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A stochastic symbiosis model with
degenerate diffusion process

by URSZULA SKWARA (Lublin)

Abstract. We present a model of symbiosis given by a system of stochastic differen-
tial equations. We consider a situation when the same factor influences both populations
or only one population is stochastically perturbed. We analyse the long-time behaviour of
the solutions and prove the asymptoptic stability of the system.

1. Introduction. The aim of this paper is to study the following system
of stochastic differential equations:

(1) dX(t) = ((a1 +b1Y (t) — cr X (t))dt + p1dW (1)) X (1),
(2) dY (t) = ((az + b2 X (1) — Y (t))dt + p2dW (1))Y (1)

This is a stochastic version of the deterministic symbiosis model [7] (Gause
and Witt, 1935)
(3) ¥ = (a1 + by —cix)z, Y = (as + bax — c2y)y.
where the functions x(t), y(t) represent, respectively, the size of the first
and the second population at time ¢. We assume that a;, b;, ¢; (i = 1,2) are
positive constants. The coefficients a; (i = 1,2) are ideal growth rates, b;
(i = 1,2) are symbiosis rates, ¢; (i = 1,2) are death rates.

In the model described by and the stochastic processes X(t),
Y (t) represent, respectively, the first and the second population, W(t) is a
one-dimensional standard Wiener process, the constants a;, b;, ¢; (i = 1,2),
as in the deterministic model, are positive, and p; (i = 1,2) are diffusion co-
efficients. We assume that fluctuations of the environment randomly change
the reproduction rates of the populations and the random noise is propor-
tional to the number of individuals. We consider two kinds of stochastic
perturbations:

(i) strongly correlated, i.e. p1 > 0, p2 > 0,
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(ii) only one population is stochastically perturbed; by symmetry, we
assume that the second population is perturbed, i.e. p1 = 0, p2 > 0.

Case (i) corresponds to the situation when the same factor (like weather
conditions) affects both populations.

We consider system , on the assumption that b1by < c1co, because
in the deterministic model we observe that the sizes of both populations
go to infinity if b1by > cico. The inequality b1bs < cico has an interesting
biological interpretation, namely it means that the symbiosis coefficients are
smaller than the death rates. The goal of this paper is to study the long-time
behaviour of the solutions of system , .

We prove that the probability distributions of the process (X(t),Y(¢))
are absolutely continuous with respect to Lebesgue measure. Let U(z,y,t)
be the density of the distribution of (X (¢),Y (¢)). We give a sufficient and a
necessary condition for the asymptotic stability of system , , i.e. the
convergence of U(z,y,t) to an invariant density U.(x,y). We also find the
support of U, (z,y). If the system is not asymptotically stable, we prove that
lim .o Y (t) = 0 a.e. We also show that in this case either lim; .o, X (t) =0
a.e., or the probability distribution of the process X (¢) converges weakly to
some probability measure.

A model of symbiosis in which stochastic perturbations are weakly cor-
related was considered in [2§]. System , has similar properties, but
methods of the proof are more complicated. In the same way as in [2§] we
prove the existence, uniqueness, positivity and non-extinction property of
the solutions. But it is more difficult to obtain the asymptotic stability, be-
cause the Fokker—Planck equation corresponding to system , is of a de-
generate type. We use Hérmander’s theorem ([2], [9], [15], [16], [19]) in order
to show that a semigroup connected with the Fokker—Planck is integral and
has a continuous kernel. Using support theorems ([1], [3], [13], [29]) we find a
set F on which the kernel is positive. Next we prove that E is an “attractor”.
Then we apply some facts concerning integral Markov semigroups ([20], [21],
[24] and [27]) to show that the semigroup connected with the Fokker—Planck
equation satisfies the “Foguel alternative”, i.e. it is either asymptotically sta-
ble or “sweeping”. Finally, we find a Khasminskii function which excludes
“sweeping” and in this way we obtain the asymptotic stability.

A similar technique was applied to study properties of a stochastic prey-
predator model [25]. It should be noted that in [28] the proof of the asymp-
totic stability is much easier because the semigroup connected with the
Fokker—Planck equation is integral and has a continuous and strictly positive
kernel. Therefore, in order to obtain the asymptotic stability it is sufficient
to construct a Khasminskii function. When system , is not asymptoti-
cally stable we prove similar results to those in [2§] using the same methods.
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In particular, we show that in this case one of the populations becomes ex-
tinct.

2. Mathematical results and their interpretation. In this section
we formulate the main results of this paper.

THEOREM 1. If biby < cica then for any initial condition (X (0),Y(0)) €
R? there ezists a unique solution (X(t),Y (t)) of system (T)), fort >0
and the solution remains in R with probability 1, i.e. (X(t),Y (t)) € R%
for allt > 0 almost surely.

The proof of this theorem is identical to the case of weakly correlated
perturbations (see Theorem 2 in [28§]).

The asymptotic behaviour of system , depends on the constants
bla b27 C1, C2, P1, P2, a; = ay — p%/27 ag = az — p%/Q

THEOREM 2. Let biby < cica. If (X(t),Y(t)) is a solution of sys-
tem (1), @), then for every t > 0 the distribution of (X (t),Y(t)) has a
density U(t, x,y).

(I) Let a,as > 0. In case (i), assume that a1 # as or p1 # p2. Then
there exists a unique invariant density U, (z,y) such that

(4) lim \{|U(2,y,t) = Us(x,y)| dz dy = 0.
t—oo
&
(H) If dl, as < 0 then
lim X(t)=0 a.e. and limY(t)=0 ae.
t—o0 t—o0
(III) Let a; > 0, az < 0 and a1bs + azcy > 0. Then there exists a unique
invariant density U, (x,y) such that

(5) lim || [U(z,y,t) = U.(z,y)| dedy = 0.
t—o0
7
(IV) Let a1 > 0, aa < 0 and a1by + azcr < 0. Then in case (i) we
have lim;_,o Y (t) = 0 a.e. and the distribution of the process X (t)
converges weakly to the measure with density

Fulw) = Ca®/P =L exp(—2c12/p1?),
where C' = (201/p12)2&1/p12/F(le/plz), while in case (ii) we have
limy oo Y(t) =0 a.e. and limy_,oo X(t) = a1/c1 a.e.

In cases (I) and (III) the support of the invariant density U, depends on
the coefficients p1, p2, a1, az. By the support of a measurable function f we
simply mean the set

supp f = {(z,y) € X : f(z,y) # 0}.
We have the following result.
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THEOREM 3. Let biby < cico. If both populations are stochastically per-
turbed then in case (I) we have four subcases:

(a1) If p2 > p1 and agpy > aypz then supp U, = ]R%r.
(by) If p2<p1 and azpy > aips then there exists a constant Cy such that

(6) supp U, = {(w,y) < R?‘r < Clypl/PQ}'

(c1) If p2 < p1 and agp1 < aipe then supp U, = ]Ri.
(dy) If p2>p1 and azpy < aips then there exists a constant Cy such that

(7) supp Uy = {(z,y) € RZ 1y < Crar?/Piy.

If both populations are stochastically perturbed then in case (III) we have
two subcases:

(ag) If p2 < p1 then supp U, = Rﬁ_.
(bs) If pa > p1 then there exists a constant Cy such that

(8) supp U, = {(z,y) € R} :y < Crar?/Piy.
If the second population is stochastically perturbed then
(9) supp Ux = (a1/c1,00) x Ry.

REMARK 1. As equations , (2) are symmetrical we omit some cases
in the statement of Theorem [2| For example, we do not take into account
the case a1 < 0, ag > 0, agb1 + ajca > 0, because it is symmetrical to (III),
and the case a; < 0, ag > 0, asby + ajco < 0, symmetrical to (IV).

REMARK 2. In order to explain the role of the coefficients ai, as we
consider the following equation of population growth:

(10) AN (t) = (adt + pdW ()N (1),

where a > 0 is the growth rate, p > 0 is a diffusion coefficient, W(t) is
a one-dimensional standard Wiener process, and N(t) is a real stochastic
process. The solution of this equation is of the form

N(t) = N(0) exp{at + pW (¢)},

where @ = a — %,02. The constant a is called the new growth rate or for
short the growth rate of the population. It is easy to check that if a > 0
then lim; ,oo N(t) = oo a.e., and if @ < 0 then lim; oo N(t) = 0 a.e. In
other words, the positivity of the new growth rate means that the stochastic
perturbation is small and therefore the size of the population goes to infinity
as in the deterministic case. The negativity of the new growth rate means
that the stochastic perturbation is too large and therefore the population
dies out. Even though we consider more complicated equations, we will call
the coefficients a1, ao the new growth rates or briefly growth rates of these
populations.
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REMARK 3. Theorems [2] and [3] have an interesting biological interpreta-
tion.

From Theorem [2]it follows that if the new growth rate of the population
is positive then this population survives. Otherwise, if the new growth rate is
negative then the population may die out. The most interesting is case (I1I),
because we observe a positive influence of symbiosis. Namely, from (III) it
follows that if the new growth rate for one population is positive and for the
other it is negative, but benefits of symbiosis for the second population are
large, then both populations survive.

Theorem [3] provides us with information about the support of the in-
variant density U, (x,y). If we have a nondegenerate diffusion process as in
[28] then the support is the whole space, but in our case it may be some
proper subset. Especially interesting are formulas @f@ From Theorem
it follows that the distribution of the system (X (¢), Y (¢)) can converge to an
invariant distribution with some density U,. Let a pair of variables (X,Y)
have the density distribution U,. Then, for example, from @ we obtain
X < C,YP/P2 This means that the second population controls the size of
the first.

3. Markov semigroups. In this section we give some facts concerning
Markov semigroups.
Let (X, X, m) be a o-finite measure space. Denote by D the subset of
L' = L}(X, ¥, m) which consists of all densities, i.e.
D={fel':f>0,|fll=1}

A linear mapping P : L' — L! is called a Markov operator if P(D) C D.
The Markov operator P is called an integral operator if there exists a
measurable function k£ : X x X — [0, 00) such that

(11) Pf(x) =\ k(z,y)f(y) m(dy)
X

for every density f. The function k is called the kernel of the operator P.
One can check that from the condition P(D) C D it follows that

(12) | k(z,y) m(dz) =1
X
for almost all y € X.
A family {P(t)}+>0 of Markov operators which satisfies:
(a) P(0) = 14,
(b) P(t+s) = P(t)P(s) for s,t >0,
(c) for each f € L' the function ¢t — P(t)f is continuous with respect
to the L' norm
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is called a Markov semigroup. A Markov semigroup {P(t)}:>¢ is called in-
tegral if for each t > 0, the operator P(t) is an integral Markov operator.

We also need two definitions concerning the asymptotic behaviour of a
Markov semigroup. A density f, is called invariant if P(t)f. = f. for each
t > 0. The Markov semigroup {P(t)}:>0 is called asymptotically stable if
there is an invariant density f. such that

tlim |P(t)f — f«ll =0 for f e D.

A Markov semigroup {P(t)}:>0 is called sweeping with respect to a set
A e X if for every f € D,
(13) lim | P(t)f(x) m(dx) = 0.

t—o00

THEOREM 4 ([25]). Let X be a metric space and X be the o-algebra of
Borel sets. Let {P(t) }+>0 be an integral Markov semigroup with a continuous
kernel k(t,z,y) for t > 0, which satisfies for all y € X. Assume that
for every f € D,

o)

(14) | P)fdt>0 ae.

Then this semigroup is asymptotically stable or sweeping with respect to
compact sets.

The property that a Markov semigroup {P(¢)}+>0 is asymptotically sta-
ble or sweeping from a sufficiently large family of sets (e.g. from all compact
sets) is called the Foguel alternative.

4. Properties of trajectories. Now instead of system , we con-
sider a simpler system in which the diffusion coefficients are constant. We
substitute X () = e£®), Y(t) = "), Using the It6 formula we obtain

(15) de(t) = (a1 + b1 — c1e5D)dt + p1dW (1),
(16) dn(t) = (g + baef® — coe™)dt + podW (t).

The proof of parts (II) and (IV) of Theorem [2] is similar to the case with
weakly correlated perturbations (see [28]). Some differences are in part (IV)
when only the second population is stochastically perturbed and therefore
we prove the following result.

LEMMA 1. Let biby < cico, p1 =0, p2 > 0. If a2 < 0 and a1ba+asc; < 0
then

lim £(t) =log(ai/c1) a.e. and lim n(t) = —oc0 a.e.
t—o00 t—00

Before the proof we recall an obvious theorem on differential equations.
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THEOREM 5. Let P C R be an open interval and h: P x [0,00) — R be
a differentiable function. Suppose that for every compact interval Py C P,
h(z,t) converges uniformly to g(x) in Py as t — oco. Moreover, assume that
the following conditions are satisfied:

(a) there exists € Py such that g(x) > 0 for x < # and g(x) < 0 for
x>0,

(b) there exist a,b € Py with a < < b such that h(x,t) > 0 for x < a,
t €[0,00), and h(z,t) <0 forz > b, t € [0,00).

Then there exists a solution x(t) of the equation
2/ (t) = h(x,t)
for allt > 0, which satisfies the condition
A =0
Proof of Lemma[5 First we show that lim¢ .o n(t) = —oco a.e. Multi-
plying by bo and by ¢; and adding these equations we have
d(b26(t) + ean(t)) = (arbg + dgcr + (biby — crca)e™)dt + c1padW (2).

Since b1by < cjicg, from the comparison theorem [§, Lemma 4, p. 120] we
have

d(b2&(t) + cin(t)) < (arba + ager)dt + c1p2dW ().
Consequently,
tlilélo(bgg(t) +can(t)) = —oo ae.

Thus for arbitrarily small € > 0 there exist ty and a set (2. such that
Prob(£2;) > 1 — ¢ and £(t) < —(c1/b2)n(t) for t >ty and w € 2. It follows
that

(17) dn(t) < (dg + boe™ /22N dt 4 podW (t).

Consider the equation

(18) dij(t) = (ag/2 + boe™ /221Gt 1 podW (t).

The Fokker—Planck equation corresponding to has a stationary density
fs(x) = Cexp <p2% (5;2 x — lf 6_(01/172)1)) ,

where C' is some constant. From the ergodic theorem [8, Theorem 2, p. 141]
it follows that

t o]

(19) Jim %Sef(q/bm(s) ds= | fulx)e @/ ar
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Since f(z) = (2/p3)(az/2 + bae~(1/52)2) £, () we have

2 ()o@l gy — 82
(20) _gf() Tz = —5- >0
From (|19)), (20) we obtain
t ~
1 = a
im = \e—(er/b2)n(s) go — _ 22
@ A

From (17)) we have
a
n(t) < at) + 3 t+ Cr,

where 7)(1) is a solution of equation and C] is some constant. Therefore,

t
n(t) < dot + by | e /P01 ds + o W (2) + C1.
0
From this, (21)), and lim;_..c W (¢)/t = 0 we obtain

; -
limsupm < 92 <0,
t—o0 t 2
and consequently lim;_,~, 1(t) = —oo a.e. The process {(t) satisfies the equa-
tion

de(t) = (ay + b — c1e8M)dt.

If h(z,t) = a1 + bre"®) — ¢y, g(z) = a1 — c1€” then from Theorem [5 we
obtain

tlirglof(t) =log(a1/c1) ae. m

5. Asymptotic stability. Let (£{(¢),n(t)) be a solution of ,
such that the distribution of (£(0),7(0)) is absolutely continuous with den-
sity v(x,y). Then the random variable (£(t),n(t)) has the density u(z,y,t)
and u satisfies the Fokker—Planck equation
ou 1 52 0%u Pu 1 ,0%u  9(fiv)  O(fau)

ot 2P TP P25, 9202 T Tor T oy

where fi(z,y) = a1 + bie¥ — c1e”, fa(x,y) = a2 + bae” — coe?.

Now we introduce a Markov semigroup connected with the Fokker—
Planck equation . Let X = R?, ¥ be the o-algebra of Borel subsets of X,
and m be the Lebesgue measure on (X, Y). Let P(t)v(z,y) = u(z,y,t) for
v € D. Since the operator P(t) is a contraction on D, it can be extended to
a contraction on L' (R?, X, m). Thus the operators { P(t) }+>o form a Markov
semigroup. Let A be the infinitesimal generator of the semigroup {P(t)}+>0,

(22)
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ie.
1 ,0% v 1 ,0%  O(fiv) O(faw)
A= o T ey T3 T Tor oy
The adjoint operator of A is of the form

A* _} 2&4_ 8721}_{_1 2872v+f @‘i‘f@
VT g1 TP dxdy 2 P2 oy tox "oy

Let P(t,x,y, A) be the transition probability function for the diffusion
process (§(),7(t)), i.e. P(t,z,y, A) = Prob((¢(t), n(t)) € A) and (£(£),n(t))
is a solution of system (15]), with the initial condition (£(0),7(0)) =
(@,9).

The aim of this section is to prove the asymptotic stability of the semi-
group {P(t)};>0, because it implies the convergence in L' of the densities
u(zx,y,t) of the process (£(t),n(t)) to the invariant density. Therefore instead
of proving parts (I) and (III) of Theorem [2] we show the asymptotic stability
of this semigroup.

If stochastic perturbations are weakly correlated then the semigroup
connected with the Fokker—Planck equation is an integral Markov semi-
group with a continuous and strictly positive kernel. In our case we use
Hormander’s theorem on the existence of smooth densities of the transi-
tion probability function for degenerate diffusion processes in order to prove
that this semgroup is integral and has a continuous kernel. Let us recall this
theorem now.

Consider the Stratonovitch stochastic differential equation

dX(t) = o(X(t)) o dW (t) + oo(X (¢))dt,
where W (t) is an m-dimensional Brownian motion, o(z) = [o%(z)] isa d xm

) J
matrix and () is a vector in R? with components of(z) for every z € R%.

Let oj(z) (j =0,...,m) be a vector in R with components o;(z) for every

r € RY. If a(x) and b(x) are two vector fields on RY then their Lie bracket
[a, ] is the vector field on R? given by

d
_ (%] 8aj
tlie) = 3 (w52 ) - b 5 0)).
k=1
THEOREM 6 (Hormander). If for every x € R? the vectors

o1(x), ..., om(x), [04,05](x)o<i j<m, [0i, (05, k]| (T)o<ijk<ms - -

span the space R® then the transition probability function P(t,x,A) has a
density k(t,y,r) and k € C*®((0,00) x R? x RY).

LEMMA 2. Let p1,p2 > 0. If p1 # p2 or a1 # ag then {P(t)}i>0 is an
integral Markov semigroup with a continuous kernel k.
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Proof. Let 0o(&,n) = (a1 + bie” — c1ef, g + baes — coe”) and 01(€,7m) =
(p1, p2). Then
[00,01)(&,m) = (c1p1e® — bipae”, copae” — bypre®),
[o1, [00, 01]}(€,m) = (c1pTe® — bipse, capie” — bapie®).
If py # p2 then for every (£,1) € R? the vectors o1(£,1), [00,01](&,n),
(01, [00,01]]1(€,m) span R2. If p; = ps and a1 # ds then the vectors
g1 (gv 77) = (pb ;01)7 [UO> Gl](ga 77) = Pl(clef - blena 62677 - b26§)7
[0, [00, 01])(€,m) = p1(@rcie® — asbie”, ascae — arboe®)

span R? for every (£,7) € R% From Hormander’s theorem it follows that
P(t, z0, Y0, ) has a density k(t,z,y;zo,y0) and k € C®((0,00) x R? x R?).
Thus

(23) Pt f(zy)= | | k(t z,y5u,0)f(u,0) dudv.

This means that {P(t)}+>0 is an integral Markov semigroup. =

REMARK 4. Let p1,p2 > 0. If p1 = p2 and a; = a9 then considering a

solution of system (5], with initial conditions £(0) = xg, n(0) = yo
such that

ba + c1
= 1
Yo = o + log by + o
we obtain
by + c1
t) =&(t) + lo
n(t) = &) S ——.

and the transition density k(¢,x,y; zo, y0) does not exist.

LEMMA 3. If p1 = 0, p2 > 0 then {P(t)}s>0 is an integral Markov
semigroup with a continuous kernel k.

Proof. Let 0o(&,n) = (ay + bie” — c1ef, g + baes — cze”) and o1(€,7m) =
(0, p2). Since [g, 71](€,1) = pa(—b1e", cae™), for every (£,1) € R? the vectors
o1(€,m) and |09, 01](&,n) span the space R2. Using the same arguments as
in the proof of the previous lemma we conclude that {P(t)}+>0 is an integral
Markov semigroup with a continuous kernel. m

Now we find the support of the kernel k. If a diffusion process is non-
degenerate then the support is the whole space, but in our case we use
support theorems in order to find the set in which the kernel is positive.
Now we describe the method based on support theorems [1, B, 29]. Fix a
point (z9,yo) € R? and a continuous function ¢ : [0,7] — R. Consider the
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System
(24) zy(t) = p1o(t) + f1(2(1), ys(t),  74(0) = 20,
(25) Yp(t) = p20(t) + f2(24(8) Yo (), s(0) = vo,

where fi(z,y) = a1 + bie? — cie”, fa(x,y) = a2 + bae® — c2e¥, p1 = 0 in
case (ii). Let Dy, 4.4 be the Fréchet derivative of the function

x¢+h]

h +— X¢+h(T) with Xp+h = |:
Yo+-h

If for some ¢ the derivative Dy 4.4 has rank 2 then k(T x, y; xo,y0) > 0 for
x = x4(T) and y = y4(T). The derivative Dy . can be found by means
of the perturbation method for ordinary differential equations. Namely, let

A(t) = f'(x4(t)), where f = [2] and f’ is its Jacobian. Let Q(t,to), for

T >t >ty > 0, be a matrix function such that Q(to,to) = I, 0Q(¢,ty)/0t =
A()Q(t,to) and v = [£1]. Then
T
(26) Doy gosgh = | QT 5)vh(s) ds.
0
LEMMA 4. Assume that p1,p2 > 0, ai,as > 0 and agp1 > a1p2. Let
My = log((ba + ¢1)/ (b1 + ¢2)) if p2 = p1, and

My = 10g<ﬂl(b2/)1 + c1p2) ( p2(az2p1 — a1p2) >1_P2/Pl>
p2(b1p2 + c2p1) \ (p1 — p2)(b2p1 + c1p2)
if po < p1. Let E = R2 when p2 > p1, and B = E(MO) when pa < p1, where
E(Mo) ={(z,y) € R?: y > (p2/p1)x + Mo}.

Then for each (xo,y0) € E and for almost every (x,y) € E there exists
T > 0 such that k(T x,y; xo,yo) > 0.

Proof. First, we show that there exists a constant C' such that the rank
of Dy 4o, 18 2if y # o+ C, where x = 24(T') and y = y(T'). Let € € (0,T)
and he = 1jp_. 7. Since Q(T',s) = I + A(T)(T — s) + o(T — s), from we
obtain

1
(27) Dy yo:ohe = €V + 3 2A(T)v + o(£?).

Since v = [p1, p2] and A(T)v = e*[—c1p1 + bipae? ™", bap1 — capae? "] there
exists a constant

p1(b2p1 + c1p2)

p2(bip2 + c2p1)

such that the vectors v and A(T)v are linearly independent if y — z # C.
Consequently, D, 4.4 has rank 2.

C =log
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Next we substitute
P2
2p(t) = yo(t) — o zy(t)

and replace system , by

(28) Ty = p1o+ g1(4, 24),
(29) 2y = ga(Tg, 24)
where

(30) gi(z,2) = a1 — c1e®” + bie*e’™,  ga(x,z) = ae” — e’ +

with o =bg +rc1 >0, B=co+1rby >0,y=as—ra; >0, r=p2/p1.

Now we check that for any two points (zg, 20), (21, 21) € E there exist a
control function ¢ and 7" > 0 such that x4(0) = xo, 24(0) = 20, 4(T) = 1
and z4(T") = z1. The proof is split into the following cases.

1° Suppose r > 1 and E = R?. First we find a positive constant 7" and
a differentiable function z4 : [0,7] — R such that z4(0) = 29, 2¢4(T") = 21,

(31) e — fe?e0 = 24(0) — vy,  ae® — fePe™ =z, (T) — v

and

a(r—1 « 1/(r=1)
(32) ) -y<™ - )<rﬁez¢>(t)> for t € [0,7].

In order to do it, we first determine zj(0) =: ap and z4(T') =: ar from (31).
We construct the function z4 separately in the three intervals [0, ], [¢, T —¢]
and [T — ¢, T], where 0 < ¢ < T'/2. Since v > 0, r > 1 and

25(0) — 7 < afr —1) ( o )1/(r1)

T rBe%o

we can construct a C? function z4 : [0,€] — R such that z4(0) = 2o, z4(0)
= ag, zy(e) = 0 and zy satisfies inequality for ¢t € [0,¢]. In the same
way we construct zg : [T —¢,T] — R such that z4(T) = 21, 24(T) = ar,
zg(T —e) = 0 and z; satisfies for t € [T'—e, T]. Taking sufficiently large
T we can extend zy : [0,€] U[T —¢,7] — R to a C? function defined on the
whole interval [0, 7] such that z;(t) < v for t € [, — €], and therefore z;4
satisfies (32). From it follows that we can find a C! function x4 which

satisfies equation ([29)) and finally we can determine a continuous function ¢

from .
2° Assume that r = 1. Thus My = log(a/f3). Let

E = E(Mp) = {(x,2) € R*: 2 > My}.

In this case we construct the function ¢ in the following way. First we find
a positive constant 7" and a differentiable function z4 : [0,7] — R such that
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26(0) = 20, 24(T) = 21,

(33)  e(a—Bet) = H0) =7 e (a—fe) = (T) =7

and

(34) zg(t) =y <0, a-— Be*®) <0 fortel0,T).

In order to do it, we first determine z;(0) =: a9 and 2z}, (T") =: ar from [33).
Next let 0 < e < T'/2. Since v > 0, 20 > Mo and z4(0) — v < 0 we can
construct a C? function z, : [0,6] — R such that z4(0) = 2o, z4(0) = ao,
zy(e) = 0 and 2, satisfies for t € [0,¢]. In the same way we construct
zg + [T —&,T] — R such that 24(T) = z1, 24(T) = ar, z4(T —€) = 0 and
24 satisfies for t € [T — ¢, T]. Taking sufficiently large 7' we can extend
zs 1 [0,e] U [T —&,T] — R to a C? function defined on [0, 7] such that
holds. From it follows that we can find a C! function z4 which satisfies

and finally we determine a continuous function ¢ from .
3° Assume that r € (0,1) and E = E(My) = {(z,2) € R* : z > My},

where
o Yy 1=r
My =log( 2 (-1 .
° °g<r (a(l—r)) )

In this case we construct the function ¢ in the following way. First, we find
a positive constant 7" and a differentiable function z4 : [0,7] — R such that

24(0) = 20, 24(T) = 21,
(35) e — fee0 = Z4(0) — 7y, ae® — feT e = 2, (T) — 7,

and

alr—1 a 1/(r=1)
(36) 2g(t) = < ( - ) <Tﬁez¢(t)> for t € 0,77,
. 1/(r—1)
(37) a(rr ) <rﬁei¢(t)> +v>0 fortel0,T].

In order to do it, we first determine z;(0) =: ag and 2z}, (T') =: ar from (35).
Next let 0 < & < T'/2. Since v > 0, zp > My and

25(0) — 7 < a(r —1) < o )1/(r—1)

r r[3e?o

we can construct a C? function z, : [0,¢] — R such that z4(0) = z, z4(0)
= ap, zy(€) = 0 and z4 satisfies and for t € [0, e]. Analogously, we
construct zy : [T'—¢, 7] — Rsuch that 24 (1) = 21, 2,(T) = ar, 24(T—) =0
and z, satisfies and for t € [T —e, T). Taking sufficiently large T we
can extend zy4 : [0,e]U[T —¢&,T] — R to a C? function defined on [0, 7] such
that and hold. Hence we can find a C'! function z, which satisfies
and finally we can determine a continuous function ¢ from .
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From cases 1°-3° it follows that for any (xo,%0), (z,y) € E there is a
control function ¢ and 7' > 0 such that x4(0) = o, ys(0) = yo, 24(T) =«
and ys(T) = y. From the first part of the proof we now conclude that
k’(T,l‘,y;.ﬁU(),yo) >0 lfy 75.%'4-0 u

From Lemma [4] we obtain the following results.

LEMMA 5. Assume that p1,p2 > 0, a1,a2 > 0 and asp1 < aype. Let
My =log((ba + c1)/(b1 + c2)) if p2 = p1, and

MO _ log<,01(b2p1 + 01P2> ( p2(6~12p1 — &1p2) )1—02/01)
p2(brp2 + c2p1) \ (p1 — p2)(b2p1 + c1p2)
if po > p1. Let E = R? when ps < p1 and E = E(Mg) when py > p1, where
E(Mo) ={(z,y) € R? : y < (p2/p1)x + Mo}.

Then for each (x0,y0) € E and for almost every (x,y) € E there exists
T > 0 such that k(T, x,y; xo,y0) > 0.

LEMMA 6. Assume that p1,p2 > 0, a1 > 0 and a2 < 0. Let My =
log((b2 + c1)/(b1 +¢2)) if p2 = p1 and
My = log<01(b2ﬂl + c1p2) ( p2(Gzp1 — a1p2) >1_p2/p1>
p2(b1pz + c2p1) \ (p1 — p2)(b2p1 + c1p2)
if po > p1. Let E = R? when ps < p1 and E = E(Mgy) when pa > p1, where
E(Mo) = {(z,y) € R* : y < (pa/p1)x + Mo}

Then for each (xzo,y0) € E and for almost every (z,y) € E there exists
T > 0 such that k(T,x,y; xo,yo) > 0.

In case (ii) when only the second population is stochastically perturbed
we have

LEMMA 7. Assume that py = 0, po > 0. Let E = (log(ai/c1),00) x R.
Then for each (xo,y0) € E and for almost every (x,y) € E there exists
T > 0 such that k(T,x,y; xo,y0) > 0.

Proof. First, we show that the rank of Dy, 4 is 2. Let € € (0,7T') and
he = 1jp_. 7). Since the vectors v = [0, po] and A(T)v = e¥pa[b1, —co] are
linearly independent, from it follows that D, ,,.¢ has rank 2.

Next we prove that for any (zo, o), (x1,y1) € E there exist a control
function ¢ and T" > 0 such that z4(0) = zg, y4(0) = vo, 24(T) = z1 and
ys(T) = y1. First we find a positive constant 7' and a differentiable function
x4 : [0,T] — R such that z4(0) = g, 24(T) = 21,

(38) bie¥0 = x’d)(O) —a1 +c1e®™,  be¥t = :cﬁp(T) —aq +c1e™
and
(39)  ay(t) —ar+ c1e®® >0 and a; —c1e®® <0 fort €0,7T].
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In order to do it, we first determine z(0) =: ag and 2, (T') =: ar from ([33).
Next let 0 < ¢ < T'/2. Since c1e™ > a; and mib(O) — a1 + c1€* > 0 we can
construct a C? function x4 : [0,€] — R such that z4(0) = o, z(0) = ao,
zy(e) = 0 and z4 satisfies for t € [0,¢]. In the same way we construct
zg [T —e,T] — R such that x4(T) = x1, 23(T) = ar, 2, (T —€) = 0 and
x4 satisfies for t € [T — e, T]. Taking sufficiently large T' we can extend
T :[0,e]U[T —¢e,T) — R to a C? function defined on [0, 7] such that
holds. It follows that we can find a C! function Yo which satisfies and
finally we can determine a continuous function ¢ from . "

LEMMA 8. Assume that p1, p2 > 0, a1,as > 0, aspr > a1p2, and p2 < p1.
Let E = E(My). Then for every density f we have

(40) lim WP f(z)dedy =1.
E
Proof. First we substitute
C(t) = n(t) - 2 &),
P1
Then we replace system , by

(41) dg(t) = g1(£(t), C(¢))dt + prdW(2),

(42) d¢(t) = g2(§(t), ¢(t))dt,

where the functions g1, go are defined by . Since for each £ > 0 we have
(43) inf{ga(z,2): 2 < My—¢e,z € R} >0

we obtain liminf; ., ¢ > My. We will prove that for almost every w there
is tg = to(w) such that ((¢t,w) > My for t > ty.

The case py = p1 is obvious, because ga(x, My) = v > 0 for all x € R.
Consider the case p2 < p1. Thus there exists Cy € R such that go(Co, Mp)
= 0. Fix kK > 0 and 7 > 0. Consider the solution of system , with
initial conditions £(0) = Cy + 2k, ¢(0) = My — 7. Let

AK,T = [Co, Co+ H] X [Mo - T, Mo], B,Q’T = [Co, Co+ 2/{] X [MO - T, Mo].

Then from the continuity of g1, go it follows that there exist €, L > 0 such
that ga(x,2) > ¢ for x > Cy + Kk, z € [My — 7, Mp] and |g1(x,2)| < L for
(7,2) € By.r. Let £(t) be a solution of the equation dé(t) = —Ldt + p1dW (t)
such that £(0) = Co+2k. From the comparison theorem we obtain £(t) < £(t)
and ((t) > My — 7 + €t as long as (£(t),((t)) € Bur \ Axr. Let t = 7/¢
and 2, = {w: £(s,w) > Cy + & for s < t}. Thus lim,_o Prob(§2;) = 1 and
((t,w) > My for w € £2;. Now let (£(t),((t)) be any solution of system (41,
(42). Then from what has already been proved and from the Markov prop-
erty it follows that if sup,-o((t,w) < My then limsup,_, &(t,w) < Cp. In
the same way we check that if sup;(((t,w) < My then liminf, .o §(¢,w)
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> Cp. Thus sup;~q ((t,w) < My implies lim; o §(t,w) = Cp. Assume that
limy—,o0 &(t,w) = Cp with probability > pg > 0. Let v1 = g1(Co, Mp). Then
for every € > 0 there exist tp > 0 and a set {2’ such that Prob(£2') > py,
|£(t,w) — Co| < € and

(44) p1dW (t) 4 (y1 — e)dt < dE(t) < prdW () + (71 + €)dt

for w € ' and t > tp. Then Prob({w € 2" : [£(tg + 1) — Cy| < €}) < O(e),
which contradicts the assumption that py > 0. Consequently, for almost
every w there exists tg = to(w) such that ((t,w) > My for t > ty and
holds. =

From Lemma [§| we obtain the following results.

LEMMA 9. Assume that p1,p2 > 0, a1, a2 > 0, aspr < d1p2, and pa > p1.
Let E = E(My). Then for every density f we have

tli)l})lO“P(t)f(x) drdy = 1.
E

LEMMA 10. Assume that p1,p2 > 0, a1 > 0, a2 < 0, and py > p1. Let
E = E(My). Then for every density f we have

tli)rgossp(t)f(x) dx dy = 1.
E

LEMMA 11. Consider case (ii) when only the second population is stoch-
astically perturbed. Assume that either o > 0, or as < 0 and a1bs+ase; > 0.
Let E = (log(ay/c1),00) x R. Then for every density f we have

tli)rgOSSP(t)f(:n) dx dy = 1.
E

Proof. The process £(t) satisfies the differential equation
de(t) = (ay + b — ¢1ef®)dt.
It follows that for every w there are two cases:

(a) there is tg = to(w) such that £(t,w) > log(ai/c1) for ¢ > t,
(b) limy— o0 &(t,w) = log(ai/c1) and limy—,o0 n(t,w) = —00.

Case (b) is impossible because from the assumption a;bs + age; > 0 and the
equation
dn(t) = (ag + baef® — ce")dt + py dW (t)
it follows that there exists € > 0 such that
dn(t) > edt + padW (t)

for sufficiently large t, which contradicts the fact that lim; ..o n(t,w) =
—00. m
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THEOREM 7. Let bjba<cica. In case (i) assume that py = pa or ay #as.
If either ay,as > 0, or a1 > 0, az < 0 and ai1bs + aoc; > 0, then the
semigroup {P(t)}+>0 is asymptotically stable.

Proof. From Lemmas it follows that it is sufficient to consider the
restriction of the semigroup {P(t)}:>o on L!(R?) to the space L!(FE). From
Lemmas we can see that {P(t)}+>0 is an integral Markov semigroup
with a continuous kernel. According to Lemmas [@H7] we have

[e.9]

S P(t)fdt >0 ae.onkFE

0
for every f € D. From Theorem {4 we conclude that {P(t)}>¢ satisfies the
Foguel alternative. In order to exclude sweeping we construct a Khasminskif
function exactly as in [28]. Thus the semigroup {P(¢)}+>0 is asymptotically
stable. m
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