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Some characterizations of
hyperbolic almost complex manifolds

by FATHI HAGGUI and ADEL KHALFALLAH (Monastir)

Abstract. First, we give some characterizations of the Kobayashi hyperbolicity of
almost complex manifolds. Next, we show that a compact almost complex manifold is
hyperbolic if and only if it has the A*-extension property. Finally, we investigate extension-
convergence theorems for pseudoholomorphic maps with values in pseudoconvex domains.

Introduction. The concept of Kobayashi hyperbolicity has recently
been extended to almost complex manifolds by several authors (see [7]—-[9]).
The main problem which interested those authors was to characterize the
Kobayashi hyperbolicity of almost complex manifolds.

The main goal of this article is to investigate criterions for the Kobayashi
hyperbolicity of almost complex manifolds and for extensions of pseudoholo-
morphic curves.

The paper is organized as follows: Section 1, which is essentially pre-
liminary, contains the properties of almost complex manifolds used in the
proofs of the main results. In Section 2, we give some characterizations of the
Kobayashi hyperbolicity of almost complex manifolds. The first is furnished
by a local estimate of the Kobayashi-Royden metric, which was proved by
Royden [15] in the complex case. Then we define the Landau property and we
prove that it is equivalent to hyperbolicity; this generalizes Hahn—-Kim’s [5]
results.

In Section 3, we investigate the relationship between the A*-extension
property and hyperbolicity for compact almost complex manifolds.

An almost complex manifold (M, J) is said to have the A*-extension
property if every pseudoholomorphic curve f : A* — (M, J) extends to a
pseudoholomorphic curve f : A — (M, J). It is known that each hyperbolic
compact almost complex manifold has the A*-extension property (see [0]);
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we prove a similar theorem without the compactness assumption and it is
easy to show the converse.

Noguchi [13] proved a remarkable theorem about the extension and con-
vergence of holomorphic maps. In [4], the authors proved several Noguchi
type extension-convergence theorems in the almost complex case. We give
some other variants of such theorems for almost complex maps; this gener-
alizes the result of [I7] proved in the complex case.

1. Preliminaries

1.1. Almost complex manifolds

1. Throughout this paper, by an almost complex manifold we mean
a C* smooth real manifold equipped with a C* smooth almost complex
structure J. Given two almost complex manifolds (M,J) and (M’',J'), a
smooth map f : M’ — M is called (J',J)-holomorphic if its differential
df : TM' — T M satisfies

df o J' = J o df.

We denote by O 5 (M’, M) the set of (J', J)-holomorphic maps from M’
to M.

2. For every 7 > 0, we set A, = {z € C : |2| < r}, so A = A; is the
unit disc in C. If (M’, J") = (X, Jo) where Jy denotes the standard complex
structure on X where X' is a Riemann surface, a (Jy, J)-holomorphic map is
called a J-holomorphic curve or a pseudoholomorphic curve, and we denote
by O;(X, M) the set of J-holomorphic curves in M.

3. We say that an upper semicontinuous function v on (M, J) is plurisub-
harmonic if its composition with any J-holomorphic curve is subharmonic
(see [3]). For a C? function this is equivalent to the positive semidefiniteness
of the Levi form:

Ll (p,&) >0 for any p € M and & € T,,(M).

The value of the Levi form of u at a point p € M and a vector & € T,(M)
is defined by

We remark that if z : A — M is a J-holomorphic curve satisfying z(0) = p
and dz(0)(0/0x) = & then L (p, &) = A(uo 2)(0) (see [3]).

4. Throughout the paper, the following lemma due to Sikorav [16, Propo-
sition 2.3.6, p. 171] will be useful.

LEMMA 1.1. Let D be a domain in C". There is a positive constant oo
such that for every almost complex structure J in the neighborhood of D
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satisfying ||J — Jollc2(p) < do, we have

[fllcican < cllfllcoca)

for every f € O5(A, D) and every 0 < r < 1, where c is a positive constant
depending only on r and dg.

1.2. Kobayashi hyperbolicity of almost complex manifolds. Let
(M,J) be an almost complex manifold. A Kobayashi chain joining two
points p,q in M is a sequence of pseudoholomorphic curves (fy : A —
(M, J))i1<k<m and points zg,wy € A such that fi(z1) = p, fu(wr) =
fe+1(2641) and frn(wm) = ¢.

The Kobayashi pseudodistance of (M, J) from p to ¢ is defined by

m
di;(p,q) = inf Z da(zg, w),
k=1
where the infimum is taken over all Kobayashi chains joining p to ¢, and da
denotes the Poincaré distance of A.

Recall that for any two sufficiently close points p and ¢ in M, there exists
a J-holomorphic curve u : A — M such that u(0) = p and u(zp) = ¢, where
zp € A.

For every p € M, there is a neighborhood V of 0 in T),M such that for
every £ € V there exist r > 0 and a pseudoholomorphic curve f : A, —
(M, J) satisfying f(0) = p and f’(0) = £. This allows us to define the
Kobayashi—Royden infinitesimal pseudometric K ]‘\]4:

Kii(p,&) = inf{1/r: f: A, — M, J-holomorphic; f(0) = p, f'(0) = &}.

The nonincreasing property of these pseudometrics can be stated as fol-

lows. Let f: (M',J) — (M,J) be a (J', J)-holomorphic map. Then
P <K{, and f*di, <di,.

Kruglikov [8] extended Royden’s results [15] and proved that K7j, is
upper semicontinuous on the tangent bundle T'M of M and that the inte-
grated form of the Kobayashi-Royden metric K ]‘\]/[ coincides with the pseudo-
distance dy, of Kobayashi. We say that (M, J) is hyperbolic if di, is a dis-
tance.

Brody’s reparametrization lemma [I] is valid for almost complex mani-

folds.

LEMMA 1.2 (Brody’s reparametrization lemma). Let (M,J) be an al-
most complex manifold. Given a J-holomorphic map f : A, — M with
|f/(0)] > ¢ >0, there exists a J-holomorphic map f : A, — M such that

2 2
~ re —lz ~
sup 7)) 7F =
ZEA, r

5 [f(0)] = c.
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2. Characterizations of hyperbolicity of almost complex mani-
folds. Let (M, J) and (M’,J’) be two almost complex manifolds. When M
is equipped with a length function g, d, will denote the induced distance,
and for simplicity, we will write |£| instead of g(§) for £ € TM. As usual, A
stands for the unit disk in the complex plane C and A* = A\ {0}.

The theorem below gives a criterion for the hyperbolicity of an almost
complex manifold. In the complex case, it is due to Royden [15].

THEOREM 2.1. Let (M,J) be an almost complex manifold. Then the
following statements are equivalent:

(i) (M, J) is hyperbolic.
(i) For every almost complex manifold (M, J'), the family Oy y(M', M)
18 equicontinuous.

(iii) For any p € M, there are a neighborhood U of p and a constant
¢ > 0 such that K{i;(&,) > c|&y| for all &, € T,M withy € U.

Proof. (i)=-(ii). This is a direct consequence of the hyperbolicity of
(M, J) and the nonincreasing property of (J’,J)-holomorphic maps with
respect to Kobayashi pseudodistances.

(ii)=-(iii). Assume that condition (iii) is not satisfied. Then there exist
p € M, a sequence (py) in M, and &, € T}, M such that

limp, =p, |6l =1, lm Ki(pn,&) =0.

Hence, there exists a sequence (R,,) in R’ which tends to +-00 and a sequence
(fn : Ag, — M) of J-holomorphic curves with f,,(0) = p,, and f/(0) = &,.

Let (g, : A — M) be the sequence of J-holomorphic curves defined by
gn(2) = fn(Rypz). We have g,(0) = p,, and |g,(0)| = R,,.

Let W be a relatively compact neighborhood of p. By the hypothesis,
there exists 7 > 0 such that g,(A4,) C W for n sufficiently large. In view of
Lemma we have

lgnllcr(a, ) < crllgnlicoa,)s
which implies in particular that the sequence (|g/,(0)] = R,,) is bounded.
This is a contradiction.

(iii)=(i). Let p,p’ € M with p # p’ and W be a relatively compact
neighborhood of p such that p’ € W. Since d1{4 is the integrated form of the
Kobayashi-Royden metric, we have

dJM(p,p') > cdg(p,0OW) > 0. u

An almost complex manifold (M, J) is said to have the Landau property
if for each p € M and each relatively compact neighborhood W of p, there
exists a positive constant C' such that

sup{|f (0)| : f € O;(A, M) with f(0) e W} <C.
As a consequence of condition (iii) in Theorem we have the following
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COROLLARY 2.2. Let (M,J) be an almost complex manifold. Then the
following statements are equivalent:

(i) (M, J) is hyperbolic.
(ii) (M, J) has the Landau property.

This result is proved by Hahn—Kim [5] for complex manifolds. In particu-
lar, we obtain the following characterization of the hyperbolicity for compact
almost complex manifolds.

COROLLARY 2.3. Let (M,J) be a compact almost complex manifold.
Then the following statements are equivalent:

(i) (M, J) is hyperbolic.
(i) sup{|f(0)| : f € O4(A, M)} < .

Using Brody’s reparametrization lemma for almost complex manifolds,
we obtain

THEOREM 2.4. Let (N,J) be an almost complex manifold and M be a
compact subset of N. Then only one of the following two statements holds:

(i) There exists an open neighborhood of M in N which is hyperbolic.
(ii) There exists a non-constant J-complex line in M.

By a non-constant J-complex line in M, we mean a non-constant entire
J-holomorphic curve v : C — N whose image is contained in M.

3. Characterizations of A*-extension for almost complex man-
ifolds. Our main result in this section is that a compact almost complex
manifold is hyperbolic if and only if it has the A*-extension property.

We recall that an almost complex manifold (M, J) has the A*-extension
property if every pseudoholomorphic curve f : A* — (M, J) extends to a
pseudoholomorphic curve f: A — (M, J).

ExampPLE 3.1. Every hyperbolic compact almost complex manifold has
the A*-extension property (see Remark [3.7]).

First, we prove the following

PROPOSITION 3.2. Let (M, J) be an almost complex manifold. If (M, J)
has the A*-extension property, then (M, J) has no J-complex line.

Proof. Assume that there exists a non-constant J-holomorphic curve
0:C— (M,J),say o(l) # o(—1). Consider a holomorphic map g from A*
into C such that g(1/n) = (—1)". Clearly, o o g does not extend. =

Under the hypothesis that (M, J) is hyperbolic, extensions of pseudo-
holomorphic curves defined on A* can be characterized as follows:
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THEOREM 3.3. Let (M, J) be a hyperbolic almost complex manifold and
u: AY — (M,J) be a J-holomorphic curve. Then u extends if and only
if for some sequence zj in A* with zp — 0, the sequence u(zy) stays in a
compact set in M.

For the proof, we will need the following lemma:

LEMMA 3.4. Let (M,J) be a hyperbolic almost complex manifold, u €
Oj(A*, M) and p € M. Let 2z, be a sequence in A* such that z — 0 and
u(zk) — p. If o, = {z € A% 1 |z| = |zi|}, then u(o) — p.

Proof. Tt is well known that the sequence of hyperbolic lengths ¢(oy)
satisfies £(oy) — 0. Since, for wy, € o, we have di,(u(wg), u(z)) < l(og),
it follows from the hyperbolicity of (M, J) that u(wy) — p. =

Proof of Theorem[3.5. We only have to prove the sufficiency of the con-
dition. By the hypothesis, there is a sequence z in A* with z; — 0 such
that u(zy) stays in a compact set in M. By considering a subsequence, we
may assume that u(zp) —p € M.

Assume that u does not extend. Then there exist relatively compact local
coordinate neighborhoods W, U of p such that W C U, W is diffeomorphic
to the unit ball B(p,1) in some C" centered at p and there are sequences
z; and zj in A* with u(z;,) € M \ U for each k, |z,| — 0, |z/| — 0 and
2] < |2| < |zk|, u(z))) € OW for each k, and u(z})) — q € OW.

Let G be a length function on M. Since (M, J) is hyperbolic, there exists
a positive constant ¢ such that
(1) K{;,>cG onU.

By Lemma [3.4] we have u(oy) — p, where o, = {z € A* : |z] = |z}

Let Ry be the largest open annulus containing o} with
(2) u(Ry) C W.

Since u(z)) — q € OW, there exist aj > |2)/| and by, > |2x| such that
Rk:{ZE(CZak<‘Z‘<bk}.

We may assume that a; = |2/|. Otherwise, there exists a sequence wy, in A*

such that |wg| = ax and u(wg) — ¢ € OW.

Let Ry = {z € C: |z]| < |2| < |z|} and pr, = {2z € A" : |z| = |2]/]}.
Again, by Lemma we have u(pr) — ¢. Then for k sufficiently large,

u(ox) C B(p,1/4),  ulpr) C U\ B(p,3/4).
Therefore, there are points ¢ € Ry such that
u(ck) € 0B(p,1/2).

Since all the curves u(Ry) are contained in W, by Gromov’s monotonic-
ity lemma [I2] there exist positive constants €9 and a such that for ¢ €
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10,inf(eg, 1/4)[, we have
Areag(u(Ry)) > Areag(u(Ry) N B(u(cr), €)) > ae?.

On the other hand, we denote by Areaa~(R;) the area of Ry, with respect
to the Poincaré metric on A*. Then we have

) 1 1
Areans (Ry) = 27 — — 0.
ar(Re) <1og<\zk\> 1og<rz;;>>

It follows from and that
. 1 .
Areag(u(Ry)) < - Areap«(Ry) — 0.

We get a contradiction. m

REMARK 3.5. The monotonicity lemma of Gromov replaces Noguchi’s
arguments in [I3] that exploited the Lelong numbers (see also [14] and [10),
Theorem 3.6, p. 51]). We notice that the first author [2] proved that every
closed positive current on an almost complex manifold possesses a Lelong
number at any point.

As a consequence of Theorem [2.4] Theorem [3.3] and Proposition we
easily deduce

COROLLARY 3.6. Let (M,J) be a compact almost complex manifold.
Then the following are equivalent:

(i) (M, J) is hyperbolic.

(ii) (M, J) has the A*-extension property.

REMARK 3.7. One can easily prove that each compact hyperbolic almost
complex manifold has the A*-extension property.

Indeed, let M be a compact hyperbolic almost complex manifold, G be
a length function on M and f: A* — (M, J) be a J-holomorphic curve. By
Theorem there exists a positive constant ¢ such that K ]{4 > ¢, which
implies that

FGle < = FRIE) <+ Kae2).

Hence, the energy E(f|AF) of f|Af satisfies E(f|Af) < (1/2¢2)§ 1. K3.(2)
< oo for every r € |0, 1[. Consequently, f extends to a J-holomorphic curve
f:A— (M, J).

4. Extension-convergence theorems for pseudoholomorphic
maps into pseudoconvex domains. The classical definition of pseudo-
convexity can be extended to the almost complex case without changes.

DEFINITION 4.1. A domain {2 in an almost complex manifold (M, J) is
pseudoconver if for any compact subset K in {2 its plurisubharmonically
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convex hull

Ko={pe2: ulp) < sg}gu(q), u € PSH(2)}

is compact.

PROPOSITION 4.2. Let (M, J) be a pseudoconvex almost complexr man-
ifold having the A*-extension property. Let (f, : A* — (M,J)), be a se-
quence of J-holomorphic curves. If (fy,) converges to a J-holomorphic curve
[ A% — (M, J) uniformly on compact subsets of A*, then (fn) converges
uniformly on compact subsets of A to f, where f and fn are the extensions
of f and f, respectively.

Proof. By the hypothesis, it follows that K = J,,~; fn(4Qs) is relatively
compact in M for every s € |0, 1[. Since M has the A*-extension property,
it does not contain any J-complex line. Therefore, by Theorem there
is a hyperbolic neighborhood W of K in M. This implies that the family
(fn]a,) is equicontinuous.

Since (fy) converges uniformly away from 0, there exists a sequence
z, in A* converging to 0 such that f,(z,) converges to f(0). Hence, for
every neighborhood U of f(0), there is r € 10, 1] such that fulA) C U
for n sufficiently large. This implies that the sequence ( fn) converges to f
uniformly on some neighborhood of 0. =

We can generalize the A*-extension property to higher dimensional set-
tings. We consider pseudoholomorphic maps defined on X \ A with values in
a pseudoconvex almost complex manifold having the A*-extension property,
where A is a thin subset in an almost complex manifold X.

Recall that a closed subset A of X is thin (cf. [6]) if there exists a local
foliation h of X by pseudoholomorphic discs around p for every p € A, which
satisfies the following conditions:

(A) There is a positive constant » < 1 such that A, = {w € A :
h(z,w) € A} is a finite set contained in the disc A, for every
2 e Ant

(B) There exist sequences (r;) and (s;) of real numbers less than 1 such
that r; — 0 and the cylinder {(2,w) : |w| = r;, |/| < s;} intersects
h=1(A) for no j € N.

For example, every smooth hypersurface in an almost complex manifold
is thin. In particular, every smooth immersed pseudoholomorphic curve in
an almost complex manifold of real dimension 4 is thin.

Finally, we mention that given a holomorphic map v : X\ A — M, where
A is a thin subset, if u extends continuously to @ : X — M, then @ is a
pseudoholomorphic map (see [6]).



Hyperbolic almost complex manifolds 167

THEOREM 4.3. Let A be a thin subset of an almost complex manifold X
and let M be a pseudoconvex almost complex manifold having the A*-exten-
sion property. Then every pseudoholomorphic map u : X \ A — M extends
to a pseudoholomorphic map on X into M.

Proof. For p € A, choose a local foliation h : A1 x A — X satisfying
the conditions (A) and (B) in the definition of thin subsets. We denote by
u the map uoh(z',-) for every 2/ € A%~1. Since u. is a pseudoholomorphic
curve defined on the unit disc A except at a finite number of points, it can
be extended to a pseudoholomorphic curve defined on the entire disc A by
the A*-extension property, for every 2/ € A", We denote the extended
map by .. Let 2/ be a sequence in A%~ which tends to 0. As in the proof
of Proposition we may assume, choosing a subsequence if necessary,
that the pseudoholomorphic mappings az} converge to a pseudoholomor-
phic map F : A — M, uniformly on every compact subset of A. Then it
follows by the condition (A) that F(w) = lim; ﬂz} (w) = up(w) whenever
|w| > r. Therefore, ugp = F on A by the Unique Continuation Principle
for pseudoholomorphic curves (cf. [11]) and u,, — wup uniformly on every
compact subset of A as 2z’ — 0. This implies that u o h is continuous in a
neighborhood of (0,0). Since p is an arbitrary chosen point of A, u can be
extended to a continuous map defined on X. m

Acknowledgments. The authors thank the referee for very useful com-
ments that simplified some of the proofs and led to significant improvements
in the paper.
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