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Existence and uniqueness of positive periodic solutions
for a class of integral equations with parameters

by SHU-GUI KANG (Datong), BAo SHI (Yantai) and
Sur SUN CHENG (Hsinchu)

Abstract. Existence of periodic solutions of functional differential equations with
parameters such as Nicholson’s blowflies model call for the investigation of integral equa-
tions with parameters defined over spaces with periodic structures. In this paper, we study
one such equation

o@) = | K@yrw)fey-rw))dy, e

[z, z4+w]N§2

by means of the proper value theory of operators in Banach spaces with cones. Existence,
uniqueness and continuous dependence of proper solutions are established.

1. Introduction. Existence of solutions of differential equations is often
established by means of fixed point theorems for integral equations. Such
an approach naturally calls for the investigation of integral equations and
operator equations. Recent investigations (see e.g. [1, 5-8] and the references
cited in [7]) of the existence of periodic solutions of functional differential
equations such as

(1) ¢'(z) = —a(x)p(z) + f(d(x)), xE€R,

where a = a(z) is a positive continuous 27-periodic function defined on R,

show that fixed points techniques applied to integral equations of the form
T+2m

(2) o) = | K@y fow)dy, =zeR,

where
exp (¥ a(t) dt

K(z,y) = ;
(=.9) exp ng a(t)dt — 1

x,y € R,
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can also lead to existence criteria for (1). These studies prompted us to
investigate in [6] integral equations of the form

o(x)= | K, f(y, ey — 7)) dy

where £2(z) is a closed subset of RY which depends on z and has positive
Lebesgue measure p(f2(x)), and derive the existence of periodic solutions
by means of fixed point index theory.
Yet there are also functional differential equations in which “eigenval-
2

ues” are involved. For instance, we have Nicholson’s well known blowflies
model

1/'(t) = —on(t) + At — m)e = ¢ >0,

where d,a,7 > 0 and A is a positive parameter (see e.g. [4]). Therefore, in
this paper, we will study integral equations in which a parameter is also in-
volved. By means of several existence theorems in monotone operator theory,
we will establish some abstract existence, uniqueness and continuous depen-
dence theorems for the corresponding periodic solutions. In the last section,
we will return to Nicholson’s blowflies model to see some applications of our
results.

To be more precise, let us first recall some terminology from [6]. Let
RY be the N-dimensional Euclidean space endowed with componentwise
ordering <. For any u,v € RV, the “interval” [u,v] is the set {x € RV | u
<z <o} Let w= (wy,...,wy) € RY with positive components and let
e = (1,0,...,0),...,e(N) = (0,...,0,1) be the standard orthonormal
vectors in RY. Let 2 be a closed subset of RY which has the following
“periodic” structure: for each x € (2,

z + wie(i) € 02,
and for each pair y, z € (2,
u(ly,y +w]N2) = p(lz, 2z +w|N2) > 0.
For convenience, we set
2z) =[x,z +w] N 2.

An example of such a set can be found in [6].
We will be concerned with integral equations of the form

3)  d@)=xr | K@yh@fyoy—rw)dy, =€,
[z,z4+w]Ns2

where the functions K, h, f,7 and parameter A\ satisfy the following basic
conditions:
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K e C(2x 02,(0,00)) and K (x + wie®,y + wie®) = K (x,y) for any
(z,y) € 2 x 2 and i€ {1,...,N}, and K is uniformly continuous (1)

on {2 x {2,
e h € C(£2,(0,00)) and h(z + w;e®) = h(z) for any z € 2 and i €
{1,...,N},

feC(2x10,00),[0,00)) and f(x+w;e® u) = f(x,u) for any z € 2

and i € {1,..., N},

o 7: 2 — (2is continuous and 7(x + w;e®) = 7(z) for any x € 2 and
ie{l,...,N},

e A>0.

Our main concern will be the existence and uniqueness of positive peri-
odic solutions of our equation (3). More precisely, we will look for solutions
in the set of all real continuous functions of the form ¢ : {2 — R such that

oz + wie™) = p(z), ze,ie{l,...,N}.

This set will be denoted by C,,(£2). We say that a function ¢ € C,,(£2) is an
w-periodic solution of (3) associated with the parameter A € (0, 00) if substi-
tution of ¢ and A into (3) turns it into an identity for every x € 2. Since (3)
may be interpreted as an equilibrium population distribution model, it is
of interest to find parameters A and the associated “positive” periodic solu-
tions of (3). We will show that for a (nonnegative) function f with appropri-
ate sublinear and/or superlinear behaviors, positive periodic solutions exist
with associated parameters that lie in an interval, and that such solutions
are unique if f has additional monotonicity and convexity properties.

Let F be a real Banach space, and P a cone in E. The semi-order induced
by the cone P is denoted by “<”: x <y if and only if y — x € P. Note that
when endowed with the usual linear and ordering structure as well as the
norm [|¢|| = max,c(y), zen [#(2)], Cu(2) is a normed ordered linear space
with the cone P = {¢ € C,(£2) : ¢(x) > 0 for all z € 2}.

DEFINITION 1 ([2]). A cone in a real Banach space is said to be solid if
it has nonempty interior.

DEFINITION 2 ([2]). Let P be a solid cone in a real Banach space E and
denote by P° the interior of P. An operator A : P° — P° is called a-concave
(respectively —a-convex) if A(th) > t*Ah (respectively A(th) < t~“Ah)
for any h € P° and 0 < t < 1, where 0 < a < 1. The operator A is
increasing (respectively decreasing) if hy, he € P° and hy < hg imply Ah; <
Ahy (respectively Ahy > Ahg); finally, A is strongly increasing (respectively
strongly decreasing) if hy,hy € P° and hy < hg imply Ahe — Ahy € P°

(1) This assumption can be relaxed. Indeed, it suffices to assume that for any € > 0,
there exists & > 0, which does not depend on y, such that |K(z1,y) — K(z2,y)| < € for
all z1, 22 € £2 that satisfy |z1 — z2| < 4.



230 S. G. Kang et al.

(respectively Ah; — Ahy € P°). In case the equation Ah = \h, where A is a
real parameter, has a unique solution in P°, it will be denoted by h). Then
hy is said to be strongly increasing (respectively strongly decreasing) in A
if A1 > A\ implies Ay, — hy, € P° (respectively hiy, — hy, € P°), which is
denoted by Ay, > Ay, (hy, > hy,).

LEMMA A ([3]). Suppose D is an open subset of an infinite-dimensional
real Banach space E with cone P. Suppose further that the null element 0 of
E belongs to D. Let 0D be the boundary of D. If the operator I' : PND — P
is completely continuous with I'0 = 6 and satisfies

inf || Th|| > 0,
he PNOD

then I' has a proper element in PNOD associated with a positive eigenvalue.
That is, there exist hg € PN OD and py > 0 such that I'hy = pohg.

LemMmA B ([2]). Suppose P is a normal solid cone of a real Banach
space and A : P° — P° is an a-concave increasing (or a-convex decreasing)
operator. Then A has a unique fixed point in P°.

2. Main results. Suppose that

(4) 0<m< K(z,y) <M < oo forxz,ye 2t)andt e (2,
and
M # m.
Then
K(z,y) infy yeoq),ten K(z,y)

m
1> > m
SUDg yen(t), te K(l’, y) SUPg yen(t), ten K(:Ev y) M

Let P, = {¢ € Cy(2) : ¢(x) > o]||¢| for all z € 2}. Then P; is a cone in
C,(12). Define an operator F': C,(£2) — C,(£2) by

(5) (Fu)(@)= | K@@ yh@)fy,uly—7@)dy, xe.

> —=0¢€(0,1).

Then for z € 2,

(6) (Fu)(z) <M | h(y)f(y,uly —7(y))dy

and

(7) (Fu)(x) =m | hy)fy,uly — 7(y)) dy > of|[Ful|.

()

LEMMA 1. Suppose (4) holds. Then FP, C P.
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Next, we need to impose an additional condition on the function f and
some additional notation. The additional condition is that

(8)  f:42x]0,00) — [0,00) is continuous with f(s,0) =0 for s € £2.
We also set
= inf d B= h(s)d
m(?“) or<u<r, ;rel(?(x),meﬂf(sj U) an Q§ ) (8) %

where, in view of the assumptions on h and {2, we see that B is a constant
and B > 0.

THEOREM 1. Suppose that (4) and (8) hold and that there exist ly >
l1 >0 and ¢ > 0 such that Liu < f(y,u) < lou for all y € 2 and all u > (.
Then there exist positive numbers Rg, A1 and Ao such that for any r > Ry,
(3) has a positive w-periodic solution w) associated with some X\* € [\, Ag]
and ||uk]| = r.

Proof. Note first that (3) has a positive w-periodic solution u} associated
with A* > 0 if and only if the operator F' has a proper element u; associated
with the eigenvalue 1/\* > 0. Let Ry = 0~ !¢ and

Gy ={ue C,(9):|u] <r},

where r > Rg. Then G, is a bounded open subset of the Banach space
Cy(£2) and 0 € G,. In view of Lemma 1 and the properties of K, h and f,
we may show that F: P, NG, — P is completely continuous with F@ = 6.
Further,

(Fu)(z) = | K(z,9)h(y)f(y,uly —7(y))) dy

2(x)
>m | h(y)fy,uly — () dy
2(x)
> lymo||ul| S h(y)dy = lymoBr >0

2(x)
for any r > Ry and u € P; N JG,.. So we have

inf  [|[Ful > lymoBr > 0.
ueP1NOG,.

By Lemma A, for any r > Ry, the operator F' has a proper element v € P
associated with an eigenvalue p* > 0, and u) satisfies ||u}|| = . Let \* =
1/p*. Then (3) has a positive w-periodic solution u} associated with A*.
Thus, for any r > Ry, there exists a positive w-periodic solution v} € P N
0G,. associated with A\* > 0. That is,

up(z) =N | Kz, 9)h(y)f(y,uily = 7(y) dy  with [[uf]| = r.
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Then we have
up(e) S NM | h(y)fy,ui(y — 7)) dy
2(z)
< N*Mlgr | h(y)dy < \*MIyBr
2(x)
and so
|ur|| = r < A*MliyBr,

which means that

1
* > —

N2 e TN
Meanwhile,
(9) up(w) = Xm | h(y) f(y,ui(y — 7(y)) dy

()

> N'mlyol||ur| S h(y) dy = X*mly Bor,
thus
2]l = r > Xmly Bor,
so we have )
= i Bo =X and A < Ao.

Consequently, \* € [A\1, A2]. The proof is complete.

THEOREM 2. Suppose that (4) and (8) hold and that there exist Iy > 0
and ¢ > 0 such that f(y,u) > lLiu for u > ¢ and all y € 2. Then there
exist positive numbers Ry and X such that for any r > Ry, (3) has a positive
w-periodic solution w* associated with some X € (0, ] and |[@*|| = r.

The proof is similar to the proof of Theorem 1 and so is omitted.

THEOREM 3. Suppose that (4) and (8) hold and there exist ro > 0 and
constants co > ¢1 > 0 such that cyu < f(y,u) < cou for 0 < u < rg and all
y € $2. Then there exist positive numbers ro, A1 and Ao such that for any
r € (0,7r9), (3) has a positive w-periodic solution U, associated with some
A€ (A1, Ag] and ||u,| =

Proof. Define

Vi ={ueC,(02):|ul] <r},

where 0 < r < rg. Then V, is a bounded open subset of the Banach space
Cu(£2) and 0 € V,. In view of Lemma 1 and properties of K, f and h, we
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may show that F': PyNV, — Py is completely continuous with F§ = # and

Fu(z)= | K(z,9)h(y)f(y, u(y —(y))) dy

>m | h(y)fy,uly —7(y)))dy
2(x)
> cymo||ul| S h(y) dy = cymoBr > 0
2(x)
for any 0 < r < rg and u € P; N OV,.. Thus

inf ||Ful| > ¢ymoBr > 0.
ue P NOV,

By Lemma A, for any 0 < r < rg, the operator F' has a proper element
u, € P; associated with an eigenvalue 1 > 0 and u, satisfies ||u,| = r.

Letting =1 /1, we may then follow the last part of the proof of Theorem
1 to complete our proof.

THEOREM 4. Suppose that (4) and (8) hold and that there exist ¢y > 0
and rg > 0 such that f(y,u) > ciu for 0 < u < r9 and all y € §2. Then
there exist positive numbers ro and \. such that for any r € (0,79), (3)
has a positive w-periodic solution U, associated with some \e (O,X*] and
[ || = 7.

The proof is similar to that of Theorem 3; we omit it here.
THEOREM 5. Suppose that (4) and (8) hold and that there exist 7 > 0

and ¢ > 0 such that m(r) > ¢z > 0. Then there is a positive number X such

that (3) has a positive w-periodic solution Uy associated with some Xe (0, X*]
and ||uz|| = 7.

Proof. Indeed, let
Vi={u e C,(£2): ||ul| <7}

Then V5 is a bounded open subset of the Banach space C,,({2) and ¢ € V7,
and F': PNV — P is completely continuous with F'6 = . Furthermore,

inf ||Fu| > ¢mB > 0.
u€EP1NOVE

From Lemma A, for 7, the operator F' has a proper element iz € P, N OVi
associated with an eigenvalue i* > 0. Let A = 1/p*. Then (3) has a positive
w-periodic solution uz € P; N OV; associated with A > 0. That is,

ir(r) =X | K(z,9)h@)f(y. 0y — () dy  with |[iz]| =7
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Thus we have

2(z)
> /):mc; S h(y)dy = ch;B,
2(z)
so that
|uz|| =7 > Ame;B,
and hence _
~ r ~
A< = A,
~ mepB

The proof is complete.

3. Uniqueness and continuous dependence in concave increasing
case. So far we have not been able to prove uniqueness for the solutions
u) found in the previous results. However, when f is monotone and concave
in the sense defined below, uniqueness can be established together with
continuous dependence on the parameters A.

We note that P = {u € C,(£2) : u(z) > 0 for all x € £2} is a normal solid
cone of C,(£2) and its interior is P° = {u € Cy,(12) : u(z) > 0 for all z € £2}.

THEOREM 6. Suppose that f : 2 x [0,00) — [0,00) is a nondecreasing
function in the second variable with f(s,u) > 0 for w > 0 and any s € (2,
and satisfies f(s,tu) > t*f(s,u) for any 0 <t < 1, where 0 < a < 1. Then
for any A > 0, (3) has a unique positive w-periodic solution uy, and uy has
the following properties:

(i) uy is strongly increasing in X on the cone P, that is, \y > A2 > 0
implies uy, > Uy,;
(ii) limy o+ [ua]l = 0 and limy_o ||uy|| = oo;
(iii) wy is continuous with respect to A, that is, imy_,y, [Jux — uy,|| =0
for any \g > 0.

Proof. Let @ = A\F for any A > 0. In view of (5)—(7), we have ®P C P.
Because h(y) > 0, f(y,u) > 0 for u > 0 and any y € {2, and K(z,y) > 0,
we see that & : P° — P°. We assert that & : P° — P° is an a-concave
increasing operator. Indeed, for any 0 <t < 1,

S(tu)(z) =X | K(2,9)h(y)f(y, tuly — 7(y))) dy

> X | K (2, 9)h(y) f(y, uly — 7(y))) dy = t°®(u)(2),
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where 0 < a < 1. Since f(y,u) is nondecreasing on u, we see that

(Pur)(@) =\ | K@, 0)h(y)f(y,my —7(y))) dy

<A K(zy)h(y)f(y,u2(y — 7(y))) dy = (Puz)(x)
2(x)
for uy,ug € C,(£2) such that u; < ug. By Lemma B, @ has a unique fixed
point uy € P°.
Next, we turn to the proof of (i)—(iii). Assume 0 < Ay < A;. Then
uy, > Uy,. Indeed, define

(10) 7 =sup{n : uy, > Nux, }-

We assert 77 > 1. If this is not true, then 0 <7 < 1, and
1
A

which implies

_ _ 1 _
U, = Fu)\l > F(T)U)\2) > TZO‘FUAQ = Enauﬁza

oM
U)y Z na )\72 U\, ,

but since ﬁa% > 7], this is a contradiction to (10), so 7 > 1.
From the discussion above, we have
A
(11) uy, = MFuy, > MFuy, = /\fl’u,,\2 > U,y
2
Thus, u) is strongly increasing in .
Set A2 = A and fix A; in (11). We have uy, > (A1/A)uy for Ay > A, and

AN,
(12) luall < =
1

where N7 > 0 is a constant. We thus have limy_,g+ ||ur]] = 0. Let \y = A,
and fix Ag. From (11) and the normality of P, we have limy_, ||u)|| = 0.
Next, we show the continuity of u) with respect to A. For any Ag > 0,

by (i),
(13) uy < uy, forany Ag > A

Set I, = sup{¢ > 0 : uy > Cuy,, Ao > A}. Obviously, 0 < [, < 1 and
uy = lyuy,. Thus, we have

1
XUA = FU)\ > F(ZnU)\O) > lgFu)\o =

1
)\70 lgUAO s
and

A
uy > — Suy,.
Ao 10
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By the definition of I,
A 3 V(A=)
)\—Olg‘gln or ln2<>\0> ,
and we have

3\ V(e
(14) uy > <)\0> uy, forany Ao > A

Since P is a normal cone, by (13) and (14), we see that
A\ V(=)
g ~wil < 821= (£) 7 Bl 0. A=,

where Nj is a positive constant. In the same way, we obtain ||uy —uy,|| — 0
as A — )\g . The proof is complete.

4. An example. As an example, we consider the existence of positive
T-periodic solutions for the equation

(15) 0(8) = =8(6)n(t) + M(t)n(t — T)e= 17,

where § = §(t) and h = h(t) are positive continuous T-periodic functions
defined on R* = [0,00), and 7,a,\ € (0,00). Note that if we take 6(t) =
0 > 0 and h(t) = 1, then (15) is the Nicholson blowflies model in [4].

We may check that a T-periodic solution of

t+T
(16) nt)=X | H(t,s)h(s)f(n(s—7))ds, teR,
where f(u) = ue™* and
exp §; 6(u) du

= 7 , set+T],teR,
exp {, 0(u) du—1

is also a T-periodic solution of (15).
We can verify that

e H e CRxR,(0,+00)), H(z+T,y+T) = H(z,y) for any (z,y) € RxR
and H is uniformly continuous on R x R,

o he C(R,(0,00)) and h(xz + T) = h(z) for any = € R,

o f€CRT,RY),

and

MiNye[0,7], seft,t+17] H(t,s) ﬂ’ T S(uydu _
maXye(o,7], s€[tt+1] H(t,s) M’
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Set
t+T

@n)(t) = | H(t,s)h(s)f(n(s — 7)) ds.
t
Let Cp(R™) be the set of all real T-periodic continuous functions defined
on RT, endowed with the usual linear structure as well as the norm

lyll = sup [y(t)].
te€[0,7

Then C7(R™) is a Banach space. Define a cone in Cp(R™) by
Py ={y € Cr(R") : y(t) > o||y|| for all t € R}.

If the operator @ has a positive proper element n € Cp(R™) associated with
the eigenvalue u, that is,

(17) Pn = pn,
then (15) has a positive T-periodic solution 7(t). The function f(u) = ue™*"
satisfies (8), f(u) is increasing on [0, 1/a], f(u) > 0 for u € (0,1/a], and f(u)
attains its maximum fyax = (ae)*1 at u = 1/a. Since f is continuous, there
exists ro with 0 < 09 < org < ro < 1/a such that f(rg) = rpe”*° = C,, >
Soe % = f(d) > 0. Thus

l—0,.0_—aorg

m(ro) = min f(u) = f(org) = orge” "™ =or, rie
oro<u<ro

= aré_" {f(ro)}? > oré_”CfO > 0.
Set
Xy ={n e Cr(R") : Inl| <ro}.

Then @ : P,NX ro — P> is completely continuous and satisfies all conditions
of Theorem 5. Thus there exists p > 0 such that (17) holds and ||n|| = ro.
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