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Markov operators and n-copulas

by P. MikusiNskI and M. D. TAYLOR (Orlando, FL)

Abstract. We extend the definition of Markov operator in the sense of J. R. Brown
and of earlier work of the authors to a setting appropriate to the study of n-copulas. Basic
properties of this extension are studied.

1. Introduction. In [3], J. R. Brown introduced Markov operators as
positive operators T : L>°(X) — L*(X) satisfying T1 =1 and {, T f dv =
SX fdv where (X, A,v) was a given probability space. One of his main in-
terests was the role played by the particular operators T, f = f o ¢ in-
duced by invertible measure-preserving ¢ : X — X. Another was in the
fact that under the constraints he imposed, there was a one-to-one cor-
respondence between the set of Markov operators T on X and the set
of doubly stochastic measures p on X x X. (To say that u was doubly
stochastic in this setting meant that for measurable sets A of X, one had
H(A x X) = u(X x A) = v(A).)

It would appear that an inspiration for Brown’s definition of Markov op-
erator was the theory of Markov processes. One might think of 7" : L>(X) —
L>(X) as describing the “evolution”, f +— T f, of a function over a fixed
time interval. However, we found Brown’s work interesting because of its
applicability to a different mathematical scenario.

Brown required his probability measure v to be nonatomic, which im-
plied, by results on Borel equivalences (see, for example, [14]), that one
could take X to be the unit interval, I = [0,1], v could be taken to be A,
1-dimensional Lebesgue measure on I, and p would be a doubly stochastic
measure on I2. A 2-copula is a function C : I? — I which is related to a
doubly stochastic measure p on I? by C(z1, x2) = p([0, z1] % [0, 22]). (C may
be regarded as the joint distribution function of two random variables that
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are uniformly distributed over I.) Then one has the following:

doubly stochastic} 11 {Markov operators}
—> .

2-copulas RN {
on L*>(I)

measures on 12
In [8]-[10], advantage is taken of the correspondence between 2-copulas and
Markov operators to introduce and study a type of sequential convergence of
2-copulas. There is also a noteworthy connection between Markov operators
and a certain product of 2-copulas that is introduced in [5] and that is of
interest in the study of Markov processes: If A and B are 2-copulas, the
2-copula A * B is their product, and T4, T, and T4.p are the associated
Markov operators, then

Taxp =1BTA.

Most work on copulas has been with 2-copulas. However, n-copulas for
n > 2 are also of interest. They can be used in modelling systems involv-
ing random variables and in studying dependence relations for n-tuples of
random variables. (See [13] and [15] for an overview.) Some instances of a
desire to push the use of copulas into higher dimensions are [2], [6], [12], and
[16] where copulas are used to investigate measures of concordance.

It is the goal of this paper to generalize the concept of a Markov oper-
ator in a way that will be useful for the study of n-copulas. An important
difference from the previously considered 2-dimensional case is that since we
have many different factorizations I™ = IP x I? of the n-dimensional cube,
we have many different Markov operators T' : L>°(IP) — L°°(I?) associated
with a given n-copula C'. Some particular topics that we examine are these:

1. The association of Markov operators with integral kernels and partial
derivatives of copulas.

2. “Joining” or “composing” copulas to obtain new copulas.

3. Convergence of copulas. The papers [7]-[10] use Markov operators to
study this topic for 2-copulas. For this topic we draw on [11] which
investigates approximations of n-copulas.

2. Markov operators. First, a few words about the general setting:

If (X,X), and (Y,Y) are measurable spaces, then X x Y is automatically
considered to be the measurable space with the product o-algebra X xY. We
shall rarely bother to mention X or Y and shall just assume their existence.

We shall usually denote probability measures on X and Y as ux and py
respectively. If u is a probability measure on X x Y, we say that ux and
wy are the marginals of p provided

px(R) = p(Rx Y) and py(8) = p(X x 9)
whenever R € X and S € Y.
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Assume that px and py are the marginals of p. If f: X — R is a mea-
surable function, then, in a trivial way, we may consider that f : X x Y — R
by identifying f with f’ such that f'(z,y) = f(z) where z € X and y € Y.
Further, we may consider that LP(X) “C” LP(X xY) for 1 < p < oco. In
the case where 1 < p < oo, this follows from the fact that for f € LP(X) it
can easily be seen that {, fdux = {y .y fdp. Indeed, for such f we have
equality of LP-norms, || f|lx = || f|lxxy, so we are justified in simply writing
| f]|. Similarly we have LP(Y) “C” LP(X x Y).

Now we are ready for Markov operators.

DEFINITION 1. A linear operator T : L*(X) — L*®(Y) is called a
Markov operator if

(a) T1=1,
(b) for every f e L>®(X), f > 0 implies T'f > 0,
(¢) Vv Tfduy =y fdux for every f e L>(X).

Note that (a) and (b) imply that Markov operators are bounded. Another
basic property of Markov operators is that we can just as well take them as
being defined on all the LP-spaces for 1 < p < co.

THEOREM 1. Let T : L*°(X) — L*(Y') be a Markov operator. For every
p > 1, T has an extension to a bounded operator T : LP(X) — LP(Y).

Proof. Let f € L*>(X). Since

VITflduy <\ TIfldpy = | | fldpx
Y Y X

and L>®°(X) is dense in L'(X), T has a unique extension to a bounded
operator T : L'(X) — LY(Y). Hence, by the Riesz—Thorin theorem, T has
a unique extension to a bounded operator T : LP(X) — LP(Y) for every
l1<p<oo. m

ExXAMPLE 1. Here is perhaps the simplest example of a Markov operator:
Let ¢ : Y — X be a measurable map where the probability measure puy on Y
is given and the probability measure px on X is defined by

px(S) = py (671(S)).

Then the map T : L*°(X) — L*°(Y) defined by T'f = f o ¢ is easily verified
to be a Markov operator.

EXAMPLE 2. A doubly stochastic measure is a probability measure v on
the unit square, I? = [0, 1]2, having the property that v(Ax I) = v(I x A) =
the one-dimensional Lebesgue measure of A whenever A is a Borel subset of
I =0, 1]. In this example we construct a Markov operator that induces an
analogue to a checkerboard approximation of a doubly stochastic measure.
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(See, for example, [4] and [8] for checkerboard approximations of doubly
stochastic measures. We also later define the checkerboard approximation
to an n-copula.)

Consider the probability spaces (X, ux) and (Y, uy). Let Ry, ..., Ry C X
and S1,...,5n CY be partitions of X and Y into subsets of positive mea-
sure. Define rj = sp = 0 and

i J
r; = Z,uX(Rn) and s; = Z wy (Sp)
n=1 n=1

forte=1,...,kand j=1,...,m. Then 0 =rp < r; < --- <7 =1 and
0=350< s <--<8n=1.Let v be a doubly stochastic measure on I2.
Fori=1,...,kand j=1,...,m define

v([ri—1,mi] % [sj-1, 85])
px (Ri)py (Sj)

It is straightforward to verify that the operator T' : L*(X) — L>®(Y)
defined by

Az‘j =

k. m
TF =33 45( | fdux)xs,
i=1 j=1 R;
is a Markov operator.

Note that the restriction to R;, x Sj, of the measure p induced by T (see
Theorem 2 below) on X x Y is a product measure, for any ig = 1, ...,k and
jo=1,...,m. Indeed, if A C R;, and B C S}, are Borel sets, then

1A X B) = Aigjopix (A)py (B).

This is analogous to the way checkerboard approximations of doubly stochas-
tic measures are constructed.

The next theorem exhibits the most important property of a Markov
operator, its relation to a probability measure on X x Y.

THEOREM 2. Assume px and py are probability measures on X and Y
respectively. Let T : L>®°(X) — L>®(Y') be a Markov operator. For measurable
sets RC X and S CY define

(1) w(R % S) =\ (Txr)xs duy

Y
Then p can be extended to a probability measure on X XY having px and
wy as its marginals.

If , on the other hand, p is a probability measure on X XY having px
and py as marginals, then there is a unique Markov operator T : L>®°(X) —
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L>(Y') such that

(2) \@hgduy = | fodp

Y XxY
for all f € L™(X) and g € L>®(Y). Furthermore, this T is related to u
by (1).

Proof. By Theorem 1.2.8 of [1],  can be extended to a measure if we
can show that it is “continuous” on an increasing sequence of rectangles.
Let R x 81 € Ry xSy C --- C X XY be a sequence of measurable sets
and let R x S = U;’;l R; x S;. The definition of a Markov operator implies
Txr, — Txr py-a.e. Hence (T'xr,,) xs, — (I'xr) xXs py-a.e. and, since the
sequence is increasing,

p(Rn x Sn) = (T'xr,)xs, duy — (Txr)xs dpy = p(R x S).
Y Y

Thus u extends to a (o-additive) measure.

It is easily seen that the marginals of p are px and py.

Now suppose we are given a probability measure p on X x Y with
marginals py and py.

Let f € L?(X) and g € L*(Y). By the Cauchy-Schwarz inequality, we
have

@ | § sean<(§ £a)”( ] a2an)” = 1fixlely.
Y

XxY X x XxY

Thus Iy : L*(Y) — R given by Il;(9) = {y,y fgdu defines a bounded
linear functional. By the Riesz representation theorem, there is a unique
Tf € L*(Y) such that

(4) \ fgdu=\(Tf)gdpy forallge L*(Y).
XxY Y

This defines a map T : L?*(X) — L?(Y). We need to check that T is a
Markov operator.

Linearity of T" follows from (4) and boundedness from (3). It is straight-
forward to show, by (4), that f > 0 implies Tf > 0 for all f € L*(X).
Moreover, for arbitrary g € L2(Y), we see from (4) that

V(rDgdpy = | gdu=\gdpy.
Y XXY Y

Thus T'1 = 1. It follows from the positivity of T that T': L>°(X) — L*(Y).
Finally, by taking g =1 in (4), we have

\Tfdpy = | fdu= | fdux.
Y XxXY X
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The relationship p(A x B) = {,.(T'x4)x s duy follows from (4) by setting
f=xaand g=xp. =

COROLLARY 1. There is a unique Markov operator T* : L*(Y) —
L>®(X) such that

(5) | f(@g) dpx = \(Tf)gdpy
X Y
forall f € L®(X) and g € L>=(Y).
The next most striking property of a Markov operator after its con-
nection with p is that T'f is a conditional expectation. To see this, it is
convenient to introduce the projection map 7 : X x Y — Y.

COROLLARY 2. If we regard f € L>®(X, ux) as being a random variable
on (X x Y, u), where ux and py are the marginals of u, then

(THy) = E(fIm=y) py-ae.
Proof. For every measurable B C Y, by equation (2) with ¢ = xp in
L>(Y) and g = X{repy in L=(X X Y), we have

V' fdu=\1fduy.

{reB} B

By the definition of conditional expectation, we get

(6) V' fdu=\E(f|m=y)duy(y).
{reB} B

The result is established.
We now develop a few other simple properties of Markov operators.

THEOREM 3. Suppose that we are given a measurable map ¢ : Y —
X and a probability measure puy on Y. Define a probability measure px
on X by pux(A) = uy(¢~(A)) for measurable A and a Markov operator
T:L®X)—=L*¥Y)byTf=fo¢p. Then:
1. The mass of the probability measure p induced on X XY by T is
concentrated on the graph of ¢.
2. w is an extremal element of the conver set

M = {v : v is a probability measure on X x Y with Y -marginal py }.
Proof. Let @ be the graph of ¢ and let 7 : X XY — Y be the natural
projection. For measurable S C X x Y, define
V(S) = iy (x(S N @),
It is straightforward to show that v is a measure on X x Y. (It may be helpful

to consider Figure 1.) Further, since v(X xY) = v(®) = uy (Y) = 1, we see
that v is a probability measure whose mass is concentrated on @. Next, for
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Fig. 1. S and the graph of ¢

measurable A C X and B C Y, it is easily checked that 7((A x B)N®) =
¢~1(A) N B. Tt follows that

V(A x B) = py (7((A x B)N®)) = py (¢~ ' (4) N B)
= Y xe1@xmdpy = §(xa o ¢) xpduy

Y Y
= {(Txa)xBdpy = (A x B)
Y

where the last step is justified by Theorem 2. Since this holds for measur-
able sets of the form A x B, we have u = v. Therefore the mass of u is
concentrated on &.

To show extremality of p in M, it suffices to suppose that we can write
= %f—i— %n where £, € M and show that we must have u = £ = n. Since
the mass of i is concentrated on @, the same must be true for ¢ and 7. For
measurable S C X x Y, it is easily shown that

SN®=(Xxn(SNP))Ne.
Using this and the fact that £ has Y-marginal puy, we see that
€(S) = £(SN®) = E((X x 7(SNP)) N®) = £(X x 7(S N ))
— v (x(S N B)) = u(S)

where the last step follows from the earlier part of this proof. Similarly,
n = w. Thus p is extremal in M. u

Next we consider another particularly simple Markov operator.

THEOREM 4. Suppose T : L*°(X) — L*(Y) is a Markov operator and
1 1s the associated probability measure on X X Y. Then T has the form

Tf=cs, a constant associated with f,

if and only if p = px X py. Further, ¢y =\ fdux = E(f), the expected
value of f.
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Proof. Suppose that T'f = cy. First notice that
e = \epdpy = {Tf dpy = | fdpx = E(f).
Y Y X

Now let A C X and B C Y be measurable sets. Appealing to Theorem 2,
we see that

wAxB)= | xa(@)xs()du(z,y) = | Txaduy
XxXY B

= ¢y q fiy (B) = px (A)py (B).

Hence pp = pux X py.

Now let us suppose that p = px X py. Let f € L>®(X) be a simple
function, f = >"}_, ¢xxa,, where each Ay is a measurable subset of X, and
let B be a measurable subset of Y. Appealing to Theorem 2, we have

\Trduy = | f@xs@ du,y) = o | xaxsdu

B X XY k X XY
= > u(Ax x B) =Y cxpx (Ap)py (B) = | E(f) dpy-
k k B

Thus T'f = E(f).

Now let f be an arbitrary element of L (X). There exists a sequence
of simple functions {f,} such that f, — f in L®(X). Since T is bounded,
Tf, — Tf in L*(Y), and since each T'f,, is a constant, the same must be
true for Tf. =

We now describe a method, mentioned in [7], of constructing a Markov
operator. The proof is easy and is essentially that of [7].

THEOREM 5 (Kulpa). Let (X, ux) and (Y, py) be probability spaces and
K be a nonnegative, real-valued, measurable function on X XY such that

| K(@,y)dpx(x) =1 py-ae, and | K(z,y)dpy(y) =1 px-ae.
X Y
Then:

1. The equation
Tf(y) =\ K(x,y)f(z) dux(z)
X

defines a Markov operator from L*°(X) to L>°(Y).
2. The probability measure p associated with T satisfies

u(8) = | K d(px % puy)
S

for measurable S C X x Y.
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3. The adjoint operator T* : L*°(Y) — L>®(X) is given by

T*g(x) = | K(z,9)9(y) duy (y).
Y
REMARK 1. We call K the kernel of the Markov operator T or of u with
respect to the marginals px and py.

COROLLARY 3. Let i be a probability measure on X XY with marginals
ux and py. Then the Markov operator T : L*°(X) — L*®°(Y) has a kernel
K : X xY — R if and only if p is absolutely continuous with respect to
wx X py. In this case,

dp
d(px x py)

Proof. We only consider the direction in which we start with p <
px X py. Then by the Radon—Nikodym theorem, i has a Radon—Nikodym
derivative with respect to ux X py. Let us set K equal to this Radon—
Nikodym derivative. From this and (A x B) = {5 T'’x a dpuy one can deduce

VTfdpy =\ | K(z,9)f(2) dpx () duy (y)

B BX
whenever f € L*®(X,ux) and B is a measurable subset of Y. It is then
easily seen that

S K(z,y)duy(y) =1 and S K(z,y)dux(z)=1. =
X Y

3. Copulas and Markov operators. Let us recall that an n-copula,
n > 2, is a function C': I — R satisfying the following:

1. C(x1,...,zy) =0 if any x = 0;

2. C(z1,...,2n) =ap if x; =1 for all j #k;

3. C is n-increasing. (This condition is defined in [13] and [15] in terms
of certain inequalities. It is more convenient for our purposes to use
the equivalent condition that there is a measure p on I™ such that

C(x1,...,xn) = p([0,21] X -+ x [0, 2y])
for all (z1,...,2,) € I™.)

We call the first two conditions the boundary conditions on a copula. We
refer to pu as the probability measure associated with C. Notice that if we
factor I"™ into one-dimensional and (n— 1)-factors, say, I" = I (n=1) % I, then
the marginal measures on I must always be A, one-dimensional Lebesgue
measure.

Another way to define an n-copula C is to say that it is a joint distri-
bution function for an n-tuple of random variables (X7, ..., X)) such that
each X} is uniformly distributed over I.
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Every n-copula C' with its associated probability measure p and every
factorization I™ = IP x I9, where p,q > 1, gives rise to an associated Markov
operator T : L (IP) — L°°(19).

ExAaMPLE 3. One important n-copula is
o™ (zq,...,xp) =1+ Tp.

The associated probability measure is A", n-dimensional Lebesgue measure.
The Markov operator T : L*°(IP) — L*°(19) associated with IT™ is

Tf(y) = S f(x)dx N-a.e.
IP
where x € I? and y € I1.

EXAMPLE 4. Another important n-copula is
M"™(x1,...,zy) = min(z1,...,ZTy).

The mass of the associated probability measure p is distributed uniformly
along the “diagonal” z; = --- = x, in I". Similarly, the mass of each
marginal measure p, and i, is uniformly distributed along the “diagonal”
xy = -+ = Tp and Tpp1 = -+ = x, of IP and 19 respectively. It follows
that f € L*(IP, ) is fully determined by considering f(tP) where tP is
the p-tuple (¢,...,t) € IP for every t € I. Then the Markov operator 7T :
L>(IP) — L (17) is defined by
Tf(t?) = f(t’) pgae.

3.1. Differentiable n-copulas. In what follows, we will find it convenient
to refer to densities of copulas: For any n-copula C, we use the notation

o"c
8.%1 ce aﬂjn’
assuming the mixed partial exists. We say that C") is a density for C

provided

1. C™ exists A™-a.e. on I".
2. For all Borel subsets S of I"™, we have

pu(S) = [t axe
S
where p is the probability measure associated with C.

o —

Let I = 1P x 19, p,q > 1, and let n and £ be the marginal measures of
on I? and I? respectively. Set 17 = (1,...,1) € IP and 19 = (1,...,1) € I9.
Assuming C has a density C™, it will also be useful for us to set

/4 q
s (z,y), C9(z,y) 0

(p) - -

(z,y)
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where z = (x1,...,2,) € I and y = (zp1,-..,2Ty) € 1% From the fact that
n([0, z]) = p([0, z] x I?) = C(x,1?), we deduce

n(4) = | CP)(x,1%) da.

A
Similarly,
§B) = c917,y) dy.
B
Thus

(n x €)(S) = | W) (2,190 (17, y) d dy
S

for S a Borel subset of I"™. Using this notation, we then have the following:

THEOREM 6. Let C' be an n-copula with continuous density C™. If T
is the Markov operator T': L*>°(IP,n) — L*°(19,£), then T has the kernel

C(z,y)

K(l‘ay) = O(p)(IL‘, 1q) C(q)(lp’y) n X £—a.e.
Further,
" (z,y)
Tf(y) = ISP W f(@)dz  &-ae.

for f € L>(IP,n) where it may be assumed, without loss of generality, that
f(z) = 0 whenever CP)(x,19) = 0.

Proof. If the kernel of T exists, it has the form

dp
K=——7",
d(n x €)

so showing the existence of K requires us to show that p < n x £&. Once we
have done that, it is trivial to check the forms of K(z,y) and T'f(y) using
the integral formulas for u, 1, &, and n x &.

Choose (z,y) € I? x I? such that C™(z,y) > 0. There exist € > 0 and

open sets J, and J, in I? and I? respectively such that x € Jp, y € J;, and
O™ (u,v) > ¢ for all u € J, and v € J,. Then

C@r,y) = | C" (u,y)du > eX(J,) > 0.
Ir
Similarly, C®)(z, 1?) > 0. Thus C®(z,19) C@(17,y) > 0.
Choose a Borel subset S C I" such that (g x £)(S) = 0. Set

So = {(z,y) € S : OV (2,19 CD (1P, y) = 0}
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and S = S — Sp. We know that if C®)(z,19)C@ (17, y) = 0, then C™(z, y)
=0. So
p(S) = p(S1) + | ¢ AN = u(Sy)
So
C(z,y)

Ssl C®)(z,19)C@ (17, y)

= | Kdinx ¢ =o.
S1
Thus p<Kn x§. m

REMARK 2. If p = n— 1 and ¢ = 1, then C(1"" ! y) = y so that
CM (171 y) = 1. Then T takes on the particularly simple form of

onC
Tfy) = | G oo @y f@)de Gae
Jn—1

where z € I" ! and y € I.

CP)(2,19CD (17, y) dx dy

3.2. First partials of copulas. Higher order partial derivatives of copulas
may fail to exist or fail to provide useful information about the copula. For
example, if M?(z,y) = min(z,y), then the mixed second order partial of M?
is zero everywhere except along the diagonal x = y where it is undefined.

However, first partials exist almost everywhere and the copula can be
reconstructed from them.

If we factor I™ thus: I™ = I? x I x I, where the indicated I is the kth
factor of I™, then we designate

IR — Py 19 = {(z1, X1, Tl 1y e -y Tn) 2 (T2, ey y) € I7)

This may merely seem a way to write I”~1, but we are to think that the x;’s
in 1K) “remember” their positions in I™. By a slight abuse of notation, we
also feel free to interpret (™% x T as I? x I x I9 rather than I? x 17 x I.

Let 1 be the probability measure associated with the n-copula C', n > 2.
We denote the marginal measure on 1% as ;("*) So p("*)(S) = (S x I)
when S is a Borel subset of 1. For k = 1,...,n, we have a Markov
operator

TF . L™k — L1, \)

associated with p.

It can also be useful to keep in mind that if Xy : I"" — [ is the projection
map Xi(t1,...,t,) = tg, then

T f(x) = E(f | Xk = ).

Here is the connection between first partials of copulas and Markov op-
erators:
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THEOREM 7. Let C be an n-copula with associated probability measure p.
Then fori=1,...,n and (x1,...,t,...,z,) € I" we have

oC
8:@

(X1, eoytyeymy) = w([0,z1] X - T X [0, 2] | X5 = 1)

=T'xr(t) At)-a.e.
where t and I occur in the ith position and
R = [0,1’1] X [O,l’ifl] X [O,ZL‘Z‘Jrl] X oo X [0,.1‘n].

Proof. We consider only the case ¢ = 1, that is, differentiation with re-
spect to the first variable. Fix (x2,...,2,) and consider 0 < ¢ < 1. Since
copulas are monotonic in each variable, we see that gTC;(t’ X9, ..., Tn) exists
A(t)-a.e. Copulas satisfy a Lipschitz condition, hence are absolutely contin-
uous when considered as a function of ¢. It follows that

oc
S 8761@’ Toy ..., xp)dt = C(x1,29,...,25) = p([0,21] X -+ X [0, 2,]).
0
We see from this that
oC
Tm(t’x%”"xn) = u(I x [0,29] X -+ x [0,2,] | X1 = 1)

= TlX[O,CEQ]X'-'X[O,xn} (t) )\(t)—a..e. [ |
3.3. Products of copulas

3.3.1. Composition of Markov operators. A product of copulas, chiefly
2-copulas, is introduced and studied in [5]. It is shown there that this prod-
uct has an interesting connection with Markov processes. We use the notion
of Markov operators to extend that definition. We show that one can “multi-
ply” a (p+¢q)-copula and (g +7)-copula to produce a (p+r)-copula provided
the g-marginals of the factors are the same.

Suppose that A and B are (p + ¢)- and (¢ + r)-copulas respectively
where p, q,7 > 1. Let u and v be the probability measures on P9 and 197"
associated with A and B respectively, and let y,, yq be the marginals of 1 on
I? and 19 and vy, v, be the marginals of v on /¢ and I". It is also convenient
at this point to introduce the notation 17 for the p-tuple (1,...,1).

THEOREM 8. Let Ty : L>°(I?, pp) — L>®(19, pg) and T : L>®(19,vy) —
L>(I",v,) be the Markov operators associated with p and v respectively. If
pg = Vg, let T =TTy : L=®(IP, puy) — L*(I",v,) be the Markov operator
with associated probability measure & on IPT". Then & is generated by a
(p + r)-copula which we designate AB and which satisfies

AB(z1,...,2p,1") = A1, ..., 2p, 19),
AB(lp,$p+1, e ,Jl‘p_t,_r) = B(lq,.'lj‘p+1, ves 7$p+r)-
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Further, if ¢ = 1, then pg = vy = X and

0A 0B
7(,%'1, ce ,$p,t) Tm(t7xp+l’ e ,.1‘p+7~) dt.

1

(7) AB(Q?l,...,prrr):S
0

Proof. The measure £ is associated with T by the requirement that
§(Rx 8) =\ Txrdu,
S
when R and S are Borel sets of IP? and I" respectively. Then AB is defined by
AB(z) = £([0, z])
where x = (21,...,2ptr) € IPT" and [0,2] = [0,21] X -+ X [0, Zpsy].
The only condition we need to check to show that AB is a copula is
AB(I,...,l,.’L‘k,l,...,l) = Tk,
that is, we need to show that £ has uniform 1-marginals. Consider the case
where K is a Borel set of I, R = K x I?~!, and S = I". Applying the
definition of Markov operator, we have
GEXIPI I = S TTAXR dv, = S Taxrdvy = S XR dpp = ANK).
Ir 14 Ip
If, on the other hand, we have R = I? and S = I"~! x K, then
P xI' ' x K)= | TgTaldv, =v,(I"" x K) = \(K).
I 1xK
Thus AB is a copula.
Next let (z1,...,2p) € IP and set K = [0,21] X -+ x [0,2,]. Then

AB(x1,...,2p,1") =E(K x I") = S Txk dv, = S XK dpp

Ir e
= pu(K x I17) = A(z1,...,zp, 19).
The proof that AB(17, zp41, ..., Tptr) = B(19, 2pt1, ..., Tptr) is similar. m

REMARK 3. The notation AB is deficient in the following sense: We may
think of A as a function of (z1,...,2,) € I” and (y1,...,y) € I? and write

A(xlw"vxpayl)"'?yq)‘

In a similar fashion, we may write

By, Yg> 2155 2r)

where (z1,...,2,) € I". It is then natural to write
AB(21,. .., Tp, 215+ -5 2r).
The variables y1, . . .,y have been eliminated in forming AB. The deficiency

lies in the fact that there are many ways to choose y1, ..., y,; there are many
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possibilities for ¢ and there is no necessity to choose them all from the “front
end” or “rear end” of the domains. Hence there are many products that can
be formed. In this particular discussion, for example, it might be more useful
to use a symbol such as

A x B
Ylseslq

for AB.

3.3.2. A minimal “join” of two copulas. The “product” that we define in
equation (8) below is clearly one suggested by our considerations of Markov
operators though not directly defined by them. This construction was origi-
nally introduced in [5] and used to study Markov processes. Here, however,
we investigate a different question.

When given p- and ¢g-copulas A and B respectively, we may wish to find
an n-copula C having A and B as marginals. A simple and easy way to do
this is to set C(z,y) = A(z)B(y) where x € IP and y € 9. Is there any less
obvious way to do this? Is there some way to do this that “crowds A and B
as close together” as possible?

We offer one answer to this question. In what follows, it is intended that

= (v2,...,2p) €I’ y=(y2,...,y,) €I, tuel.

THEOREM 9. Let A and B be p- and q-copulas respectively. Define C :
a1 LR by

0 Olw,z,y) = | 22 t) D,y
0

t ot
Then C' is a (p+q—1)-copula having A and B as marginals. Further, p+q—1
is the minimal dimension for which one can, in general, construct a copula
C having given p- and g-copulas A and B as marginals.

Proof. The fact that C is a copula is noted in [5]. It is easily checked
that A and B are marginals of C.

To prove the minimality of p+q¢—1, set A(x1,...,2,) = min(zq,...,zp)
and B(y1,...,Yq) = Y1 - - Yq- We may suppose that C' is an n-copula having
A and B as marginals and such that n < p + ¢ — 1. It will suffice to show
that we must have n = p+qg—1. We may, without loss of generality, suppose
that

C(x1,...,2p,1"7P) = Ay, ..., xp).

Because A is the copula min, we see that the support of i, the probability
measure associated with C', must lie in

P={(t....t,ur,uz,...,up—p) : t,Lup €I fork=1,...,n—p} CI"
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Now let us suppose that n < p+qg—1. Choose nondegenerate intervals Ji, Jo
in I such that J; N Jy = 0. Set

K=1"2xJ; x Jy x ["P.

We may, again without loss of generality, assume that B occurs as a marginal
of C in such a way that

w(K) = pup(Ji x Jo x 1972) = A2(J; x Jo) > 0.

However, we also have K N P = (), so u(K) = 0. From this contradiction,
we conclude that n=p+qg—1. u

3.4. Sequential convergence. In the next two definitions, let C', Cy, Co, . ..
be n-copulas and p, p1, 2, - . - the respective associated probability measures
on I". Recall the definition of (™% from Subsection 3.2, and let v; be the

marginal measure of u on I (4) and v; be the marginal measure of [, on
J(mi)

DEFINITION 2. We write
5 o
provided that for all i« € {1,...,n} and for all bounded, measurable f :

I" ! — R we have

lim | [T} f(t) — T"f(t)|dt = 0

k—>oo]
where T% : Lo(I) 1) — L(I,\) and T§ = LI 1) — L®(I, )
are the Markov operators associated with p and pj respectively.

Notice in this last definition that although a Markov operator is applied
to an equivalence class of functions, we choose f to be an actual function. If
we were, for example, to denote the equivalence class of f in L (I ;)
as [f]u,, then for a given bounded, measurable f, we might more carefully

write T{f —T'f as Ti([flu,) — T'([F)u.).

DEFINITION 3. We write

-2 o
provided that for all i € {1,...,n} we have
oC} oC
li -— RS — R =
ki{gox ' 8%1 (xla 7t7 ,Q?n) aflfl (xlv 7t7 7xn) dt 0

1

where t is the ith coordinate of the n-tuple.

THEOREM 10. Let C,C1,Cy, ... be n-copulas and consider the following
conditions:
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1) ¢ = C.
2) ¢, -2 c.
(3) Cx — C uniformly.
Then (1)=(2)=(3).
Proof. (1)=(2). If we set f = X[0,25]x-x[0,2,] I

Jim VI f =1 f1dx =0,
—)OO[

the desired result follows immediately.
(2)=-(3). Since

|Cr(z1, 22, ..., xn) — C(x1,22,...,20)|
0Ck oC
= g(axl(txg,...,xn) al(txg,...,xn)>dt‘
0Ck, oC
<
S 8.’171 (t ;CQ’ 7'7;71) 8.'171 (t 1'2, 7'%.77,) dt7

the result follows. =

We want to give examples or establish conditions under which these
convergences might occur. We begin with some “natural” approximations
of copulas that are again copulas.

It is useful to first describe a partition of I™ into cells: Let m be a “large”
natural number and define

n i a1 in in o+ 1
Iy, =|—, X oo X | —,
' m. m m. m

where ¢ is the multi-index (i1, ...,%,) with each iy in {0,1,...,m — 1}.
Now here are two approximations of copulas that are investigated in [8],
[9], and [11]:

EXAMPLE 5 (Checkerboard approximation). Let C' be a given n-copula
and p the associated probability measure. For i = (i1,...,14,), let x; be the
characteristic function of I m.i- Then the mx.--xm checkerboard approzima-
tion Cy, of C is constructed by replacing p with a probability measure p,, on
I™ in such a way that pi,, has constant density p(I7, ;) /A" (I}, ;) = m"u(1}, ;)
on each cell I .. Of course, Cy, is the n-copula absomated With - If we

permlt i/m to stand for the point (i1/m,...,i,/m) € I", then we have
Cin(i/m) = C(i/m) for all 7, and the density of Cy, is given by
o C
) 8= gy = T

81‘1 .
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EXAMPLE 6 (Bernstein approximation). It turns out that the standard
Bernstein approximation of a copula is again a copula. (See [11] for more
detail on this example.) Let C' and u be as before.

We describe the Bernstein approximation process for C: The mth degree
Bernstein polynomial b; ,, : I — R is given by

bim(t) = (
We extend this to By, : I" — R by taking ¢ to be a multi-index, i =
(i1,...,1n), with each i in {0,1,...,m}, and setting
B (@) = biym (21)big,m (2) - - biyy m (%)

where x = (x1,...,2,) € I"™. Then by the m x --- x m Bernstein approzi-
mation to C we mean

”7)#‘(1 ™ i=0,1,...,m.
7

An(a) = 32 Cli/m) Bl @)

where x € I™ and i is a multi-index.

We accept that A,, is an n-copula, and since C' is continuous, it is a
standard result of analysis that A,, converges uniformly to C' on I". If we
extend our definition of b; ,,, by setting

b—l,m = bm+1,m = O,
then we can show that
b;}m =m (bi—l,m—l - bi,m—l)a 1= O, 1, e, M.

It is then possible to prove that the density of A,, is given by
" A
(10) A;’;‘) = m(m, ey Tp) = m”;ﬂ(ﬂﬁ,i) irfm—1-

Coming back to the theme of convergence, we have the following result
from [11]:

THEOREM 11. Let Cy, and A, be, respectively, the m x - - - x m checker-
board and Bernstein approximations to a given n-copula C. Then Cp,, Am
9, C asm — 00, however we do not, in general, have either Cy, ¢ or

A, 2.

M-convergence seems to require much stronger conditions than d-con-
vergence or uniform convergence. We do, however, establish some conditions
under which it does occur.

THEOREM 12. Let C,C1,Co, ... be n-copulas with associated probability
Measures [, (i1, fo, - . . respectively. Assume that

1. C and each Cy, has a density C™ and C’,(Cn) respectively,
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2. ¢\ — ™ in LY(I™, A).

Then Cj, =% C.

Proof. Tt suffices to consider the factorization I™ = I x I"~! of the unit
cube and the Markov operators T, T}, : L°°(I"~1) — L°°(I) associated with
w and pyg respectively. We know by Remark 2 that

Tf@)= | CY(y)fy)dy and Tif(z)= | O (x,y)f(y)dy
m-1 n—1

where 2 € I and y € I"!. Then for bounded, measurable f: I"~! — R, we
have

0< {17 = oA =[] § (" = O™ p)f(y) dy da

I I n—1
< {1 = ™)@, )lIf e dydz — 0 as k — o.
In

Hence C 2O .

An obvious next step is to ask for C,Cq, Co, . .. that satisfy the hypothe-
ses of Theorem 12. Toward that end, we assume in the next two lemmas
that C is a given n-copula with associated probability measure y and den-
sity C("),

LEMMA 1. If C™ s continuous on I"™ and C,, is the m X --- X m
checkerboard approximation of C, then 07(:5) — O™ yniformly \'-a.e. on
I" as m — oo.

Proof. Choose € > 0. By the uniform continuity of C™ on I", we can
choose m so large that if y, 2 € I” ., then |C™(y) — C"(2)| < e. Notice

m,i?
that for every multi-index ¢ = (i1,...,1,) there exists y; € I}, ; such that
1
pl) = S C dA" = C(n)(yz‘) mn

I’n

m,i

Let us choose x € I™ such that z lies in the interior of some cell I3, ;; the
set of such x has A”-measure 1. Recalling the formula (9) and the fact that

X is the characteristic function of I7, ;v we have

O (2) — O™ (2)| = )m" Z u(h )xi(e) — C™(x)

=1C™(y;) = C"M(x)| <c. m

LEMMA 2. If C™ s continuous on I" and A,, is the m X --- X m
Bernstein approzimation of C, then AS,’Z) — C™ uniformly on I" as m — oc.
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Proof. Choose ¢ > 0. By the uniform continuity of C(™, we can choose
m so large that if |y — 2| < n/(m — 1), then |C™(y) — C™(2)] < e. As in
the last lemma, for every multi-index ¢ = (i1, ...,15), there exists y; € I ;
such that u(I7, ;) = C™(y;)/m™". Recalling that i/m stands for a point in
I%, ;s we see that |y; —i/m| < n/m so that |C™) () — C™(i/m)| < e. We

shall also make use of the fact that |i/m —i/(m — 1)] < n/(m — 1) so that

() () — o [
‘C (yi) — C <m_1>'<25.

In what follows, we use the notation of Example 6. We know that
{bim}™, is a partition of unity for I, so it follows that {B}",,} is a partition
of unity for I™ where 7 is now a multi-index. Recalling the éxpression in (10)
for AT(Q), we see that

A = ) = |m" D2 (T3 By = O —\ZCW yi) Bl — C
(n) n (n)
< ;C ( _1>B -C
() () — o [t n
(-0 )
Zc*("( ' )B" —cm

Now 32, C™(i/(m—1)) B}, is the (m—1) x---x (m—1) Bernstein approxi-
mation to C'™ and must converge uniformly to C™ since C'™) is continuous.
This establishes the result. m

_|_

+ 2e.

Uniform convergence A\"-a.e. implies L'-convergence, so by Theorem 12,
we have the following:

THEOREM 13. If C is an n-copula such that C™) is continuous and
if Cpy and A,, are the checkerboard and Bernstein approzimations of C
respectively, then C,, Am 2 .
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