, or vice versa;
Y1 -7 _1
(vi) f= 7(;27 —1 9= 2277_1 with a = —% and b= 4, or vice versa.

Using the idea of weighted sharing, we will prove the following theo-
rem which complements Theorem C and Theorem 1 in [2], and deals with
Questions 1.1-1.3.

THEOREM 1.2. Let f and g be two distinct nonconstant entire functions
such that f and g share (0,1) and (1,m), where m (> 2) is a positive
integer, and let a (£ 0,1,00) and b (# 0,1,00) be two small meromorphic
functions of f such that a Z0b. If f =a = g = b, then f and g satisfy
one of the relations 1(i), 1(iii), I(xii), I(xv), II(i) and II(v) of Theorem 1.1,
where a = 3/4 and b =3 inII(i), and a = 1/4 and b= -2 in II(v).

The following example of Gundersen (see [5]) shows that the condition
that f, g share 0, 1, co CM in Theorem A cannot be replaced with the
condition that f, g share 0, 1, oo IM. This example also shows that the
condition that f, g share (0,k1), (1,k2) and (0o, k3) in Theorem 1.1 cannot
be replaced with the condition that f, ¢ share 0, 1, oo IM.

ExaMPLE 1.1. Let
e* +1 (€7 +1)?

f(z)= 1) 9(2) = 8 —1)
Then f and g share 0, 1, co IM. As

1 e 4+ 3 1 e?* +3

f(z)+§:ma 9(2)—Z=m7

we see that f + 1/2 and g — 1/4 share 0 CM. However, f is not a bilinear
transformation of g.

2. Some lemmas

LEMMA 2.1 (see [13, Lemma 2.6]). Let f and g be two distinct non-
constant meromorphic functions such that f and g share 0, 1 and oo IM.
If f is quasi-Mobius transformation of g, then f and g satisfy one of the
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following relations:

i) f-9=1 (iv) f = cg;
i) (f-Dg-1)=1 (v) f-1=clg—1);
(iil) f+g=1; (Vi) [(e=D)f +1]-[(c=1)g — | = —¢;

where ¢ (# 0,1,00) is a small meromorphic function of f.

Let f and g be two distinct nonconstant meromorphic functions, and
let a be a value in the extended plane. We denote by N(r,a) the reduced
counting function of the common a-points of f and g. We say that f and g
share the value a IM™* if

N<r, fla> + N(r, - L a) —2No(r,a) = S(r, f).

Let Ng(r,a) “count” those points in N(r,1/(f — a)), where a is taken by
f and g with the same multiplicity, and each point is counted only once,
and N(r,1/(f — o0)) means N(r, f). We say that f and g share the value a
CM* if

N(r, fia> + N(r, - ! a) 9N p(r,a) = S(r, ).

If a (% 0,1,00) is a small meromorphic function of f and g, the above
definitions are still valid. Let f and g share 0, 1 and co IM. We denote by
Ny(r) the counting function of the zeros of f — g not containing the zeros
of f,1/f and f — 1.

LEMMA 2.2 (see [16, Theorem 1.1]). Let f and g be two nonconstant
meromorphic functions, and let a1, as, a3, as and as be five distinct ele-
ments in the set {S(f)NS(g)} U{cc}, where S(f) is the set of meromorphic
functions which are small functions of f. If f and g share a1, ao, as, ay
and as IM*, then f = g.

LEMMA 2.3 (see [17, Lemma 2.6]). Let f and g be two distinct noncon-
stant meromorphic functions sharing (0,k1), (1,k2) and (oo, k3), where kq,
ko and ks are three positive integers satisfying (1.1). Then

N(Q (r, }) +N(2 (r, fi1> +N(2(r, fy=58(rf).

LEMMA 2.4 (see [18, Lemma 6]). Let fi and fa be nonconstant mero-
morphic functions satisfying N(r, f;) + N(r,1/f;) = S(r)(j = 1,2). Then
either No(r,1; f1, fa) = S(r) or there exist two integers s,t (|s| + |t| > 0)
such that fift = 1. Here and below, No(r,1; f1, f2) denotes the reduced
counting function of fi and fo related to the common 1-points and T(r) =
T(r, f1) + T(r, f2), S(r) = o(T(r)) (r — oo, r & E) only depending on f1
and fs.
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LEMMA 2.5 (see [18, proof of Theorems 1 and 2]). Let f and g be two
distinct nonconstant meromorphic functions sharing 0,1 and oo CM, and
let No(r) # S(r, f). If f is a fractional linear transformation of g, then
No(r) =T(r, f)+S(r, ). If [ is not a fractional linear transformation of g,
then Ny(r) < %T(r, f)+ S(r, f), and f and g satisfy one of the following
three relations:

(k+1)vy _ 1 —(k+1)y _ 1
. € e
(i) f=—5— 9= — =5y 7
e’ —1 e s -1
. e’ —1 e -1
/= 97 c@moor
e’ —1 e -1

(iii) f:ma 9= Jkri—sy _ 1’

where 7y is a nonconstant entire function, s and k (> 2) are positive integers
such that s and k + 1 are relatively prime and 1 < s < k.

LEMMA 2.6 (see [18]). Let s (> 0) and t be relatively prime integers,
and let ¢ be a finite complex number such that ¢® = 1. Then there exists one
and only one common zero of w® —1 and W' — c.

LEMMA 2.7 (see [14]). Let f be a nonconstant meromorphic function,
and let F = Y% _ arf¥/ >0 o bif7 be an irreducible rational function in
f with constant coefficients {7ak} and {b;}, where a, # 0 and by # 0. Then
T(r,F)=dT(r, f)+ O(1), where d = max {p, q}.

LEMMA 2.8 (see [15, Theorem 1.62]). Let fi,...,fn be nonconstant
meromorphic functions, and let fn11 (Z 0) be a meromorphic function such
that Z;fll 5 = 1. If there exists a subset I C R satisfying mesI = oo
such that

n+1 n+1 -
Y N(r1/fi)+nd N(r f)
=1 =1

i#j

<A+oM)T(r, f;) (r—oo,rel,1<j<n),
where A < 1, then fp41 = 1.

LEMMA 2.9. Let f and g be two distinct nonconstant meromorphic func-
tions such that f and g share (0,ky), (1,k2) and (o0, k3), where ki, ko and
ks are three positive integers satisfying (1.1), and let a (# 0,1, 00) be a small
meromorphic function of f. Then either

(2.1) Nig(r,1/(f —a)) + N(r,1/(g —a)) = S(r, f),
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or f and g are given by one of the following six expressions:

(i) g = af; (iv) f+(a—1)g = q;
(i) g+a-Df=a (v)(g—a)(f+a—-1)=a(l-a)
(ili) f = ag; (Vi) (f —a)(g+a—1) =a(l —a).

Proof. First, from the condition that f and g share 0, 1, oo IM, we have
T(r,f) <3T(r,g) +S(r,f) and T(r,g) < 3T(r, f) + S(r, g), and so

(2.2) S(r,g) = S(r, f).
Let
(2.3) (F=D/(g=1)=a and f/g=h.

Then from (2.2), (2.3) and Lemma 2.3 we get
(2.4) N(r,1/a)+ N(r,a) = S(r,f) and N(r,1/h)+ N(r,h) = S(r, f).

If one of @« = h, « = 1 and h = 1 holds, from (2.3) we get f = g, which
contradicts the assumption of Lemma 2.9. Next we suppose that o Z h,
a # 1 and h # 1. Applying (2.3) we deduce

1—at!

We discuss the following five cases.

CASE 1. Suppose that a’h + ah’ = 0. Then (ah)’ = 0, and so ah = Ay,
where A; (# 0) is a finite complex number. Applying (2.3), we have

l—«
h—a’

(2.6) f/lg=Ai/a and T(r,h)=S(r f).

Since

(2.7) h=1=(f-49)/9,

from (2.2), (2.6), (2.7) and the condition that f and g share 1 IM, we have
(2.8) N(r,1/(f 1)) = N(r,1/(g — 1)) < N(r,1/(h — 1))

<T(r,h) +0(1) = S5(r, ).
From (2.6) and f # g, and the condition that f and g share 1 IM, we get
(2.9) AiJa#1 and N(r,1/(g—a/A1)) = S(r, f).

If a/A; = a, then A; = 1, and so from (2.6) we have (i) of Lemma 2.9. If
a/A; # a, from (2.2), (2.8), (2.9) and Nevanlinna’s three small functions
theorem (see [15, Theorem 1.36]), we get

(2.10)  T(r,g)=N(r,1/(g —a))+ S(r, f) = N(r,1/(g — a)) + S(r, f).
From (2.10) we get No(r,1/(g — a)) = S(r, f), and so
(2.11) Ng(r,1/(g —a)) = S(r, f).
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CASE 2. Suppose that (a — 1)a/ + ad’a = 0. Then ((a — 1))’ = 0, and
so (a — 1)a = Ay, where Ay (# 0) is a finite complex number. From this
and (2.3) we have

(2.12) (f=D/(g=1)=Az/(a—1).
From (2.12), the condition f # g and the condition that f and g share 0
IM, we get

(2.13) Af(a=1) #1
and
(2.14) N(r,1/f) = N(r,1/g9) < N (7”’ M)

<T(r,a)+O(1) = S(r, f).

Since (2.12) can be rewritten as

AQ A2 — (a — 1)
.1 prm— . —
(2.15) / a—1 <g Ay ’
from (2.13), (2.15) and the condition that f and g share 0 IM, we get
As—(a—1) — As—(a—1)
1 fem\em) /(g2 ) = .
(2.16) 1 #0 and N<7“, /(g 14 S(r, f)

If (Ay—(a—1))/As = a, then Ay = —1. From this and (2.12) we have (ii) of
Lemma 2.9. If (A2 — (a — 1))/Ag2 # a, from (2.14), (2.16) and Nevanlinna’s
three small functions theorem, we get (2.10) and (2.11).

CASE 3. Suppose that a’h~! 4+ a(h™!)" = 0. Proceeding as in Case 1, we
get (iii) of Lemma 2.9.

CASE 4. Suppose that (a—1)(a~!) +a’a™! = 0. Proceeding as in Case 2,
we get (iv) of Lemma 2.9.

CASE 5. Suppose that
(2.17) adh+ah' #0, (a—1)d/+da#0,
(2.18) dht a(h™ #£0, (a—1)(a7 V) +dat £0.
From (2.5) we get
_l—ah+(a—1)a

2.19 —

(2.19) g—a h—a

Let

(2.20) w=1—ah+ (a—1)a.

By differentiating both sides of (2.20) twice, we get

(2.21) w’:{(a—l)-jJra’}-a—(a’+a-];:>-h,
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/ " h/ h//
(2.22) W= {2&'-a+(a—1) L +a”} ca— <a"+ 2al-+a'> -h.
o a

We discuss the following three subcases.

SUBCASE 5.1. Suppose that D = 0, where

R e-gre )
—a”—2a’-%—a-h7 2/ - %+ (a—1)- % +d"

Then from (2.23) we get

(2.24) (a’h+ah)-((a—1)-/+d-a) = ((a—1)-o'+d'-a)-(d’h+ah').

From (2.17) and (2.24) we get
((a—1)a' +da)  (dh+ah')

2.2 = )
(225) (a—1)a/ 4+ do a'h+ ah’

From (2.25) we get

(2.26) (a—1)d +da=As-(a'h+ah'),

where A3 (# 0) is a finite complex number. From (2.26) we deduce
(2.27) (a—1) o= Agah + Ay,

where Ay is a finite complex number. If there exists a subset I C R* satis-
fying mes I = oo such that T'(r,a) = S(r, f) (r € I, r — 00), then it follows
by (2.27) that T'(r,h) = S(r, f) (r € I, r — o0), and so from (2.5) we have
T(r,f)=S(r,f) (r € I, r — o0), which is impossible. Thus from (2.27) we
have
(2.28) T(r,a) # S(r,f) and T(r,h)# S(r,f) (r¢E,r— ).
Next we put vy := a/h. If Ay # 0, from (2.4), (2.27), (2.28) and Lemma 2.8
we get a contradiction. Thus A4 = 0. Applying (2.3) and (2.27) we have
for_ 9l

7 70 g
where vo = (Aza)/(a—1). If N(r, f) # S(r, f), from (2.29) and the condition
that f and g share co IM, we get (Aza)/(a—1) = 1, and so it follows by (2.29)
that f = g, which is a contradiction. Thus

(2.29)

(2.30) N(r.f)=N(r,g) = S(r, f).
Since (2.29) can be rewritten as

f < Y0 > 1
2.31 = - = ,
(2:31) g U7 5-1 I =70
from (2.31) and Lemma 2.3 we get

1
(2.82) N<r’ 9—0/(0 — 1)) =5 ).
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If v0/(70—1) # a, from (2.30), (2.32) and Nevanlinna’s three small functions
theorem we get (2.10) and (2.11). If 79/(70 — 1) = a, then vo = a/(a — 1).
From this and (2.29) we get (v) of Lemma 2.9.

SUBCASE 5.2. Suppose that D; = 0, where
% ,
—a' —a- 3t (a—l}%—f—a’
1 / h/ h// / Oé/ a// 1 Y
—a"—2d -3t —a- 3t 2 - t+(a—1) L +a

(2.33) Dy =

and h;y = h™ !, oy = a~'. From D; = 0, in the same manner as in Sub-
case 5.1, we get (vi) of Lemma 2.9.

SUBCASE 5.3. Suppose that D # 0 and D1 # 0, where D is defined
by (2.23), and D; is defined by (2.33). First, we will prove (2.11). Let

(2.34) w=1—-ah+ (a—1).
By differentiating both sides of (2.34) two times we get
o I
2. = 1) —+d; a—(d -— ) -h
(2.35) w {(a ) a+a} a <a +a h) ,
/ " / "
1 Lo L 1) S e Vo (020 e Y.
(2.36) W' = {2@ - +(a—1) - +a } o) (a +2a - +a h) h.
From (2.35) and (2.36) we get

D D
(2.37) a:f and hth,
where
—a’—a‘%’ W
Da = _a//_2a/'h7’_a.h7” w//’
h h
W' (a—1)~%/+a’
Dh_w” 2a"°‘—l—|—(a—1)'a—"—|—a”.
(0% [e%

Substituting (2.37) into (2.34) we get

(2.38) wty Wty =1,
where
(230) 41 = a(a—1)- %/—i—aa”—l—Qaa’-%—l-(l—a) (a" +2d'- & +a %ﬂ)
: D :
h/ !
(240) o= O D@ F) —ale—1)- T —ad

D
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From (2.2), (2.4), (2.23), (2.39), (2.40) and the lemma of logarithmic deriva-
tive (see [10, Corollary 2.3.4]), we get

(2.41) T(r,y1) +T(r,y2) = S(r, f).

On the other hand, from (2.4) we get

(2.42) N(r,a/h)+N(r,h/a) < N(r,a)+ N(r,1/h)+ N(r,h) + N(r,1/a)
=5(r, f).

Noting that h/a # 1, from (2.42) and the second fundamental theorem, we
get

(243)  T(r hja) = N(r, h/al_1> + S0 f) = N<r, h/(j_ 1) + S0 f).

From (2.43) we deduce

(2.44) N <r, h/al_1> — S(r, f).

From (2.19), (2.34), (2.38), (2.41), (2.44) and the left equality of (2.4), we
get (2.11). Similarly, from D; # 0 we get
(245) N(g(?’, 1/(f_a)> - S(Tv f)
From (2.11) and (2.45) we have (2.1).
Lemma 2.9 is thus completely proved.

LEMMA 2.10 (see [11, Theorem 3]). Let f and g be two distinct non-
constant meromorphic functions such that f and g share 0, 1 and oo CM™,
and let a (# 0,1,00) be a small meromorphic function. If T(r,f) #
N(r,1/(f —a))+ S(r, f), then one of the following cases will occur:

) f = ag and N(1L1/(f - @) + N(L1/(f - 1)) = S(r, )
(i) f=1=(1—=a)g—1) and N(1L,1/(f —a)) + N(L,1/f) = S(r, f);
(iii) (f—a)(g—1+a)=a(l—a) and N(r,1/(f—a))+N(r,f) = S(r, f).

Let f and g be two distinct nonconstant meromorphic functions, and let
a (£ 0,1,00) and b (# 0,1,00) be small meromorphic functions such that
a # b. We denote by No(r, a, b) the reduced counting function of the common
zeros of f —a and g — b, and by N(l,k) (r,a,b) the reduced counting function
of those zeros of f — a with multiplicity [, and of g — b with multiplicity k.

LEMMA 2.11 (see [12, Theorem 4.2]). Let f and g be two distinct non-
constant meromorphic functions sharing 0,1 and oo CM. If there exists a
finite complex number a (# 0,1) such that a is not a Picard value of f,
and such that Nyy(r,1/(f —a)) < uT(r,f)+ S(r, f), where u < 1/3, then
Nyy(r,1/(f —a)) = 0, and f, g are given by one of the following nine ex-
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PTessions:
(i) f:ejj__ll, gzi_?j__ll witha:%;
(i) fzzz:j, g:Z_:j with a = —3;
(iii) f::;%ll, g:::;% witha:%;
e —1 e —1

. . . . _ 1.
(iv) f_ie?w—l’ 9= 3 with a = —3;

(v)f:€77 1 9 e wztha:i,
(vi) f= iy__ll’ g e;::l with a = 4;
(vil) f = ;2;__11, = ?27 —~ with X2 # 1 and a>X> = 4(a — 1);
(viii) f = %, g= /1\2__;__11 with A # 1 and 4a(1l — a)\ = 1;
(ix) f:%, 9:61_7:1 with X # 1 and (1 — a)? + 4a\ = 0;

A
where v is a nonconstant entire function.

From Lemmas 2.3 and 2.9 we get the following result.

LEMMA 2.12 (see [11, proof of Theorem 6]). Let f and g be two distinct
nonconstant meromorphic functions such that f and g share (0,k1), (1, k2)
and (00, k3), where ki, ko and ks are three positive integers satisfying (1.1),
and let a (£0,1,00) and b (£ 0,1,00) be two small meromorphic functions
of f. If
(2.46) N(Zl)('f', a,b) + N(LQ) (rya,b) = S(r, f)
and

N(r,1/(f —a)) + N(r,1/(g = b)) — 2No(r,a,b) = S(r, f),

then f is a quasi-Mobius transformation of g.

3. Proofs
Proof of Theorem 1.1. We discuss the following two cases.

CASE 1. Suppose that f is a quasi-Mobius transformation of g. Then f
and g satisfy one of the six relations (i)—(vi) in Lemma 2.1. We discuss the
following two subcases.
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SUBCASE 1.1. Suppose that

(3.1) No(r,a) # S(r, f).

Then from (3.1) and the six relations (i)—(vi) in Lemma 2.1 we see that f—a
and g — a share 0 CM*. From this and the condition that f and g share the
set {a,b} IM, we see that f — b and g — b also share 0 CM*. Noting that f
and g share 0, 1 and oo IM, by Lemma 2.2 we get f = g, which contradicts
the assumptions of Theorem 1.1.

SUBCASE 1.2. Suppose that

(3.2) No(r,b) # S(r, f).

Then in the same manner as in Subcase 1.1 we get a contradiction.
SUBCASE 1.3. Suppose that

(3.3) No(r,a) + No(r,b) = S(r, ).

Noting that f and g share the set {a, b} IM, from (3.3) and the six relations

(i)—~(vi) in Lemma 2.1 we see that f —a and g — b share 0 CM*, and that
f —band g — a share 0 CM*. We discuss the following four subcases.

SUBCASE 1.3.1. Suppose that f and g satisfy one of the three rela-
tions (i)—(iii) in Lemma 2.1. Then two of 0, 1 and oo are exceptional small
functions of f. From this and the condition that f — a and g — b share 0
CM*, and the condition that f — b and g — a share 0 CM*, we see that
NG 1/(f - a) = N, 1/(g — b)) + S(r, f) # S(r, f) and N(r, 1/(f — b)) =
N(r,1/(g—a))+S(r, f) # S(r, f). From this we get I(i)—(iii) of Theorem 1.1
respectively.

SUBCASE 1.3.2. Suppose that f and g satisfy the relation (iv) of Lem-
ma 2.1. Then it follows that 1, ¢ are two exceptional small functions of f,
and 1, 1/c are two exceptional small functions of g. If N(r,1/(f — a)) +
N(r,1/(g—"b)) = S(r, f), then N(r,1/(f —b)) = N(r,1/(g —a))+ S(r, f) #
S(r,f), and so a = ¢ and b = 1/c. From this we get I(iv) and I(v) of
Theorem 1.1. Similarly, if N(r,1/(f—a)) = N(r,1/(g—b))+S(r, f) # S(r, f)
and N(r,1/(f=b))+N(r,1/(g—a)) = S(r, f), then b = cand a = 1/¢, and so
we have I(vi) and I(vii) of Theorem 1.1. If N(r,1/(f—a)) = N(r,1/(g—b))+
S(r,f) £ S(r. f) and N(r,1/(f — b)) = N(r.1/(g — a) + S(r, 1) £ S(r. )
then we have I(iv) and I(vi) of Theorem 1.1.

SUBCASE 1.3.3. Suppose that f and g satisfy the relation (v) of Lem-
ma, 2.1. Then it follows that 0 is the only exceptional small function of f
and g, and f, g are given by

c—1 |

4 _ T e
(3.4) a1 9T Sy
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where ~ is a nonconstant entire function. From (3.4) we deduce

—ae’+ (a+c—1) —be "+ (b+ct—1)
(85 f-a e’ —1 ’ e’ —1

From (3.5) and the relation (v) of Lemma 2.1, in the same manner as in
Subcase 1.3.2 we get the conclusions I(viii)—(xi) of Theorem 1.1.

SUBCASE 1.3.4. Suppose that f and g satisfy the relation (vi) of Lem-
ma 2.1. Then it follows that oo is the only exceptional small function of f
and g, and f and g are given by

e’ —1 e 7T -1
(36) = 9T e
where 7 is a nonconstant entire function. From (3.6) we deduce
T — (1 —1 T — (14+b(ct =1
61 e o(talo1) e (b 1)
c—1 cl—1

From (3.7) and the relation (vi) of Lemma 2.1, in the same manner as in
Subcase 1.3.2 we get the conclusions I(xii)—(xv) of Theorem 1.1.

CASE 2. Suppose that f is not a quasi-Mobius transformation of g. From
the condition that f and g share 0, 1 and co IM we get

(3.8) S(r, f) = S(r,9).
Let
—1
(39> gj = hy,
(3.10) g = ho,
(3.11) ho = Z;
From (3.8)-(3.11) and Lemma 2.3 we get
(3.12) N(r,h;)+ N(r,1/h;) = S(r, f) (1 =0,1,2).

Noting that f is not a Mdbius transformation of g, from (3.8)—(3.11) we see
that none of hy, ho and hg is constant. From (3.9)—(3.11) we get

hy—1

1 =
(3.13) f ho 1’
hyl—1
3.14 =1 )
(3.14) 9= 5T

From (3.9), (3.10), (3.13) and (3.14) we get

(h1 — 1) (1 — hohy ")
hg —1 '

(3.15) f—g=
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From (3.8) and (3.11)—(3.15) we get
(3.16) No(r) = No(r, 1; hy, ho) + S(r, f) = No(r, 15 hi, he) + S(r, f).
We discuss the following three subcases.
SUBCASE 2.1. Suppose that (3.1) and
(3.17) No(r,b) = S(r, f).
Then from (3.1) we get
(3.18) No(r) # S(r, f).
From (3.16) and (3.18) we get
(3.19) No(r,1; h1,ha) # S(r, f).

From (3.12), (3.19) and Lemma 2.4 we see that there exist two integers s
and t (|s| + |t| > 0) such that

(3.20) h§hh = 1.
Substituting (3.9) and (3.10) into (3.20) we get
(3.21) fif=17=¢'(g-1)"

Noting that f is not a M&bius transformation of g, from (3.21) we deduce
that s # 0, and ¢ # 0 and |s| # |¢|, and so it follows from (3.21) that f and
g share 0, 1 and oo CM. Noting that f is not a Mobius transformation of g,
from (3.18) and Lemma 2.5 we see that f and g are given by one of the
three expressions (i)—(iii) of Lemma 2.5. Applying (3.17), Lemmas 2.6, 2.7,
2.9, 2.10, and the condition that f and g share the set {a,b} IM, we get

(3.22)  T(r,f) = T(r,g) = Noy(r, 1/(f = a)) = Nyy(r,1/(g = b)) = S(r, [),
(3.23)  T(r,g) = T(r, ) = Noy(r, 1/(g — a)) = Noy(r; 1/(f = b)) = 5(r, f).
Let

_f'(f=a) glg—a)

fF=1 glg-1)
Noting that f and g share 0, 1 and co CM, from (3.8) and (3.24) we get
T(r,p) = S(r, f). Applying (3.1) and (3.24) we get ¢ = 0, which reads

nr 1o
(3.25) F'(f=a) _glg—a)
fF(F=1  glg=1)
and (3.25) can be rewritten as
/ / !/ /

(3.26) o9 _ e« (F_9)

f-1 ¢g—-1 a-1 f g
From (3.26) and (i)—(iii) of Lemma 2.5 we see that a is a constant. Let zy be
a zero of g — a with multiplicity 2, and a zero of f —b with multiplicity < 2.

(3.24)
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Then it follows from (3.23) and (3.25) that f'(z0) = ¢'(z20) = 0. Applying
(3.8), (3.9), (3.12) and Lemma 2.9, we get

(327)  Np(r,1/(g —a))

1 1 1
= Pl gma) ol(rgma) (i)
g—a g—a g—a

/! /
=2m(r,L)+N(r,-L )} + S f) =S f).
h1 hy
Similarly, from (3.22) and (3.25) we get

(3.28) Nio(r,1/(f —a)) = S(r, f).
If b is not a constant, then b # 0. Applying (3.22), (3.25), (3.28), Lem-
ma 2.10, the condition that f and g share 0, 1, co IM, and the supposition
that f is not a quasi-M&bius transformation of g, we get

N(l,?)(rv f7a7b) < Nl)(Ta 1/(f - (l)) + S(T, f)

< N(r,1/{¥/(b—a)}) + S(r, f) = S(r, f),

which together with (3.28) implies (2.46). Again from (3.17), (3.22) and the
condition that f and g share the set {a,b} IM we get

N(r,1/(f —a)) + N(r,1/(g = b)) = 2No(r,a,b) = S(r, f);
this together with (2.46) and Lemma 2.12 implies that f is a quasi-Mdbius
transformation of g, which contradicts the above supposition. Thus &’ = 0,

and so b is a constant. Noting that a # b and that f and g share 0, 1, oo
CM, from (3.22), (3.23) and (i)—(iii) of Lemma 2.5, we get

(3.29) g—b=0 = f—a=0,

(3.30) f-b=0 = g—a=0.

From (3.29), (3.30) and (3.25) and the assumptions of Theorem 1.1 we get
(3.31) Niyy(r,1/(g = b)) + Nyy(r, 1/(f = b)) = 0.

From (3.31) and Lemma 2.11 we see that f and g are given by one of the
nine expressions in Lemma 2.11. Suppose that f and g have the form (i) of
Lemma 2.11. Then
e —1 e 3 —1

(332) _6’7—17 9_6_7_17
with b = 3/4. From (3.26)—(3.28) and (3.32) we get a = 3, and so we obtain
the conclusion II(i) of Theorem 1.1. Suppose that f and g have one of the
forms (ii)—(ix) in Lemma 2.11. As above we obtain the conclusions II(ii)—(vi)
of Theorem 1.1, where a = 3/2 and b= —3; a =1/3 and b =4/3; a = 2/3
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and b = —1/3; a = —2 and b = 1/4; and @ = —1/2 and b = 4, in the
cases II(ii)—(vi) of Theorem 1.1 respectively.

SUBCASE 2.2. Suppose that (3.2) and

(333) NO(Ta a) = 5(7"7 f)
Proceeding as in the proof of Subcase 2.1, we get the conclusions II(i)—(vi)
of Theorem 1.1, where a = 3/4 and b = 3; a = —3 and b = 3/2; a = 4/3
and b=1/3;a =—-1/3 and b =2/3; a =1/4 and b = —2; and a = 4 and
b= —1/2, in the cases I1(i)—(vi) of Theorem 1.1 respectively.

SUBCASE 2.3. Suppose that (3.3) and (3.18) hold. Proceeding as at the
beginning of Subcase 2.1 we see that f and g share 0, 1, co CM, and that
f, g are given by one of the three expressions (i)—(iii) of Lemma 2.5. Apply-
ing (3.3), Lemmas 2.6, 2.7, 2.9, 2.10, the condition that f and g share the set
{a,b} IM, and the supposition that f is not a quasi-Mébius transformation
of g, we get

T(r,f) = T(r,g) = Noy(r,1/(f — a)) = Noy(r,1/(g — b)) + S(r, f)

= N(2,1)(r7a7 b) - N(I,Q)(raaa b) + S(T’, f) - S<T7 f)u
so
(334) N(Zl) (’I”, a, b) - N(LZ) (7", a, b) = S(T, f)
If (2.46) holds, from Lemma 2.12 we see that f is a quasi-M&bius transfor-
mation of g, this contradicts the above supposition. Thus N(Q’l)(r, a,b) +
N(LQ) (r,a,b) # S(r, f). Applying (3.34) we get

(335) N(?,l) (T‘, a, b) 7é S(Tv f)a
(3.36) N(Lz)(r,a,b) #S(r, f).
From (3.8)—(3.11) and (3.13)—(3.14) we get

_hi—ahpta—1

(3.37) f—a= ho — 1 ;
hit—bhgt +b—1
(3.38) g—b=-1 halo— :
and
(3.39) T(r,g) +T(r,h1) +T(r,ho) = O(T(r, f)) (r & E).
From (3.11), (3.12) and (3.39) we get
(3.40) T(r,o) +T(r,8) = S(r, f);
here and below,
(3.41) a= M and [ = ho

T ho
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From the supposition that f is not a quasi-Mo6bius transformation of g, we
get a8 —aa +a’ #Z 0. Let 2p be a zero of f — a with multiplicity 2, and of
g — b with multiplicity 1, such that zo € Sy, where

(3.42) S1={z:a(z) =0,00} U{z:[(z) =0,00}
U{z:0(2) —a(z) =0,00}.
From (3.37) and (3.42) we get

(343) h1 (Zo) — a(ZO)ho(Zo) + a(zo) —-1=0
and
(3.44) hl(Zo)Oé(Zo) — ho(Zo)[a,(Z(]) + G(Z()> . ﬂ(Z(])] + CL,(ZQ) = 0.

From (3.43) and (3.44) we get
{a(20) — a*(20)}8(20) + a'(20)

(3.45) ha(z0) = a(20)B(20) — a(z0)a(z0) + a'(20)
_ d(20) + {1 — a(z0) }ou(20)
(3.46) ho(z0) = a(20)B(z0) — a(zo0)a(z0) + a’(20)
Let
(3.47) fi= (af — a0 + a')hy fo= (ag—anra)ho

(a—a?)B+a ~ +(1-—a)a
(348)  T(r)=T(r, 1) +T(r, f2), S(r)=o(T ( ) (r—o0,r ¢ E).
From (3.8)—(3.11), (3.41), (3.47) and (3.48) we get
f

(3.49) S(r) = S(r, f)-

On the other hand, from (3.8), (3.12), (3.40), (3.47)-(3.49) we have
(3.50) N(r fj) + N(r,1/f;) = S(r)  (j=1,2).

From (3.45)—(3.47) we have fi(z0) = f2(20) = 1, and so

(3.51) N1)(r,a,b) < No(r, 1; f1, fa) + S(r).

From (3.35), (3.49) and (3.51) we have

(3.52) No(r,1; f1, f2) # S(r).

From (3.47), (3.48), (3.50), (3.52) and Lemma 2.4 we know that there exist
two integers s and ¢ (|s| + [t| > 0) such that

(3.53) fofh=1.

From (3.8)—(3.10), (3.40), (3.47), (3.53) and Lemma 2.7 we get
(3.54) T(r,f)=T(r,g9)+ S(r, f).

On the other hand, from (3.9)-(3.11) we have

(3.55) ]’L[)(Zo) . b(Z()) 1 . b(Z()) -1

hl(ZO) N CL(Z())’ hl(ZO) - CL(Z()) — 1'
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Now (3.44) can be rewritten as

336 ale) ~ 12 o)+ alan) - Blan)] + - = 0.
From (3.55) and (3.56) we get
357)  ao0) — 22 [al(a0) +alza) - B+ an) - DL~ 0

From (3.35) and (3.57) we get

(3.58) o Yataf) b=V,

a a—1

Similarly, from (3.36), (3.38), in the same manner as above we deduce
a =bp)  (a—1)1
-0 — 5 + b1 0.
Again from (3.3), (i)—(iii) of Lemmas 2.5-2.7 and Lemmas 2.9-2.10, and
from the condition that f and g share the set {a,b} IM, we deduce
T(r, f) =T(r,g) = Noy(r, 1/(f = b)) = Nay(r, 1/(g — a)) + 5(r, f)
= N(Q,l) (T‘, b, CL) - N(I,Q) (Tv b, CL) = S(T’ f),

(3.59)

S0
(360) N(Zl) (’I”, b, CL) - N(1,2) (7", b, a) = S(T, f)
If N 21)(r,b,a)+N @ 2)(r,b,a) = S(r, f), from Lemma 2.12 we see that f is a

quasi-Mobius transformation of g, which contradicts the above supposition.
Thus N (9,1)(r,b,a) + N(1,2)(r,b,a) # S(r, f). From this and (3.60) we get
(361) N(Q,l) (T7 b7 (I) 7é S(Ta f) and N(1,2) (T) ba CL) 7é S(T, f)
Proceeding as in the proof of (3.58) and (3.59), from (3.61) we get

/ . _ 1 /
Oé_a(b%—b ﬁ)+(a '

(3.62) - =0,
(3.63) o Mazad)  b=Vd
a a—1

From (3.58) and (3.63) we get o’ = 0. Similarly, from (3.59) and (3.62) we
get b = 0. Applying (3.58) and (3.59) we have a — b3 = 0 and a — a8 = 0.
Thus from (3.41) and a # b we get S = h{/ho = 0, which implies that
h{, = 0, and so hy = ¢, where ¢; (# 0) is a finite complex number. Applying
(3.9)—(3.11) we see that f is a Mdbius transformation of g, which contradicts
the above supposition.

SUBCASE 2.4. Suppose that
(3.64) No(r) = S(r, f).
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Then from (3.64) we get (3.3). From (3.3) and the condition that f and g
share the set {a,b} IM we have

(365) N(Tv ]-/(f_a))_NO(Taa?b) :S(va)a
(366) N(T’, 1/(f—b))—N0(r,b,a) :S(T7f)
From Lemma 2.3 we see that f and g share 0, 1 and co CM*. Applying (3.65),

Lemmas 2.9, 2.10, and the condition that f and g share the set {a,b} IM,
we get

(3.67)  T(r,f)—=T(r,g) = Ny (r, fl—a) — Ny <’I“,
and

(3.68)  Nyy(r,1/(f —a)) — Nyy(r,1/(g — b))
= N(Zl)(r,a, b) — N(Lg) (r,a,b) + S(r, ).

If (2.46) holds, then from (3.68) and Lemma 2.12 we see that f is a quasi-
Mobius transformation of g, which contradicts the above supposition. Thus

Ngy(r,a,b) + N(19)(r,a,b) # S(r, f).
Proceeding as in Subcase 2.3 we have (3.37)—(3.54). From (3.54), (3.67)
and (3.68) we have (3.34)—(3.36). In the same manner as in Subcase 2.3
we have (3.58). Similarly, from (3.54), (3.66) and in the same manner as in
Subcase 2.3 we get (3.59)—(3.63). From (3.58), (3.59), (3.62) and (3.63) we
get @’ = b/ = 0, which reveals that a and b are two distinct finite complex
numbers. Moreover, from (3.58) and (3.59) we have a« —b3 = 0 and o —aff =
0. Applying (3.41) and a # b we get 3 = hy/ho = 0, which implies that
hiy =0, and so hg = ¢, where ¢; (3 0) is a finite complex number. Applying
(3.9)(3.11) we see that f is a Mobius transformation of g. This contradicts
the above supposition.
Theorem 1.1 is thus completely proved.

25) + s,

Proof of Theorem 1.2. We discuss the following two cases.

CASE 1. Suppose that f is a quasi-Mo6bius transformation of g. Then
from the condition that f = a = g = b we see that f — a and g — b share
0 CM*. Noting that f and g are entire functions, from Lemma 2.1 we see
that f and ¢ satisfy one of the relations (i), (ii) and (vi) of Lemma 2.1.
Proceeding as in Case 1 of the proof of Theorem 1.1 we get I(i), I(iii), I(xii)
and I(xv) of Theorem 1.1.

CASE 2. Suppose that f is not a quasi-Mobius transformation of g. Pro-
ceeding as in Case 2 in the proof of Theorem 1.1 we get (3.8)—(3.16). From
the condition that @ Z b and f = a = g = b, we get (3.33). We discuss the
following three subcases.
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SUBCASE 2.1. Suppose that (3.2) holds. Noting that f and g are entire
functions, from (3.2), (3.33), in the same manner as in Subcase 2.2 of the
proof of Theorem 1.1 we get II(i) of Theorem 1.1 with a = 3/4 and b = 3,
and get II(v) of Theorem 1.1 with a =1/4 and b = —2.

SUBCASE 2.2. Suppose that (3.17) and (3.18) hold. From (3.17) and
(3.33) we get (3.3). Noting that f and g are entire functions, from (3.3),
(3.18), in the same manner as in Subcase 2.3 of the proof of Theorem 1.1
we get a contradiction.

SUBCASE 2.3. Suppose that (3.64) holds. From (3.16) and (3.64) we get

(3.69) No(r, 13 h1, ho) = S(r, f).
From (3.8)—(3.12), (3.69) and the second fundamental theorem we deduce
(3.70) T(r, ho) = S(r, f).

From (3.13), (3.14) and (3.70) we get (3.54). From (3.54), Lemmas 2.9, 2.10
and the condition that f = a = g = b we get (3.34), (3.67) and (3.68). Next
in the same manner as in Subcase 2.4 of the proof of Theorem 1.1 we get
contradictions.

Theorem 1.2 is thus completely proved.

Acknowledgements. The authors wish to express their thanks to the
anonymous referee for his valuable suggestions and comments.

This project was supported by the NSFC (No. A0324617), the RFDP
(No. 20060422049), the NSFC (No. 10771121) and the NSF of Shandong
Province, China (No. Z2008A01).

References

[1] T. C. Alzahary and H. X. Yi, Weighted sharing three values and uniqueness of
meromorphic functions, J. Math. Anal. Appl. 295 (2004), 247-257.

[2] —, —, Meromorphic functions that weighted sharing three values and one pair,
Kodai Math. J. 29 (2006), 13-30.

[3] G. Brosch, Eindeutigkeitssdtze fiir meromorphe Funktionen, Thesis, Technical Univ.
of Aachen, 1989.

[4] F. Gross, On the distribution of values of meromorphic functions, Trans. Amer.
Math. Soc. 131 (1968), 199-214.

[5] G. G. Gundersen, Meromorphic functions that share three or four values, J. London
Math. Soc. 20 (1979), 457-466.

[6] W. K. Hayman, Meromorphic Functions, Clarendon Press, Oxford, 1964.

[7] —, Weighted sharing of three values and uniqueness of meromorphic functions,
Kodai Math. J. 24 (2001), 421-435.

[8] I. Lahiri, Weighted sharing and uniqueness of meromorphic functions, Nagoya Math.
J. 161 (2001), 193-206.

[9] 1. Lahiri and P. Sahoo, On a result of G. Brosch, J. Math. Anal. Appl. 331 (2007),
532-546.



Uniqueness of meromorphic functions 23

[10] I. Laine, Nevanlinna Theory and Complex Differential Equations, de Gruyter,
Berlin, 1993.

[11] P. Li and C. C. Yang, On two meromorphic functions that share pairs of small
functions, Complex Variables Theory Appl. 32 (1997), 177-190.

[12] X. M. Li and H. X. Yi, Meromorphic functions sharing three values, J. Math. Soc.
Japan 56 (2004), 147-167.

[13] —, —, Uniqueness of meromorphic functions whose derivatives share four small
functions, J. Math. Anal. Appl. 352 (2009), 573-582.

[14] A. Z. Mokhon’ko, On the Nevanlinna characteristics of some meromorphic func-
tions, in: Theory of Functions, Functional Analysis and Their Applications, Vol. 14,
Izd-vo Khar’kovsk. Un-ta, 1971, 83-87.

[15] C. C. Yang and H. X. Yi, Uniqueness Theory of Meromorphic Functions, Kluwer,
Dordrecht, 2003.

[16] H. X. Yi, Uniqueness theorems for meromorphic functions concerning small func-
tions, Indian J. Pure Appl. Math. 32 (2001), 903-914.

[17] —, Meromorphic functions with weighted sharing of three values, Complex Variables
Theory Appl. 50 (2005), 923-934.

[18] Q. C. Zhang, Meromorphic functions sharing three values, Indian J. Pure Appl.
Math. 30 (1999), 667—682.

Department of Mathematics Department of Mathematics

Ocean University of China Shandong University

Qingdao, Shandong 266071 Jinan, Shandong 250100

People’s Republic of China People’s Republic of China

E-mail: xmli01267@Qgmail.com E-mail: hxyi@sdu.edu.cn

Received 31.5.2008
and in final form 21.12.2008 (1885)






